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NECESSARY AND SUFFICIENT CONDITIONS FOR
THE OSCILLATICN OF DIFFZRENCE EQUATICONS

G.Ladas,Ch.G.Philos,Y.G.Sficas

ABSTRACT. Consider the difference equation

Antt = An+ ) GAn-t; =0, n=0,12,... (1)
j=1
where for j = 1,2,...,m the coefficients g; are positive real numbers and the

indices k; are nonnegative integers. We give an elementary proof of the (not so
well-known) result that “every solution of Eq. (1) oscillates if and only if the
characteristic equation

A=1+4) giA™h=0
j=1
has no positive roots.”

1. INTRODUCTION.

Chaos and fractals are at the center of attention nowadays and difference
equations is what gives birth to both of them. Our aim in this note is to
establish, by an extremely simple method, a necessary and sufficient condition
for the oscillation of all solutions of the difference equation

Antl —An+iqj/i..-ki =0, n=0,1,2,... (1)
j=1

where
q; € (0,00) and k, e N={0,1,2,...} forj=1,2,...,m (2)

in terms of the characteristic equation
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A=1+) giA™h =0 3)

j=1
More precisely, we will prove the following resuit.
Theorem. Assume that (2) holds. Then the following statements are equiva-

lent:
(a) Every solution of Eq. (1) oscillates.
(b) The characteristic equation (3) has no possiive roots.

By a solution of Eq. (1) we mean a sequence {An} which is defined for
n > —k, where k£ = lrsnjas.xm kj and which satisfies Eq. (1) for n > 0.

A solution {A,)} of Eq. (1) is called nonosciilatory if the terms A, of the
sequence are eventually positive or eventually negative. Otherwise the solution
is called oscillatory.

A proof of Theorem 1, even in the more general case where the g;’s are real

numbers and the k;’s are integers, can be given by a detailed analysis of the

representation of every solution of Eq. (1) in terms of the characteristic roots
of Eq. (3). See [1] and [3]. But this analysis is lengthy and sophisticated and
makes use of a substantial amount of knowiedge about the solutions of linear
difference equations. Qur proof, on the other hand, requires absolutely no prior
familiarity with the theory of difference equations. The deepest resuit that we
will use is that “a positive and continuous function on a closed and bounded set

has a positive minimum.”

2. THE PROOF OF THEOREM 1.
(a) = (b). Otherwise, Eq. (2) has a positive root A. But then A, = A" isa
nonoscillatory solution of Eq. (1) which is a contradiction.

(b) = (a). Assume, for the sake of contradiction, that Eq. (1) has a nonoscil-
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latory solution {A4n}. As the opposite of a solution of Eq. (1) is also a solution,
we may (and do) assume that {A,} is eventually positive. Then eventually,
An+l — An =~ quAn—b,- <0
j=1
and so {A,} is eventually decreasing. If k; = 0for all j = 1,2,..., m, then from

(1) it follows that

Aniy — (1_Zq,~) An=0 for n=0,1,2,...
=1

and 50 Ao = 1 — 3~ ¢; > 0. But in this case Eq. (3) has the positive root
Ao, which is impossible. Hence, we will suppose that for at least one j €
{1,2,...,”1}, k,‘ > 0.

Define the set

A={)€(-00,00): Anys — A, <0}
with the convention that all the inequalities in this paper, which involve n, are

assumed to be true eventually for all sufficiently large n. Clearly,
1€A and (-o0,0]NA=0.

Therefore, the proof will be complete if we establish the following claim: There

exists a positive number r such that
AEA=A—reA. (4)
To this end, let us first define the number r. Set

FO)=A-145 ¢;a™% for A€ R-{0}
j=1
and observe that F(c0) = oo and F(0+) = co. As F(X) = 0 has no positive

roots, it follows that

r = min F(})

exists and is positive. Clearly,
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—1+ Y g A 2 r=) for A>0. (5)

j=1

Now, let A € A. Then for every j =1,2,...,m and for n sufficiently large,

A,"H S AA, or Aﬂ_| 2 A-lAn

and by induction

An—&,‘ .>. A-ijn- (6)

Hence, from (1), (6) and (5) we see that

o
I

m
Ang1 — An + ZQjAn-k,-
Jj=1

m
An"" ~Au+ Zq‘y"\—”An
Jj=1

v

= A"+l + (—l <+ quA-h") A"
i=l

2 An+l + (r = '\)Aﬂ

= Ang1—(A=r)An

which proves (4). The proof of the theorem is complete.

Remark. One can see that for j =1,2,...,m

: 1 ] (k; + 1)ksH!
inf —| = — -
o<a<t [ (1 — A)A% k¥

(Here we use the convention that 0° = 1.) Then for 0 < A < 1,

= 1
j=1

m . Ej+1
(1-13) [-1+Zq,-£k’—+:j)j—+} :

m
A=14d giamh
i=

v

k;

j=t 3

As Eq. (3) has no roots in [1,00), it follows that if (2) holds and
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m a

(kj + 1)ki+!
) ?j—IT;—>1 (7
i=1 j

then every solution of Eq. (1) osciilates.
Condition (7) should be viewed as the discrete analogue of the condition of

Hunt and Yorke (2],

m
dogime>1
Jj=1

for the osciilation of all solutions of the delay differential equation
z(t)+ Y gz(t—13)=0
ji=1
where

q; €(0,00) and 7 €[0,00) forj=1,2,...,m.

The analogy can be easily seen if we observe that

E k
(i%I—)—-_:(l-l-%) —e, as k — oco.
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