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ZEROS OF BOULIGAND-NAGUMO FIELDS, FLOW-INVARIANCE AND THE
BOUWER FIXED POINT THEOREM

Nicolae H. Pavel

Abstract. Mainly, in this paper we prove that if D is a convex compact of R, then the Brouwer
fixed point property of D is equivalent to the fact that every Bouligand-Nagumo vector field on D,
has a zero in D. Using a version of this result on a normed space, as well as the Day [9] and Dugundji
(10] theorems, we give a new proof to the fact that in every infinite dimensional Banach space X, there
exists a continuous function from the closed unit ball B (of X) into B, without fixed points in B. We

also show that our results include several classical results. Some applications to Flight Mechanics arce

given, too.
§1.  Introduction. Throughout this paper X denotes a normed space (of norm [[-||) and D a

nonempty closed subset of X, unless otherwise specified. D and 8D denote the interior and the
boundary of D, respectively. Finally, B and S=0B denote the closed unit ball and the unit sphere of
X (respectively), unless otherwise specified. In Section 2, we are introducing and characterizing the
tangent cones to D, as subsets of X. The rclationship of our approach with the standard way (of
introducing the tangent cones to D as a subset of X*) is discussed in terms of the duality mapping J
of X. e define the notions ‘A vector field f on D which is nowhere normal to D (actually to dD)”

and ‘‘fis nowhere (never) radial to S”".

Section 3 is devoted to the introduction and characterization of Bouligand cones, Clarke cones
and Bouligand-Nagumo (in short (B-N)) vector fields on D. It is known (sce (6, p.53]) that if D is
convex then [ is a (B-N) field on D iff f is a Clarke field on D. We give a simple proof of the fact
that the same result holds without convexity assumption on D, provided D is compact (Appendix).
By the end of this section (Theorem 3.1) we present a first extension of a theorem of Miranda (sce (24,
p.214]). However, the main results of this paper are concentrated in Sections 4 and 5. Section 4 deals

with the equivalence of the following three fundamental conditions on D: 1) The (Brouwer) fixed-point
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property of D (in short:(f.p.)), 2) The normal property of D (n.p.) and 3) The tangential
property of D (t.p.) - see Theorem 4.1 and 4.2. The famous fixed point theorem of Brouwer (1912)-

perhaps the most famous of all fixed-point theorems- says that if X is finite dimensional, then B has

the fixed-point property. It is well-known that in some infinite dimensional Banach spaces X (e.g. cO)
C!, separable Hilbert spaces, function spaces ), B has no the fixed-point property. For instance, in
<o the function T:B—B given by

Tx = (1-|Ixll, x4y Xq, -++, Xn, ---) for x=(x,, --+, Xn, *--)€c(, is continuous and has no fixed
points in B. We now give a new proof (via Theérem 4.3) to the fact that for no infinite dimensional
Banach space does B have the fixed-point property. The proof of Theorem 4.3 uses Theorem 4.2!,
the theorem of Day [9] (on the existence of an infinite dimensional closed subspace L of X, L-with a
Schander basis), the theorem of Dugundji [10] and the continuous radial selection P of the (possible
multivalued) projection operator Pg on B (see (2.15)). To my best knowledge, the proof presented
here to Theorem 4.3 is new. In particular, it implies that: “it is not possible to define a satisfactorily
concept of degree for the class of all continuous functions from B into X, in no infinite dimensional
Banach space X”. This is because such a concept of degree would imply the fixed point property of B
(which is in conflict with Theorem 4.3).

For X=C([0,1]), the above remark on the degree was emphasized by Leray (1936). We refer
to Lloyd (12, p. 53] for details. Theorem 4.3 is not new (a first proof can be found in Dugundji (10, p.
362] , )

A. Verjowski (in a private communication) has sketched a proof to Theorem 4.3 by using a
sequence in B without any Cauchy subsequence. Independently, the author has followed a similar way
by considering such a sequence on S. Another proof of Theorem 4.3 can be derived from the fact that
(if dim X=00) S is a retract of B. Conversely, from Theorem 4.3 it follows that if dim X=oco, then S
is a retract of B. Let us point out a first open problem: Suppose that X is an infinite dimensional
Banach space. Set

M={T; T:B—B, T continuous, Tx#x, Vx€B}

M=(T; T:B—B, T continuous}.

According to Theorem 4.3, M is nonempty so M is a proper subset of M and M is a subset of C(X)
(the set of all continuous bounded functions from X into X, endowed with supremum norm).

(1) Is M dense in M?

By Corollary 4.1, a convex compact D of X which is invariant with respect to a vector field f on

D, contains a zero of f.
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A second open problem (see P(4.1) after Remark 4.4)

(2) In what conditions does a (B-N) field on DCR" have a zero on 8D? (This is the case if
n=3 and B=D [11, p.149))
A third open problem

(3)  Does the conclusion of (ITF) (i.e. (5.5)) remain valid if Y is an infinite dimensional
Banach space?
A fourth open problem

(4)  Does the conclusion of Corollary 5.2 remain valid if D'g is a Jordan domain [29, p.102] in
R", n>2?
Finally, a fifth open problem is that raised in Remark 5.4.
In Section 5 we prove that in R? the conclusion of Corollary 4.1 remains valid without the convexity
assumption on D (provided 8D is a Jordan curve). We also prove that the index of OD with respect
to f is one, provided that { is a (B-N) field on D without zeros on 9D (Theorem 5.2). This is
done by using a characterization of Kp via an inverse Taylor formula (see Theorem §.1) in Banach
spaces, given in (23] and then included in [20]). This in conjunction with an optimum principle
(Theorem 5.4, which includes Euler’s equation from the Calculus of Variations, and Lagrange
multipliers [17]) allows us to prove Theorem 5.5 on the uniform motion on a sphere in a real Hilbert

space.

§ 2. Normal cones.

The distance d(v; D) from the element v of X to D is defined as usual

d(v;D) = inf {||v-z||; zeD} (2.1)
Let us introduce the multivalued mapping x—Np(x) from D into 2% by
Np(x)={u€X; d(x+u; D) = || u ||}, x€D (2.2)

ND(x) will be called - the normal cone to D at x or the cone of normals to D at x.
In order to characterize Np(x) in terms of duality mapping J of X, we recall several basic notations
and results

I(x) = {x*eX*, x*(x)=|| x ||*=]] x*||?}, xeX (2.3)

2_ 2
<y, x>g = lim PRV =l

[x+hylj-lIx]]
h10 2h b (24)

Py x>y = HF(]J
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<y,x>; and <y, x> are defined as in (2.4) with “Liﬁl)” respectively

Clearly
<yix>s=|xll<y,x>p i<y, x> =|kll<y,x>_, Vx,yeX (2.5)

If X isreal, the following well-known result holds (see e.g.)
<y, x>g=sup {x*(y); x* € J(x)} = x3(y)
<y, x>;=inf {x*(y); x*€J(x)} = x?(y), Vx, yeX (2.6)

for some x§ and x’; in J(x).
If X* is strictly convex (see e.g. [20, p.1] then J(x) consists of a single element and therefore, in
this case

<y, x>. = <y, x>_+_=hlim0 ”x—+h)t;—”_”x”=”x|]'l(.](x))(y), x#0, yeX (2.7)

Let us introduce the following two subsets of X

Nb(x) = {uex; <z-x,u>. <0, VzGD}

(2.8)
Nf)(x) = {uex; 3x* €J(u) such that x*(z-x) <0, VzGD}
for x€D, where
<z—x, u>. = limh™(|Ju+h(z-x)|]-|]u]|) (2.9)

h10

Clearly, if x€D, then N%(x): {0}, p=1, 2. Of course, Nb(x):NB(x). In the theory of zeros of

some vector fields on D (next sections) the following result is needed.

Lemma 2.1 Let D be a convex subset of X. Then for every x€D,

Np(x)= N (x) = N (x). (2.10)

Proof. The only fact we have to prove is Np(x) = Nb(x). The inclusion “Nb(x)CND(x)” holds
without convexity assumption on D. Indeed, if uENb(x), then h™'(|Ju+h(z-x)||—]lu][) €0, Yh<O
which yields (for h=-1) [Ju||<||x+u—z||, VZ€D, i.e. ||lu||€d(x+u;D). As the inverse inequality is
obvious, it follows u€ENp(x). We now prove “Np(x) C Nb(x)”. Take uEND(x). Then
[lul|<]|x+u—v||, VveD. For z€D, we have v=vy =(1-h)x+hz€D, Vhe(0,1]. Substituting this
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v=vy in the previous inequality, rearranging and then letting h|0 we conclude that uENb(x). The
proof is complete.

Definition 2.1. A vector field f{ on D is simply a continuous function from D into X. We say
that F is nowhere normal to D if for every x€D, “f(x)€Np(x) if and only if f(x)=0" (i.e. if
f(x)# 0, then f(x)gNp(x)). A point x isazeroof f if f(x)=0.

The standard way (6, p.52] is to introduce the normal cone to D at x as a subset of X*, namely
p(x) = {x"€X*, x*(z-x)<0, Vz€D} (2.11)

In view of Definition 2.1 it is clear that for the goal of this paper, we need the normal cone Np(x) as

a subset of X (and not of X*). The relationship between Np(x) and Npy(x) is given by
Proposition 2.1. Let D be a convex subset of X with X* strictly convex. Then
Np(x) = I(Np(x)), ¥xeD (2.12)

Proof. On the basis of (2.10), J(Np(x))CNp(x). Conversely, take x*€Np(x). As the duality
mapping J of X is surjective (onto), there is ueX, such that x*=J(u). This means just ueNp(x)
so (2.12) follows. Note that the surjectivity of J is a consequence of the fact that J is the
subdifferential Of of f with f(x):,—l)”tz (so J is maximal monotone) and of the fact that J is
coercive (see e.g. (21, pp. 238-242]. Th;s completes the proof.

We associate with each veX

Pp(v)={weD; d(v; D) = |lv—w]]} (2.13)
(the set of all projections of v on D, if any). Suppose that PD(V) is nonempty (this is the case in
either of the following situations: 1. D=B; 2. D is compact; 3. D is a closed convex sct of a reflexive
space X - see e.g. [20, p.5], (21, p.256]). If in addition D is convex, then PD(V) is convex and
P (v)CS(v,r) - the sphere of radius r about v, with r=d(v; D). Thus, if X is strictly convex and
PD(v)-nonempty, then it is single-valued. By ‘‘a selection” of the (possible) multivalued mapping

Ppy we mean a function P:X—D with the property: P(v)€Pp(v), Vv€EX, hence

d(v;D)=||lv=P(v)||, VveX (2.14)
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In the case D = B we can easily check that the function P:X —B defined by
P(v)=v,if ||v]I<1 and P(v)=v/||v]], if ||v]|>1 (2.15)

is a continuous selection of Pp). The fact that P(v) as defined by (2.15) is a projection of v on B

follows from
Vit - » (2.16)
I “vullsllv z||, Yz€B (for ||v[|>1)

which is a consequence of the triangle inequality.

For each x€B set
Ng(x) = {u€X, P(x+u)=x} (2.17)

with P asin (2.15).

As P satisfies (2.14) with D=B (according to (2.16)) it follows NB(x)ENB(x) (where Np(x)
is given by (2.2) with D= B). If X is not strictly convex, then Np(x) is strictly larger than NB(x).
We will see this fact, below (Remark 2.1).

Define

M(x)=(0}, if [|x|l<l and M(x)={\x, A>0},if |Ix]|>1 (2.18)

Lemma 2.2. In every normed space X we have
M(x)=Ng(x), Vx€B

Proof.  Take ueNB(x). If ||x]| <1, then |[|x+u|/<] (otherwise we are led to the absurdity:
I>]|x[|=||P(x+u)||=1) so P(x+u)=x+u=x, i.e. u=0€M(x). If [|x||=1 and uz0, then [[x+u||>1
(otherwise  P(x+u)=x+u%x) so  P(x+u)=||x+u|[!(x+u)=x, which yields u=Ax  with
A=||x+uf|—1>0, i.e. ueM(x). Therefore NB(x)CM(x), Vx€eB. The inverse inclusion is obvious so
the proof is complete.

Remark 2.1. In the case X = R? with the supremum norm i.e. ||x{l=max {|x,|, |x.|} for = (x,,

X,) one can prove that

Np(Lixa)={u=(uy, u,); u; >|uy} for |x,|<1
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and (2.19)
Ng(1,1)={u=(uy, u,); uy+u, >0}

Definition 2.2 A vector field F on B is nowhere (never) radial to S if for every x€S, f(x)7 Ax
for all A>0 (i.e. f(x) does not lie in the continuation of x). NB(x) is said to be the ‘‘radial
subcone” of Np(x), x€B. Of course, the property of f to be nowhere radial to S is equivalent to
the following two conditions “f(x)7#0 implies f(x)ENB(x), x€B” or “f(x)ENB(x) iff f(x)=0".
Finally, the result below will be used in Section 4.
Proposition 2.2.
I.  Suppose that X is strictly convex and one of the conditions below is fulfilled:

1) D=B; 2) D is a convex compact of X; 3) D is a closed convex subset of X and X is
uniformly convex (20, p.1].

Then the projection operator Pp:X—D defined by (2.13) is (single valued and) continuous and
for all xeD,

Np(x)={u€X; d(x+u;D)=|[u]|}={ueX; PD(x+u)=x}= NlD(x)

(2.20)
= Nj(x) (see (2.8)). Np(x)= Np(x), Vx€B
II.  If in addition to the above hypotheses, X* is strictly convex, then we also have
Np(x) = {ueX; (J(u))(z-x)<0, V zeD}=
(2.21)

{ueX; <z-x,.u><0, VzeD}, YxeD

where <z-x,u> :hlimoh'l(||u+h(z-x)||—IIuH)

[II. If H is a Hilbert space of inner product <-:,-> and D a closed convex subset of II, then
Np(x)={ueH; Pp(x+u)=x}={u€H; Re <u,z-x><0, Vz€D} (2.22)
for all xeD.
Proof. One combines the previous results and remarks of this section.  In connection with (2.20), one
takes into account that if u€Np(x) then we have
[lu]|=d(x+u; D)=||x+u—x|| < |[x+u—z||, Yz€D so X€Pp(x+u), ie.  x= Pp(x+u). We also
refer to (20, p.4] and (21, p.256).
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§ 3. Bouligand-Nagumo vector fields. Nowhere normal fields.

Let us recall the definition of the Bouligand [3] contingent cone KD(x) to D at x€D (see
also (6, p.55]).
A vector y€X is said to be “‘tangent” to D at x€D if
lim h™'d(x+hy; D) = 0 3.1
im (x+hy; D) 3.1)

Then
Kp(x) = {y€X; y satisfies (3.1)} (3.2)

If D is convex, then KD(x) is also convex. If xeD, then KD(x)z X (i.e. in this case (3.1) is
trivially satisfied). Therefore, we are actually interested only in x€dD. Recall that if D is a
Ck-submanifold of X(k>1) then the tangency of y to D at x€D in the sense of (3.1) coincides
with the classical tangency y€Ty(D) (the tangent space to D at x, see [16]). It is readily scen that
(3.1) is equivalent to:
For each h>0, there is p(h)=p(h,x,y)€X such that:

p(h)—0 as h|0 and x+hy+hp(h)€D, Yh>0 (3.3)
(the simplest proof is given in [16]).
The Clarke’s tangent cone to D at xeD (call it CD(x)) is defined by

Cp(x) = {y€X: Yhpl0, Yxq—x(xn€D), 3 yn—y such that xuq+hnyg€D. n= 1.2, ... b (3.4)

(sce Clarke {6, p.53]).
Clearly CD(x)CKD(x), VxeD. Moreover, if D is convex, then Cp(x) = Kp(x), ¥V xeD(cl. [6, p.
55]). A vector field f on D is said to be tangent to D if for every x€D, ((x)eKD(x), i.c.

lir h"'d(x+hf(x); D) =0, VxeD (3.5)

In view of (3.3), (3.5) is equivalent to:
For each x€D and h>0, there exists p(h)=p(h,x)€X such that

p(hx)—0 as h[0 and x+h(f(x)+p(h))ED, Yh>0 (3.5)
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Note that the tangency of f to D in the sense of (3.5) has been first used by Nagumo (18] in the

theory of flow-invariance of D with respect to the differential equation
u/(t)=f(u(t)), u(0)=xeD, u(t)eD, t>0 (3.6)

This is the reason for which we will call a vector field f satisfying (3.5) - a Boulizand-Nagumo field on

D (in short - a (B—N) field on D). Namely the following important result holds.

Theorem 3.0. Suppose that D is a closed subset of the Banach space X, [ is a vector field on D
and one of the conditions below are fulfilled: (1) X is finite dimensional; (2) X is arbitrary and D
is compact; (3) X is arbitrary and f(D) is compact; (4) f is locally Lipschitz on D and X is
arbitrary; (5) X is arbitrary and f{ is dissipative. Then (3.5) is a necessary and sufficient condition
in order for D to be flow-invariant with respect to u'=f(u) (or equivalently, D is flow-invariant

with respect to u’=f(u) iff f isa (B-N) field on D).

The proof of Theorem 3.1 can be found in [20, Ch. 2]. Note that its conclusion under
(1)=(2)—(3), (4) and (5) was (independently) obtained by Nagumo [18]—Crandall [8]—Yorke (28],
Brezis [4] and Martin [14] respectively. =~ Theorem (3.1) was extended by the author in [19] and [20].
Clearly, the condition “f is a (B-N) field on D is independent of the norm [[-]| on X (i.c. it holds
in any other equivalent norm |[-[| on X). f is said to be a Clarke vector field on D (in short - a
(C) field on D) il f(x) GCD(x), VxeD. Of course if [ is(C)on D then f is(B-N)onD. I[ D
is convex, then f is (C)on D iff f is (B-N) on D. Therefore the following result is significant

(for it holds without convexity assumption on D).

Proposition 3.1. Let D be a compact subset of the Banach space X. Then f is a (B-N) field
on D iff f isa (C)field on D (the proof is given in the Appendix).
Preposition 3.2.
[. In every (real) normed space X the following conditions are equivalent:

(1) Jim h™'d(x+hy; B)=0, |Ix||=1, yeX

) lxli=1, <y, x>0, (3) |Ixll=1, x*(y)<0, Vx*€J(x)
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II.  lim h™'d(x+hy; S)=0, iff < y x>, =0 (||x||=1). (In this proposition , ‘‘ lim’’ can be replaced
fim (x+hy; S) Yy x>4=0 (|[x|I=1). ( propo; it P

by “lim inf") .
y i )

Proof. In view of (2.5) and (2.6) we see that “(2)¢>(3)”. Now, assume that (1) holds. Then

according to (3.3), we have ||x+hy+hp(h)||<1=]|x|| with some p(h)—0 as h|0. It follows:
Ei’&h'l(llx+h)'|l—!|xll) = }lii!(l)h'l(llx+h>'+hp(h)ll—HXH)SO

(so (1) &(2)). We now prove that (2) =(1). If <y, x>, < 0 then ||x+hy||<[|x]| forall h >0

sufficiently small (i.e. x+hy€B) so (1) is trivially fulfilled. If <y, x>, =0, then [|x+hy||>]x|],

Vh>0, so by (2.14)—(2.16) we have

o 5 - hy
limh™'d(x+hy; B) = limh™}||x+hy — ¥ _ || =
fim (x+hy; B) fim [|x+hy Tcrhy] I

(3.7)
limh™! x+hy||=||x|]) = <y, x>,=0

The proof of II proceeds similarly. Part II is actually known ([20, p.118], [21, p.59]). Proposition
3.2 yields .
Corollary 3.1. Let X be a real normed space and let f:B—X be a field on B. Then
. [ is a(B-N)fieldon B iff
<f(x), x>, <0, Vx€S (3.8)
or equivalently
x*(f(x)) <0, Vx€S, Vx*€l(x) (3.8)
IIl. fisa (B-N)fieldon S iff <f(x), x>, =0, VX€ES or equivalently,
x*(f(x))=0, Vx€S, Vx*€J(x)
III. If H is a Hilbert space (of inner product <-, ->), then f isa (B-N) field on B (or S) iff
Re<f(x), x><0, Yx€S (Re<f(x), x>=0, Yx€ES) respectively.

Remark 3.1. 1) A (B-N) field { on B is nowhere radial to S. Indeed, if ||x||=1, and f(x)30,
then (3.8)" implies f(x)7#Ax, VA>0 (otherwise, i.e. f(x)=Ax for some A>0, we are led to
x*(Ax)=M||x||>=A>0 which contradicts (3.8)).  2) In the hypotheses of Proposition 2.2, a (B-N)
field f on D is nowhere normal to D. Indeed, if x€D and f(x)s0, then f(x) fND(x) (otherwise,
ie. if f(x)END(x) then (2.8) and (3.5)' would imply x*(f(x))<0, for some x*€J(f(x)) i.e.
[IEC)11? <0).



Micolae H. Pavel 23

Example 3.1. If f is a linear field from X into X and if it satisfies (3.8), then <f(x), x> < 0 for all
x€X(i.e. f is dissipative [21, p. 246]). Therefore, the only linear (B-N) fields on B are the
dissipative linear bounded operators from X into X. If X = R, then fy(x) = Ax(A= (aij) —a
nxn matrix) is a (B-N) field on B iff A is negative semidefinite. [A is a (B-N) field on S iff
al-‘-=0, a,-j=—aj,-(i;é]) 4, =1, ..., n. Thus, the only linear (B-N) fieldson S in R2 are given by
f(x)=(—xq, x;) and  f(x)=(x4, —x;) for x = (xy,- x,) (the velocity fields of rotation of S

counterclockwise - clockwise, respectively). The geometric meaning of a (B-N) field fon D is: for

every x€dD, f(x) points “in the interior of D” or in the direction of “the tangent to D™ at x€D.

Example 3.2. Let us characterize the (B-N) tangency of f(x) = (f;(x), ..., fn(x)) to the
parallelepiped D=Dp of R" given by

Dp= {x=(xi)€R“; a;<x;<b;, i=l, .., n} with —oo<a,<b;<c0 (3.9)

Proposition 3.3. The following three conditions are equivalent:

[. fisa (B-N) field on Dy.

a) f.(X)y ooy X; 1y @55 X\ 2heey Xp) 20
1 { 3 =1 71" T4l *(3.10)

b) fi(xu eoey x,‘_ly bl ceey Xn)_<_ 0

T T
forall s=1,..,n and x=(x;)€0Dp (with the obvious convention: x;=x, and Xn41=Xn)-

III.  Forall he[0,hy] and x€ODp we have x-+hf(x)€Dp, where

hg=min {(b;-a,)/M, i=1, ..,n } and M =sup {|If)ll ; x€Dn | (3.10)"

Proof. “(I)=>(II)”. Indeed (I) means (3.5)" with p(h,x)=(p,(h,x))—0 as hl0. Therefore (3.5) is
equivalent to

a; <x;+hf;(xy, -y xn)+hp,(h, x) <b, (3.11)

1
for all h>0, i=l, ..., n and x€Dy.
Substituting x;=a;(x;=b;), dividing by h>0 and letting hl0 we get II a) and II b),
a-

respectively. “(II)=(III)”. Let x€dDy, e.g. x=(Xyy «cs S TRTE TR STRTE Xp)= x '

a
Clearly, II a) implies a; <a.+hf(x '), Vh>0. On the other hand, as a;<b,, we have
Y
i

a;<a;+hf;(x ")<a,+hM<b,, for all 0 < h < (b;—a,)/M.
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Similarly

a;<b;+hf;x,, ..., x; ;b Xjppreen xp)<b;, 0 < h < (b;—a;)/M.

for all i=1, ..., n so (II)=>(IlI). Obviously, (III)=>(I) with p(h, x)=0 (see (3.5)) so the proof is
complete.

Recall that Dy has the (Brouwer) fixed-point property (i.e. every continuous function T: Dp—Dp
has a fixed point in Dp). We are now in a position to give a simple proof to

Theorem 3.1. The following two conditions are equivalent

(I) Dp has the fixed-point property

(1) Every continuous function f: Dy —R® satisfying the boundary conditions (3.10) has a zero in

Dp.

Proof. (I)=(II). Let PDns P be the projection operator on Dp (see (2.13)). Set
Tx=P(x+hgf(x)) with hg given by (3.10)'. Clearly, T:Dp—Dp and it is continuous (see Prop. 2.2).
By (I), there is X €Dy such that i=TJ‘c=P(i+h0f(i) (*). If x€dDy, then by Proposition (3.3) III,
X+hyf(X)€Dp so (*) yields x=x+hgf(x), i.e. f(X)=0. If Xx€Dp then (+) implies x+hgf(x)€Dy too,
so f(X) = 0. Conversely “(II)—(I)".

Indeed, take a continuous T:Dp—Dp and set f=T—I (I- the identity on R"). Then

x+hf(x)=(1=h)x+hTxeDy, Yx€D, and Vhe[0,1] i.e. f is a (B-N) field on Dy so f satisfies
(3.10). By (II), { has a zero X in Dy i.e. Tx= x. The proof is complete.

Remark 3.2. In the case ai=-L and bi=L. i=l, .., n (with L > 0), Dy is a hyper-cube of R
and Th. 3.1 is just a well-known result of Miranda (see {24, p. 214]). It will be also discussed and

extended in the next section.

§ 4. Zeroes of (B-N) fields.

This section is mainly devoted to the equivalence of the following three conditions below, as
well as to the fact that the closed unit ball B of a Banach space X has the Brouwer fixed point
property, if and only if X is finite dimensional. In particular we are proving that a convex compact
D(of R") which is a flow-invariant set with respect to the vector field f on D (i.e. with respect to

u'=f(u)) contains a zero of f.

C(4.1) D has the fixed-point property (f.p)
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C(4.2) D has the normal property (n.p)
C(4.3) D has the tangential property (f.p.)

We say that D has the fixed-point property if every continuous function T:D—D has a fixed point x

in D. D has the normal property if every field f on D which is nowhere normal to D (see Def. 2.1)

has a zero in D. Finally, D has the tangential property if every (B-N) field f on D has a zero in

D. It is well-known that the (f.p) of D is invariant (preserved) under homeomorphisms. However,
very simple examples in R? show that the (t.p.) of D may not be preserved by homeomorphisms.
For instance, take D= A—BUBXQ and D,=Ox, where A=(1,0), B=(0,1), AB is the line segment
with the end points A and B (in a Cartesian system Ox,x, in R?), Ox, is the positive x,-semi-
axis and Bx, = {x€O0x,; x=(0,y), 1<y}. Obviously D and D, are homeomorphic and D has the
(t.p.) (as B=(0,1) is a zero of every (B-N) field f on D). However, D, has no the (t.p.) (e.g. the
constant field f given by f(x)=(0, 1), Vx€D, isa (B-N) field on D, without any zero).

Remark 4.1. It follows from the above comments that the equivalence of C(4.1), C(4.2) and

C(4.3) for a D may not imply their equivalence for a D, homeomorphic with D.

Theorem 4.1. Suppose that either: 1) X is strictly convex and D is a convex compact of X
(a normed space) or; 2) X is uniformly convex and D is a closed convex subset of X. Then

conditions C(4.2), C(4.2) and C(4.3) are equivalent.

Proof: “C(4.1)=C(4.2)”. Let [:D—X be such that f{(x)7#0 implies f(x)gNp(x). Set
Tx=PD(x+f(x)). In the hypotheses of the theorem, PD:X——D is a continuous function (Prop.2.2).
Clearly T:D—D so by C(4.1) there exists X€D such that PD()'(+T()'())= x(i.e. f(X)ENp(X)).
This implies {(x)=0 (Prop. 2.2). “C(4.2)=C(4.3)”. Let :D—X bea (B-N) field on D. Then f is
nowhere normal to D (see Remark 3.1) so it has a zero in D. “C(4.3)=C(4.1)”. Let T:D—D be
continuous. Set f=T=I. Then x+hf(x)=(1-h)x+hTxeD, VYhe[0,1],so { isa (B-N)field on D. By
C(4.3),  has a zero in D and the proof is complete.

Remark 4.2. Theorem 3.1 follows from Theorem 4.1. This is because for X=R" and
D=Dp, D has the fixed-point property. Therefore, Theorem 3.1 can be completed with the fact that
each of (I) and (II) are true and equivalent to the normal property of Dp. In the case D=B (the
closed unit ball of X) the conclusion of Theorem 4.1 holds without any additional assumption on X.
Moreover, C(4.2) can be relaxed to:

C(4.2)! B has the radial property (i.e. every field f{ on B which is nowhere radial to S-see Def.
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2.2) has a zero in B

Hence, we have

Theorem 4.2. In every normed space X, Conditions C(4.1) (with D=B), C(4.2) and C(4.3)
(with D=B) are equivalent.

Obviously, theorem 4.2 can be restated as:

Theorem 4.2/, In every normed space, the following three conditions are equivalent:

Non C(4.1): There exists a continuous function T:B—B without fixed points in B.

Non C(4.2)': There exists a vector field f on B, that is nowhere radial to S, without zeros in B.

Non C(4.3): There exists a (B-N) field { on B without zeros in B.

Proof. (Non C(4.1) = Non C(4.2)"). Indeed, let T:B—B be continuous, with Txs#x for all
x€B. Then f= T-I is nowhere radial to S and has no zeros in B. (Non C(4.2)'=Non C(4.3)).
Indeed, let { be nowhere radial to S without zeros in B. Set Tx=P(x+f(x)) with P defined by
(2.15). Then T: B—B is continuous without fixed points (as f(x)¢ NB(x) - see (2.17)). Therefore,
F given by F(x)=P(x+f(x))—x is a (B-N) field on B (see the proof of Theorem 4.1) without zeros
in B. Finally, Non C(4.3)=>Non C(4.1). Indeed, let f be a (B-N) field on B without zeros in B.
Then f is nowhere radial to S (see Remark 3.1) so T given by Tx=P(x+f{(x)) has no zeros in B,

T: B—B and T is continuous on B. The proof is complete.

The next theorem shows that Non C(4.1) holds iff S is infinite dimensional.

Theorem 4.3 If X is an infinite dimensional Banach space,then there exists a continuous function
T:B—B without fixed points in B.

Proof: According to the Day’s theorem [9] there exist biorthogonal sequences {en}CX and
{en}CX™* such that {ep} is a Schauder basis for the closed subspace L C X spanned by the set of
all {en} and |len||=|lenl|=1, en(em)=0 for all n¥m, n, m = 1,2, ... . It follows |x;|=le}(x)|<||x||

for all i and for all x€L, where x; is the ith

coordinate of x in the basis {en} (i.e. x=(x;)).
Now let us introduce the sequence vn(x)z(l-]]x”)el+2'lx,e,+...+2’“xnen+l. It is easy to check that

||Vn+p(X)—Vn(x)||52'n]|x|| and ||vp(x)—vn(xg)ll<2]|x=xg|| for all x, xg€L and n,p =12, ...
Set f(x)=nl_i.moo vn(x), x€L. This means that f is continuous on L and the coordinates of f(x) in
{en} are: (1-||x||, 27'x,, ...) for x=(x,,Xs, ...). It is clear that f(x)7#0 for all x€EL and that the unit
ball BL of L is just BﬂL(f:BL—-BL, but unfortunately it may have fixed points. This is the case if
e.g. X=L=c0). It is easy to check that f{ is nowhere normal to the boundary of By =BnL.

Therefore, Non C(4.2)" holds in L (with By in place of B).
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In view of Theorem 4.2’ (with L and BL in place of X and B respectively) it folloaws the
existence of a continuous function T:BL_'BL without fixed points (e.g. T(x)=P(x+f{(x)). According
to the Dugundji’s theorem [10], there exists a continuous extension T of T from a closed subset BL
of X to the whole X with T(X)CcoT (B )CBy,. It follows that T:B—By CB is continuous
without any fixed point. Indeed, if we assume that x=Tx for some x€B, then xe BL so Tx=Tx=x

i.e. xis also a fixed point in By of T (which has no fixed points). The proof is complete.

In view of the Brouwer (5] fixed point theorem, Theorem 4.3 can be restated as:

Theorem 4.3'. The closed unit ball B of a Banach space X has the (Brouwer) fixed-point property if
and only if X is finite dimensional (or equivalently, iff B is compact)[10].

Remark 4.3. The Miranda’s theorem [24, p.214] follows also from Theorem 4.2 (see Remark 3.2).
Indeed, for a,=-L and bi=L, i-=1, ..., n, Dy given by (3.9) becomes the hyper-cube Cj of R"(say
L=1). Or, Cp is just the closed unit ball of R™ supplied with the supremum norm (which is of
course equivalent to the Euclidean norm). The boundary conditions (3.10) are equivalent to the (B-N)
tangency of f to Cp (Prop. 3.3). Therefore, in the case of D=Cp and X=R", Theorem 4.2 isa

completion of the Miranda’s theorem. Finally, Miranda’s theorem follows directly from Theorem 4.1.

It is straightforward that condition C(4.2)’ is equivalent to:
C(4.2)"": Every field f on B satisfying f(x)3 ux for all x€S and all 4 >1, has a fixed point in B.
Indeed, “f(x)#pux, V||x||=1 and p>1" iff “f(x)—x#Ax, V||x||l=1 and A>0".

Therefore, Theorem 4.2 can also be restated as

Theorem 4.2.”" Conditions C(4.1), C(4.2)", C(4.2)"' and C(4.3) on B are equivalent. They are
true iff dim X<+4oo.

Theorem 4.2 is also a completion of a classical result derived via degree theory [sce e.g. 12, Th.
3.1.4, p.36, with D = B.

Recall that DCX is said to be a “flow-invariant set’” with respect to the differential equation (E)
u’=f(u) (or the vector field I on D) if for every x€D, there exists a solution u=u(t,0,x) of (E) which
remains in D as long as it exists (i.e. for every x€D, D contains a maximal solution of (E) through
X). Of course, when { guarantees the uniqueness of the solution to the Cauchy problem for (E),
then we say: “D is flow-invariant with respect to (E) if every solution starting in D remains in D as

long as it exists”.

If dim X<oco and D is a closed subset of X, then D is flow-invariant with respect to f

iff and only if f isa (B-N) field on D (Th.3.0). Therefore, Theorem 4.1 yields
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Corollary 4.1. Let D be a (nonempty) convex compact of R™ and let f be a vector field on
D. If D is a flow-invariant set with respect to (E)u’=f(u), then D contains a zero of f (a constant

equilibrium solutin of (E)).

Remark 4.4. We will prove (in Section 5) that in R? the conclusion of Corollary 4.1 remains

valid without the convexity hypothesis on D, provided that 9D is a Jordan curve.

In Topology, the standard notation for S and B in R% is S™! and B" respectively
(cf.{11]). A nice result of Topology says that every tangent field to S? has a zero xeS? (CF. [11,
p.149]).  Another nice classical result of Topology says that there exist tangent vector fields F to
S™1 without zeros in S™! iff n-1 is odd [15, p.30]. However, according to Corollary 4.1 such F
must have a zero inside S™?! (i.e. in BM). This is because a tangent field F to SP!is a (B-N) field
on B" (see the beginning of Section 3). Other classical conditions equivalent to the Brouwer fixed
point theorem are: “S™! is not contractible” or equivalently, “gB-1 i3 not a retract of B"” (11,
p.167]. From Theorem 4.3 we can prove in a standard way that in the case:dim x=co, S is a retract

of B. From the above comments it is clear that the following problem is interesting.

_P_(_4_.l_). In what conditions does a (B-N) field on a convex compact D of R™ have a zero on 9D?
Finally, it is important to note that if F is (only) a (continuous) (B-N) field on D, then may exist
solutions starting in D which do not remain in D. An example in this direction is the following one:
f(x)==2{]x| , xe€D=[0,+oof, u'(t)=—2{Ju(V)] , (4.1)
We have {(0)=0 so f isa (B-N) field on D(as x+hf(x)€éD for x=0 and h>0) so D is a flow-
invariant set with respect to (4.1). However, the solution u(of(4.1)) defined by
u(t)=-t%, if t>0 and u(t)=t® if t<0 (4.2)
starts in D and u(t)=-t’¢D for t>0.

§ 5. A characterization of (B-N) tangency via the “Invers Taylor formula” on Banach spaces and the

uniform motion.

Let g be a continuous function from an open subset A of a Banach space X into a finite
dimensional space V. Denote

Dg={x€A, g(x)<0}, Dg={x€A, g(x)=0}=g™(0)
and Dj ={x€A, g(x)>0) (5.1)

Of course, if z€Y, then by definition, “z<0 iff all coordinates of z(with respect to a given basis of



Micolae H. Pavel 20

Y) are <0”. The following result is interesting by itself and it will be essentially used throughout this

section. Part (5.4) of it is known [23].

Theorem 5.1. Let g:ACX—Y be continuous and Fréchet differentiable at a point xeg™}(0).
If the Fréchet derivative u—g(x)(u) from X into Y is surjective, then the conditions (5.2) and (5.3)

below are equivalent

Liirah"d(x+hy; Dg)=0, g(x)=0, yeX (5.2)
g(x)=0, g(x)(y)<0 (i.e. KDé(x)={yeX; g(x)(y)<0}) (5.3)
KDE(X)={yex: g(x)(y)=0} = Ker g(x), g(x)=0 (5.4)

Proof. *“(5.2)=(5.3)” For this part we need only the existence of the Fréchet derivative g(x) of g
at x. Indeed, (5.2) is equivalent to (3.3) with D=D;;. Consequently, there exists p(h)—0 as h|0
such that g(x+hy+hp(h))<0, Yh>0. Since g(x)=0 we have g(x+hy+hp(h))—g(x)<0, Vh>0 which
implies (5.3). The proof of ¢(5.3)=(5.2)” is delicate. It requires an ‘“Inverse Taylor formula™ (in
short (ITF) based on the surjectivity of u—g(x)(u) and the Brouwer fixed point property of the ball
of Y(see the paper (23] by Ursescu and the author). It can also be found in the author’s book {20,
p.112, Lemma 2.4}.

@ Let X be a Banach space, Y a finite dimensional space and g:ACX—Y continuous and
Frechet differentiable at x with u—g(x)(u) surjective. Then for every ¢>0 and y€X, thereis 6>0
such that for every h€l0, §[ and veY with ||v||<§, thereis p(h)EX satisfying

[lp(h)lI<e, x+h(y+p(h))€EA and
g(x-+hy-+hp(h))=g(x)+h( (x)(y)+v) (5.5)

(We say that (5.5) is an ‘“‘inverse Taylor formula’, since it means that given the ‘‘Remainder” hv we

can find an increment p(h) satisfying (5.5)(which is of Taylor type).

Proof of Theorem 5.1. (continuation) Part “(5.3)=>(5.2)”. In view of (5.3), for v=0 (5.5) yields the

existence of p(h)€X with p(h)—0 as h|0 such that g(x+hy+hp(h))<0, for all sufficiently small
h>0. Or this means x+hy+hp(h)eD'g which is equivalent to (5.2) (see also (3.3)). Part (5.4) is
known, so the proof is complete.

Remark 5.1. For the conclusion of Theorem 5.1, the surjectivity of u—g(x)u) is not nccessary. [or

instance, let g:R?—R? be the projection on Xy-axis, i.e.
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g(xy, x2)=(xy, 0), Vx=(x,, x,)€ER2. Hence Dg=0x,=x, —axis.

0

Clearly, the Jacobian matrix g(x)= i d is not surjective {precisely, the range of g(x) is

R(g(x))=0x, (x,-axis). However, we have

Ker(é(x)):Ox,:KDg(x), Vx€Dg, i.e. (5.4) still holds. On the other hand, without surjectivity
of u—g(x)(u), (5.4) may not be true.
Indeed, take g(x;, X;)=(x;-1)’+(x,-2)*, (x,, x;)€R?. Then Dg={(1,2)} so KDg(1,2)={(0,0)}.
Clearly, the gradient g(x) of g at (1,2) is zero - (i.e. g(1,2)=(0,0)) so it is not surjective. Obviously
Ker g(1,2)=R*#K_ (1,2).

g

Note also that Th. 5.1 is useful in flow-invariance and orbital motions [23] and it has a unifying effect
in optimization [16].

Corollary 5.1. Let g be as in Theorem 5.1. Then f is a (B-N) vector field on D'g(Dg) iff

B()(x)) <0, VxeDy (5.6)

and g(x)(f(x))=0, Vx€Dg (5.7)
Corollary 3.1 can be derived from Corollary 5.1 in the case X* uniformly convex (when the norm of

X is Frechet diff. on S) by choosing g(x):%(l]x”—r;’).

If g is a convex function on an open A, then Dy is convex and we can give results similar to
Theorem 4.1. We will not do that here. What we will do, is to present results on zeros of (B—N)
fields f on DE;, without the convexity of g. In the case g:R?—R, the surjectivity of u—g(x)(u) is
equivalent to the fact that the gradient g(x) is different from zero (g(x)#0, for ng'l(O)). Denote
by I¢(Dg) the index of Dg with respect to f (i.e. the winding number of f around Dy or still - the
number of times that f(x) winds around the origin as x moves around Dgzg'l(O)z{XERZ; g(x)=0}.
Set also Dg= {xeR?; g(x)<0}.

Theorem 5.2. Let g:R?*—R be of class C' with g(x)7#0 for all x€g'(0). Moreover, assume that
Dg is a Jordan curve and that D'g is the bounded connected component of Dgf(i.c. D'g is “‘the

inside” of Dg [11, p.153]). If f isa (B-N) field on Dg without zeros on Dg, then If(Dg) is one.

Proof. According to Corollary 5.1, the (B-N) tangency of f to D'g is equivalent to (5.6), where
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g(x)(f(x)) is the inner product of vectors g(x)= (86-73 , aa—f-) and f(x)=(f,(x), f5(x)), x=(x;, X,).
1 2

Set G(x) = (—%— , aa—f-) Then G is a continuous tangent vector field to Dg (in classical sense)

2 1
without zeros in Dy, so I5(Dg)=1 (see e.g. (7]). But Ig(Dg)=Ig(Dg)=l- Finally (5.6) yield
If(Dg)zlé(Dg)zl which completes the proof.

Corollary 5.2. If f isa (B-N) field on Dg (with g asin Theorem 5.2), then [ has a zeroin Dy
(with g asin Theorem 5.2), then f has a zero in Dg .

Proof. If [ has no zeros on the boundary Dg of D'g, then If(Dg)=l so f has azeroin Dyg.

Remark 5.2. The conclusions of Theorem 5.2 and of Corollary 5.2 remain valid if the hypothesis *‘f
is a (B-N) field on D'g" is replaced by “f is normal to D'g". Corollary 5.2 includes the classical

result that a periodic orbit of u’:f(u) contains inside a zero of f[7].

We have to point out that Condition (5.6), i.e. the (B-N) tangency to Dy is a characteristic
property of “velocity fields’ on D'g. In general, if { is a force field on D;; under which Dg can be
described (20, p. 123] then (5.6) holds in the strict sense, i.e.

g(x)(f(x))<0, Vx€Dg (5.8)
This is the subject we want to study in what follows. Therefore, let us consider the ‘“‘Newtonian
equation of motion™.

u'(t)=f(u(t)), u(0)=x€Dg(i.e. g(x)=0), u'(0)=y (5.9)
Suppose that u—g(x)(u) from a Banach space X into R™ is surjective for x€Dg and g is twice
Fréechet differentiable on an open subset A containing Dg (such that Dg is closed in A). It is easy
to show that a necessary condition for the solution u of (5.9) to remain in Dg (i.c. to satisfy
g(u(t))=0,Vt>0) is given by (u(0), u'(0)).

(u(0), u’(O))zx,y)eMDg, (u(t), u'(t))eMDth>0 (5.10)

where

MDg={(x,y)€A x X, g(x)=0, g(x)(y)=0, g(x)(y)(y)+&(x)(f(x))=0} (5.11)

This fact can be proved by differentiating g(u(t))=0, t>0.

Indeed, we get

g(u(t)(u'(£)=0, g(u(t))(u'(t))(u'(t))+g(u(t))(u"(t))=0 t> 0 (5.12)
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Therefore, the following definition is natural.

Definition 5.1. Dg is said to be a flow-invariant set with respect to u”:f(u) (in short: with respect
to the force field f on A) if every solution u to (5.9) with (u(0), u'(l)))EMDg remains in Dg as
long as it exists (i.e. (u(t), u'(t))GMDg, t>0).

Suppose that Dg is flow-invariant with respect to f(we also say that the orbit Dg can be described
under the action of the force field f). Then (5.12) holds. Substituting u''(t)=f(u(t)) in (5.12) and
then differentiating with respect to t we get (for t=0, provided f is Fréchet differentiable on Dg)

F ) +3EE) YA +Ex)(E () (y))=0 (5.13)
for all (x, ¥ ) €My, where E(x)(y°)= ERIW)HH)

Therefore, if g is three times Fréchet differentiable, then (5.13) is a necessary condition for Dg to be
flow-invariant with respect to the force field fon A. Thus, (5.13) is derived easier than in [23]. The
main point is that:

If u—(g(x)(u), g(x)(y)(u)) from X into RMxR™ is surjective for each (x, y)EMDg (5.14)

then (5.13) is necessary and sufficient for Dg to be flow-invariant with respect to {20, ch.3]. Now
let I be a real Hilbert space of inner product <-, -> and norm ||-||, and g(x)= rll(||x||2—1), xell.
Then Dg=S, g&(x)(y)(y)=llylf%. Thus

MDgzMS becomes

Mg={(x,y)€A x H; [|x||=0, <x,y> =0, |ly||*+<x,f(x)>=0} (5.15)

and so (5.13) takes the form

3<y, f(x)> + <x, f(x)(y)>=0, Vx€S, yeH, <x,y>=0 (5.16)
First of all (x,y)eMS implies y#0 (the “initial speed of projection” cannot be zero). Therefore
Corollary 5.3. A force field { under which Dg can be described is a (B-N) ficld on A, in a strict
sense (i.e.(5.8) holds, or still: f is nowhere tangent to Dy, [(x) points inside Dy for each x€Dyg).
Let us observe that for Dg=S=g'1(0) the surjectivity condition (5.14) is fulfilled. In this case it
becomes
u—(<x,u>, <y,u>) = F(u), [|x]|=1, <x,y>=0 (5.17)

from II into R? is surjective.

Indeed, take (a,b)€R2. Then for u=ax+by/||y||?>, F(u)=(a,b) so F:H—R? is surjective.
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Therefore we have
Theorem 5.3 Let H be a real Hilbert space and let f:ACH—H be a Frechet differentiable force field
on A(an open neighborhood of S). Then a necessary and sufficient condition for S to be described
under the action of f is given by (5.16).
Remark 5.3. On the basis of Theorem 5.3, Condition (5.16) is necessary and sufficient for the solution
u to the Cauchy problem,

u'’'=f(u), u(0)=xeS, u'(0)=y, <x,y>=0, ||y||*=—<x, f(x)> (5.18)
to satisfy |Ju(t)||=1, Vt>0, for every x€S and y€S asin (5.18).
Of course, in the case H=R>*, A=R®—{0}, S=S(R+h)(R-the radius of the Earth r>0 sufficiently
large, and fN(x)=-GMx/||xH3, Xx€A (the Newtonian gravitational field, GM-the power of the force
centre), then y given by (5.18),
i.e. ]|y||={GM/(R+r)}1/2 is the magnitude of the well-known ‘‘first cosmic speed”. In what follows
we will derive (on the basis of (5.16) and on an optimum principle), a necessary and sufficient
condition for f, in order for ‘““the motion on S” to be uniform.
We say that the motion on S (under the action of the force field f) is uniform if for every x, y as in
(5.18), the corresponding solution u=u(t,0,x) of (5.18) satisfies [Ju/(t)]|=C, Vt>0 (where C>0
depends on y and f but not on x€S).
Therefore, if the motion on S under { is uniform, then necessarily

G(x)=<x.f(x)>=—C%=const for x€S, SCH (5.19)
Now let us recall the following principle of optimum (given on a Banach manifold by Motreanu and
the author (cf[17], or (20, ch.4)).
Theorem 5.4. Let A be an open subset of a normed space X and D a nonempty subset of A.

Suppose that G:A—R is continuous and

inf{G(x); x€D}=G(xy), xg€D (5.20)
If G is Frechet differentiable at Xq, then
G(xq)(¥)20, for all yeKp(xq) (5.21)

[Indeed, if YyE€Kp(xp), then xgthy+hp(h)€D for h>0, with some p(h)—0 as h|0 (see (3.3)).
Hence G(x0+hy+hp(h))—G(x0)20, Vh>0 which yields (5.21)].
In the case D=S,

Kp(x) = {yel; <x,y>=0}, VxeS (5.22)
so KD(x) is a subspace of H. Thus, if G is the function defined by (5.19), we have (by (5.21))
G(x)(y)=0, for all yeH with <y, x>=0 and x€S i.e.

<y x>+<x, f(x)(y)>=0, Vxe€S, yeH with <x, y>=0 (5.23)
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Obviously, (5.16) and (5.23) yield

<y,f(x)>=0, Vx€S, yeH with <x, y>=0 (5.24)
We conclude that if the motion on S under f is uniform, then (5.24) is (necessarily) fulfilled and it
implies f(x)=ax, with a€R and x€S. This in conjunction with (5.16) give

f(x)=—C%x, V x€S$ (5.25)
Conversely, if f is given by (5.25), then (5.19) (which implies (5.23)) and (5.24) are satisfied. Or,
(5.23) and (5.24) show that (5.16) holds true (i.e. (5.13) and (5.14) are fulfilled. Thus, (5.25) implies
that S is invariant under { asin (5.25) and the motion on S is uniform.
Therefore we have given a new proof to
Theorem 5.5 The unit sphere S of a real Hilbert space H is invariant under a differentiable force field
f on an open neighborhood A of S, and the motion on S under { is uniform if and only if f{is an
attractive central force field (i.e. f is given by (5.25)).
(A different proof is given in {20, pp. 135-136)) .
Remark 5.4. The Newtonian gravitational field fy above is a (B-N) field on D'g—{O} with
g(x)=3(|Ix||*=1) (hence g(x)=x), so g(x)(fy(x))=—GM<0, V ||x||=1 (i.e.(5.8) holds). Iowever,
fN is nowhere zero. This does not contradict the conclusion of Corollary 5.2, as f is undefined at
OGDé. Does the conclusion of Theorem 5.5 remain valid in every real (strictly convex) Banach space
X?

APPENDIX

Lemma 1. Let D be a compact of X and let f be a (B-N) field on D(i.e. (3.5) holds pointwise in
D). Then (3.5) holds uniformly in D.
Proof. Take x arbitrarily in D. Let u=u(t,0,x) be corresponding solution to u’(t):f(u(t)), u(0)=x,
u(t)éD for t in the domain of u. Set M=sup{||f(z)||; z€D}. For €>0, there is §(¢)>0, such that
[|f(z) ={(w)|l<e for all z, weD with ||lz—w]||<6(¢). But |Ju(s)—u(0)||<Ms for s>0 sufficiently
small. It follows that for all h€]0, M™'6(¢)[ and for all x€D, we have

h
h'ld(X+hf(x);D)§h'le+hf(x)-—u(h)|]Sh'lj||f(u(s))—f(u(0))||ds<c, which completes the proof.
0
Proof of Proposition 3.1. The only fact we have to prove is the implication

“f(x)€e Kp(x), VxeD”="“f(x)€Cp(x), VxED”.

Therefore, let xe€D, xp€D, xp—x and hpl0. In view of Lemma 1, (3.5) implies

hn'd(xn+hnf(xp);D)—0 as n—oo, which is equivalent to xp+hp(f(xn)+an)€D. n= 1,2, ..., for

some ap€X with ap—0 as n—oo. The proof is complete.
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