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BASIC REPRESENTATIONS OF POLYANALYTIC FUNCTIONS

DAN PASCALI

By using the Pompeiu iterated operator,we establish a general and sim-—
ple representation of polyanalytic functions. This formula is valid also in
higher dimensional spaces and allows us to extend easily some analytic func-
tion principles. We relate this representation with new topics of nonanalyt-
ic complex functions, developed in the last decade in monographs (11, (8],
[25) or at the conference [B] and originated in the contributions of the in-

terwar Romanian mathematical school.

The concept of areoclar derivative as deviation measure from the monogenei-
Lty of a complex function was introduced by D.Pompeiu in 1912 in two notes in
"Rendinconti del Circolo Matematico di Palermo®, C[18). pp.137-143; 173-177].
The areolar derivative of a continuous function UCz) = ulx,y) + ivix,y) is
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where the limit is taken on all closed simple rectificable curves y, enclos-

ing a domain w,and continuously contractible to the point zg.If U e c' then
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However ., both D.Pompeiu and other Romanian mathematicians as G.Calugareanu,
N.Cioranescu, M.Ghermanescu, M.Nicolescu or foreign ones as P.Burgatti, M.

Krasner consider only the Cl—function case, called also polygenic functions,

as solutions of Lhe nonhomogenuous Cauchy-Riemann system
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where A(x,y) and BC(x,y) are continuous functions. We must emphasize N.

Teodorescu’s merit [(21) for instituting in 1931 a systematic study of the
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areolar derivative independently of the existence of partial derivatives of

functions uw(x,y> and v(x,y2 in the limit C1). The extended definition of
the areoclar derivative allows us to replace the equation ég = VCz>) with a
az

continuous right hand side in a plane domain Q by the functional equation

L J ucz> 9z - [ wvCzd dx dy = O,
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which holds for all pairs (y,w) < Q and provides generalized solutions equiv-

alent with those in the distribution sense for the Cauchy-Riemann system [23].
Any conlinuous function of z, whose areolar derivative vanishes in every

point of a domain Q is holomorphic in Q. A function with a continuous areolar

derivative is called a—-holomorphic. N.Teodorescu extended to a—-holomorphic

functions the representation

uz = o f e — Ly A & dn Ct=¢ +in>d
r z Q ot
= 8Q consisting of a finite number of simple closed and rectifiable curves.

This formula was previously established by D.Pompeiu for polygenic functions.
Since 1952 I.N.Vekua resumed the theory of areolar derivative, starting

from the linear system with first order partial derivatives

ou o - au + bv + f
ax ay cad
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Setting
1 , . 1 ; 1
A="Ca-d+ ic + idd), B = T Ca +d + ic - idd, F = Z (f + igd,
4 4 2
I.N.Vekua rewrote system (2) in the form
? - AU - BU = F &>)
az
and applied successfully functional analysis methods, envolving the theory

of generalized analytic functions [(24)]. The solutions of (32 are sought in
the class C;COJ which coincides with the a-holomorphic function space, [23].
A similar point of view was developed by L.Bers [3].

A particular attention is paid to the Pompeiu integral operator (18, pp.
150-162; 197-2011

L £Cb)
= - = S . C
TfC=2d - Ifo == d¢ dn 4>

For a bounded measurable function f in 0., N.Teodorescu [22) proved that Tf
is continuous in the whole plane,holomorphic outside Q, vanishes at infinity,
and

aTf

az

= fC=z2).
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Furthermore, [.N.Vekua [24,pp.38) showed that T is a completely continuocus

linear operator from LpCfD, p > 2, into C C{D. the Holder function space
p-2 x

P f
One of the natural generalization of analytic functions are the solutions

with exponent o =

of the equation
N+t

a f

—Nn<+ i

oz
called polyanalytic functions or areolar polynomials of the n-the order. For

= 0, fCzd = PCx,y) + 1 QUX,yd (@D

n = 0 we have the complex form of the Cauchy-Riemann equations. The general
study of polyanalytic functions was initiated by P.Burgatti and N. Teodorescu.
We assume henceforth that the domain Q contains the origin. Since the ker-—

nel of the operator —2 coincides with the holomorphic function space in Q,
az
we derive that a representation of the general solution of equation (4) is

fCz> = ¢ (2> + Z ¢C2> + z 2 @02 + . . Lw z " $.<20. e
where ¢kCzD. k = 0o,,....,n, are holomorphic functions in 2. A more accurate

development was established by N. Teodorescu [21]
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Form (B6) allows us to draw nearer the representations of polyanalytic and
2

a3
polvharmonic functions in the plane. Taking into account that A = 2* -
3 1 N 2 dzaoz
where = = E [ > ' 3 ] is the areolar co-derivative,we can easily prove

by 1nduction (13] that: Any (n+1)-th order polyharmonic function in a plane
domain 2 can be written as the real or imaginary part of an n-th order poly-
analytic function in Q. Formula (6) for n =1 is known as the Goursat re-
presentation of biharmonic functions. Moreover, the following unicity con-
ditions can be stated:

Given a (n+l1)-th order polyharmonic function PC(x,y> = Re [(fCz)], the

functions ¢kCz) in (B) are uniquely determined provided that:

Im [ COX) = O;
¢’(0) = 0; Im [¢;CO)) = 0;
¢ COd = O @'CO> =0, . . . : ¢ "¥cod =0; Im (g COdI = O.
n n n n
Here Re [ ] and Im [ ] denote the real and the imaginary part of [ J]. For

n = O, we recognize the condition of the unigue determination of the conju-
gate harmonic function.

Assuming the above unicity conditions fulfilled, we actually have

k
Czd = z Ca + z + + ... =z (u + 41 v
# kK 2kes 2kez > K X
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ki B 2,255 . 0re wher e u, and v, are the harmonic components of the holo-

morphic function developed within the brackets. If we set |z| = r, the re-
presentation (8) yields

P=u +rfu +ru_+ ...+ r*"y . 8
° 1 2 n
which is nothing but the Almansi expansion in a neighbourhocod of the oraigin
of the polyharmonic function PCx,y>, (12].

It is worth noting that to any real analytic function cooresponds a series
of the form (8); this representation as an infinite order polyharmonic func-
tion was established by N.Cioranescu in 1937, ([S],pp.387-404>. An infinite
expansion of the form (B6) is called an areclar series. The above interplay
between polyharmonic and polyanalytic functions was extended to a similar
interplay between analytic functions and areolar series 1n [15]. A compre-
hensive account can be found in [(12)] and [1] on polyharmonocity, while in
(2] and [6, pp.68-84] on polyanalitycity. M. Rosculet [20] gave a compara-
tive description of elliptic, parabolic and hyperbolic analiticity.

We pointed out in (18] a new form for polyanalytic functions by means
of Lthe iterates of integral operator (4) which is similar to an expansion
of polyharmonic functions using the iterated Green’s function due to M.Ni-
colescu (12, pp.326-335). Denoting

KCL -~ 2 = m=a  and Kg - z> = [f kK7 - v Kt - 2) ddn,

n ¢ - =z (9]
we consider the Pompeiu iterated operators
T!gCzd> = JJ K<t - 2> gctd> dgdn, T

Q
Since

Tlgcr> = Jf x¢z - © axdy [f K7L - 2D gCtd dEdn = T ¢ T igocrd,
Q Q

we derive

n - n
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Moreover, if the function g(z) 1is holomorphic in Q. then

™t T gCzd

— = 0.
Let us consider the formal :zlynomxal
fCz> = p (2> + Tplzd + szch) +. ..+ T2, <o
where kazD, k = 0.4,...,n, are holomorphic functions in Q. Taking suc-

cesively areolar derivatives, we get

arcz)

= p(Cz2) + Tep (2D # wen +Tn-1¢p(z)
oz 1 2 n

D | oy apa LM

— — el

az



Dan Pascali 45
and we infer that f(z) is an n-th order polyanalytic function in Q.

Moreover, since

a rczd -
—— = p +TCp (C2) +Tp Czd) +. . . + T p Cz2dD, c10d
&k kea ke2 n
k
the holomorphic functions pk are defined by the values of 25% on ' by
az
k
PkCz) =—1—-—f a_fi_t_z__t_-c_ﬂ._z k = 0,80 ..,n . (11)
ani I et

In this way, we have obtained the following structural result:

THEOREM 1. Any n-th order polyanalytic function fCz> in Q has the

form (9) where the holomorphic components are given by (11D,
By using the Morera theorem and equation (10), we can easily prove:

THEOREM 2. Necessary and sufficient conditions that (n+1)> continuous
functions ¢€(Cz) in Q should represent an n-th order polyanalytic function
I}
f<zd = §°(z) and its areolar derivatives Ziﬁﬁzl = 3Czd> are that
Pt )
1) @ - Tecwy ¢ oo, i= fee..n
r d t -z
for any closed simple rectificable curve »y in (, enclosing a domain w,
and any point z outside .
A version of expansion (9) for n-the order generalized analytic func-
tions, when the derivative o is replaced by the left side hand of equa-

az
tion (30 is found in [17].

Later on, an analogous representation i1in the Euclidean space R", m 2 3,
is pointed out.First,we briefly present elements of matrix analysis, descri-
bing an extension of the monogenic conditions or Cauchy-Riemann eguations.

Let S be a closed hypersurface with an interior normal ;M at each

point M. Denote by V' and V7~ the interior and exterior domain separated

by S, respectively. Let y = Cr‘,....rm) be a vector of constant sguare ma-
trices of order 2s and let ) = C;t,....;m) be the vector of the transposed
matrices. We confine ourselves to matrix flelds & = {§ﬂ} < ckw and we
introduce the linear operators

m m

called the spatial derivative and spatial co-derivative, respectively. To
obtain DD = DD = 1A, where I is the unit matrix, we impose the conditions

y. o+ r = L = 5 %
erk rjyk 2 6JkI' Lk 1,2,. . ..m

A simple example of such a set of the fourth order matrices in R3 is given

in [(111]:
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Regarding the operator D, we have the Teodorescu-Moisil representation

formul a
— — +
_ = BCPY) if P e V
LMY h oy 8c0 do + 2 | € ey dw = - 12
—m M M o —n Qa O if P eV,
m  MP oF
s v*

where o is the area of the unit hypersphere and C(e.¢+) denotes the stand-
ard inner product in R
Solutions of the equation D& = O are called (y)-monogenic. For these
solutions (12) is actually an extended Cauchy integral formula. A generali-
zation of the Morera theorem for Cy)-monogenic functions follows easily
from the Gauss-Ostrogradskii formula.
On the other hand, the Teocdorescu-Moisil i{ntegral operator

e p—

CQP-»>

—m

- L
MyCPd = "...J’QP

v

QD dmQ a3

extends to R™ all the properties of the Pompeiu operator (4). Moreover, we
can define the iteratives of [l and prove that (y)-polymonogenic functions,
i.e. solutions of the equation

n+d

D FCP> =0
admitl a representation i1n the form
FCP> = W (PY + HW’CP) + HZWZCP) F ... * n“wncpa
o
where 1ts (y)-monogenic components are determined by
—
wepy = L | MR s DRFCMD dw . k= 0. ...
k o —m M M
ml o MP

In a similar way, we prove a Morera theorem for (y)-polymonogenic functions.
The matrix equation D& = ¥ includes Dirac’s systems as well as other
known systems in elasticity theory and hydrodinamics. Analogously with the
areclar derivative theory,Gr.C.Moisil and N. Teodorescu studied.in the early
thirties., the generalized solutions of this equation as solutions of a pre-

ceding 1ntegral identity. Using an elaborate technique, M.Nedelcu-Coroi [7]
-n

constructed some operators equivalent with and obtained an expansion

nt

of Ltype (7> for (yd-polymonogenic functions.
Functions of a hypercomplex variable provide an alternative basis for

extending the basic concepts of one complex variable functions to higher

dimensiocnal spaces. This approach.initiated by Gr C.Moisil [10],was applied
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by the author to invert the singular integral equations and used by V.Ifti-
mie [9) for a complete description of the integral operator corresponding to
C(13>. A general theory of monogenic functions on commutative algebras is done
by M.N.Rosculet [19].

The monograph [8] is a survey of the foreign contributions to the hyper-
analytic functions. A special attention was paid to matrix systems

g! =Aw+Bw

which were first studied by the author [14) for arbitrary n. A similarity
principle for these systems establishes a representation w = Sp where S
is a nonsingular matrix continuous in Lhe complex plane and ¢ 1s a vector
analytic in the domain of w. This representation allow us to extend basic
results of one complex variable functions to solutions of all elliptic sys-
tems in the plane,[(4]).

Finally, we distinguish two starting points in the study of the latter
topic, the function theoretic methods (8] and the modern theory of partial
differential equations [25]. Wendland’'s book is also a good guide for re-

lated numerical approaches.
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