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SOLUTIONS OF THE FULL POTENTIAL EQUATION

USING EXACT INTEGRAL METHOD

Z. Fang and I. Paraschivoiu

ABSTRACT

The full potential equation for inviscid compressible flows is solved
using exact integral method. The volume integral is evaluated in a body-fitted
grid generated by finite element discretization. With body fitted grid, the
volume integral is evaluated only outside the body. Therefore, there is no
extra boundary treatment required for evaluation of the volume integral. The
source term is also evaluated in each finite integral volume and assumed to be
constant in an finite integral volume. The volume integrals only need to be
evaluated once and can be stored in computer memory for further usage.

INTRODUCTION

The exact integral method for solving partial differential equations is a
very powerful tool in computational transonic flows. This method provides an
alternative approach to the finite difference and finite element methods for
solving transonic potential flows. Computational schemes based on integral
formulation have been developed(l-6]). One of the advantages of the exact
integral method is that soiutions can be obtained by only using surface paneis
and solutions everywhere eise can be represented by the solutions on surface
panels.

In this work, the exact integral method is applied to solve the full
potential equation for compressible flows. The linear doublet potential method
is applied in this work(7]. The coefficients matrix is formulated on body grid
points only. The nonlinear full potential equation is solved by Newton-Raphson
iteration procedure. In each iteration the influence matrix does not change
and is decomposed only once. Only the source term in the voiume integral needs
to be evaluated in each iteration. After potential values on the body have
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been solved, potential values anywhere else can be calculated. Because oniy
body grid points need to be formulated in this matrix, the requirement for
computer CPU time is severely reduced. For transonic flows, a shock integral
is calculated and its contribution is added to the right hand side of the
discretized simuitaneous equations. Our results show that the shock integral
is necessary for catching a sharp shock jump.

In this work, the two dimensional flows over NACAOOI2 airfoil are
calculated. Numerical results are compared with experimental data(8]. Good
agreement between numerical results and experimental data shows that the exact
integral method is a very useful tool for analytical and design purposes in
aeronautical engineering. The extension of the exact integral method to three

dimensional flows is under way.

GOVERNING EQUATION AND BOUNDARY CONDITIONS

In the Cartesian coordinates, the conservative form of the full potential
equation is

Ve(pV®) = 0 (1)

where ¢ is the full potential, p is the density, and V is defined by
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The full potential equation given by Eq. (1) is not well suitable for integral
representation because the operator is not a Laplace operator. However, the
full potential equation can be written in another form

v = M% (3)
8

where M is the Mach number, and ¢ . is the rate of velocity change along the
|

stream line direction. The right hand side term is presented as o and is
cailed the source term.

In the exact integral methods, the solution of Equation (3) can be
represented as

¢.—.¢a+¢f (4)

where ¢m is the undisturbed potential and thus

® =V (x cosa + y sina) (5)
-] -]

The surface boundary conditions for inviscid flows is the tangential flow
conditions which is given by
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(V®)en = O (6)
where n is the normal direction of the body surface.

Kutta condition is also implemented, which requires that the flow leaves
the trailing edge smoothly.

INTEGRAL FORMULATION

Using Green’s theorem, solution & of Eg. (3) can be represented by the
sum of boundary integrals and a volume integral as

ox .y ) = § [(n-me - o(n-voL)] ds + Lo- o dv 7

where the surface integral is on boundaries of a single connected region and
the volume integral is inside the region. 0(xp,yp) is the potential value and
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¢L 2nln[(xxp) +(yyp)} (8)

Thus, the disturbed solution can be expressed by

[(n-vo)o - &(n-Vd )] ds + jc‘ ® dv (9)
ki L v L
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where B are body surfaces, C are wakes or cuts between region boundaries, and
SH are shock surfaces. On body surfaces and wakes,

(10)
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Across shocks,

(11)
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Thus, Eg. (9) becomes
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of(xp,yp) = - LQ(n-VOL) ds - T J‘c (n-VOL) ds

+J. (n-VO)OL ds + I c QLdV (12)
SH v

where ' is the circulation.

In Eq. (12), potential value everywhere is represented by boundary
integrals and a volume integral. For incompressible flows, the source term o
is zero and there is no shock. Thus, the last two integrals on the right hand
side of Eq. (12) disappear. The potential depends only on boundary integrals
on body surfaces and wake. After potential values on body surface are
determined, potential solutions everywhere can be determined by those on body
surface. To determine potential solutions on body surface, Eq. (12) is applied
to points on body surface. Therefore, the body surface needs to be cut into
many pieces of small panels. Applying the surface integrals to each panel will
results a group of simultaneous equations. Potential solutions on body surface
are obtained from these simultaneous equations.

In the first integral on the right hand side of Eg. (I12), a linear
potential formulation on each panel is assumed. In the second integral, the
circulation I' is determined by the solution as

r=¢ -¢ (13)

where ¢ and ¢ are potential values across the wake and are obtained from the

solution.

For compressible flows, the source term must be evaluated throughout the
volume. For transonic flows, the integral for shocks is needed because the
normal derivatives of potential across shock wave is discontinuous. In this
work, potential values across shock wave are assumed to be continuous.

The source term is obtained after potential solutions are known
everywhere. Thus, the potential value represented by Egq. (l12) must be solved
iteratively.

TREATMENT OF VOLUME INTEGRAL

The volume integral in Eq. (l12) is evaluated in a discretized field by a
body-fitted grid which is shown in Fig. 1. In each element volume the source
term inside the volume integral is assumed as a constant. Thus,

M
fao dv=Z¢J'¢ dv (14)
L 1 L
v 1 V‘
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Integral J-QL dV is calculated analytically. The finite integral volume
v

1
boundaries can be represented by

y = at + bt x
The limit function of the volume integral is

F(x) = (AT x + 0.5 BT %) m[u +BTO)(Xx + 2B X + c1]

-2 .1 AT + BT x
+ X tan ——
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where

BT = bt
B = AT BTﬂ
1 + BT®
2
C= AT

1+8T2

(15)

(16)
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_ 1+2 BT

2 2
1 + BT
E, = _A_T_z
1 + BT
If AT = 0, the singularity location (xp,yp) is on the line represented by

y=at+btx as shown in Figure 2. The limit function becomes

F(X) = 0.5 BT x° ln[(l + BTY) iz]

- 1.5 BT x° + x° tan"'(BT) (17)

If the singularity location (xp,yp) is on the node point of the (finite

integral volume, x=xp and y=yp . Thus, the limit function value becomes zero.

The value of a volume integral is obtained by calling the limit
functions. In Figure 3, a typical finite integral volume is shown. The
integral region is divided into three regions. In region 1, the integral value
is

[=F (x)=-F (x)- [FAU()?A) - FAD(;cA)] , (18)
In region 2, we have
= F X)) - Fx) - [FAU&D) - FDB()-cD)] (19)
and in region 3,
I, = F(x) - F (x) - [FUB(EU) - Fua&u)] (20)
The integral value in this integral volume is
1=11+Iz+l (21)

3

Special care should be taken, when the finite integral volume appears to be
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different.

RESULTS AND DISCUSSION

The solution procedure discussed in above sections is applied to
compressible flows over the NACA-0012 airfoil for a range of Mach number from
subsonic to transonic flows. Solution results are compared with experimental
data(8].

In Fig. 4 and Fig. 5, pressure coefficients for flows over NACAOQOI2
airfoil with Mach number at the infinity 0.5 and 0.7, angie of attack 0.0 are
presented. Good agreement between numerical results and experimental data in
these cases are shown. In Fig. 6, pressure coefficient for flow over naca0012
airfoil with Mach number 0.5 at the infinity, angle of attack 2.0 is
presented. Numerical results predicted lower pressure coefficients along the
upper surface of the airfoil. Pressure coefficients for flow over NACA0012
with Mach number 0.8 at the infinity, angle of attack 0.0 is shown in Fig. 7.
Good agreement is shown everywhere except across the shock. Necessary
corrections is going under way.
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Figure 1. Grid for volume integral.
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Figure 2. Demonstration for AT = O.
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Figure 3. A typical integral volume.
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Figure 4. Pressure coefficient for NACAOOI2 airfoil
MQ = 0.5, « = 0.0
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Figure 5. Pressure coefficient for NACAO0OI2 airfoil
Mm = 0.7, a = 0.0
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Figure 6. Pressure coefficient for NACAOOI2 airfoil
Mm = 0.5 a = 2.0



121 Potential equation

-0.91

-0.71

-0.54

-~0.31

=0.14

0.31

—— this work

0.59 o  experimental datal8)

0 25 5 75 L.
/e

Figure 7. Pressure coefficient for NACAOOI2 airfoil
Mm = 0.8, a = 0.0
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