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Some Linear and Nonlinear Integral
Inequalities

Adrian CORDUNEANU

Abstract. The method of the resolvent kernel and the Bellman-Bihari pro-
cedure are used to obtain bounds for the functions satisfying some inequalities
involving iterated integrals. The results presented below may be in a natural
way extended to the case of several independent variables. An application is
given to a Darboux-type problem for a partial differential equation.

We consider the integral inequality
[0 (03

u(m)§K+/aa(s)g(u(s))ds+/ /b(s,t)g(u(t))dt ds+
o"fa /a Lo (1)
+/ / /c(s,t,T)g(u (T))dr | dt | ds, =z €|, q]

T S
where the function © = u () and a = a (z) are defined on [a,a], b = b(z, s) is defined for
o <z <s<a c=c(xs,t)is defined for o <z < s <t < . In what foolows, we shall
use the notation

H(sc)—ja(s)ds+/a/ab(s,t)dsdt+/a/a/ac(s,t,T)dsdth (2)

for z € [aq, . We can state

Proposition 1. Assume that all the function involved in (1) are continuous, nonnegative
and that K > 0 is a constant. Also assume that g = g(u) is nondecreasing, defined for
u >0 and g (u) >0 for u > 0. Then we have

u(z) <G Y (H (z)) provided that H (z) < G (c0), (3)
where G = G (u) is the primitive of 1/g, satisfying the condition G (K) = 0.
PROOF. Denoting by v = v (x) the right-hand side of (1), it folows that v is nonincreasing,

u(z) <wv(z)on [ag,a] and v (a) = K. To obtain an evaluation for v = v (x), we shall make

use of the derivative N

o (@) = —a(z) g (u(z)) - / b 1) g (u (1)) di — / / c(atr)g(u(n)didr  (4)

x
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for z € (a1, a]. Weremark that a (x) g (u (z)) < a(x)g (v(x)) on the interval [y, a]. We also
have b (z,t) g (u(t)) < b(z,t) g (v(x)), using the assumptions that g is nondecreasing and v
is nonincreasing. For oy <z <t <7 < o, we have ¢(z,t,7) g (u (7)) <c(x,t,7)g(v (1)) <
<c(z,t,7) g (v(z)), using again the monotonicity of the functions g and v. Now, from (4),
we deduce the inequality

v (z)

700 @) 2= a(ﬂc)+x/ab(ﬂc,t)dt-kw/at/ac(x,t,T)dth , (5)

that holds for € a1, «]. Putting here x = s and integrating the resulting inequality on
the interval [z, o], it follow

G(v(a) =G (v(z) 2 —H (z) (6)
for every x € [ag,a]. Because G (v(a)) = G (K) = 0, the preceding inequality may be
written in the form G (v (z)) < H (x) and thus the bound (3) holds true. We remark that,
if G (00) = oo, we have u(z) < G7'H (x) for all z € [a1,a]. We also remark that, if the
inequality (1) is considered on the interval (—oo, @], the obtained bound and the above proof
remain true. W

Corollary 1. (The linear case of (1)) Assume that the hypotheses of Proposition 1 are
fulfilled and that g (u) = wu. Then it follows, that

u(z) < Kexp (H (z)), =z €[a,q (7)
where H (x) is defined by (2).

Remark 1. Using the employed here method of proof, we can show that from the inequa-
lity

«

u(z) > K+ /a(s)g(u (s))ds, =z € [a,a] (8)
where u, a, g, G satisfy the hypothesgs of Proposition 1 and K > 0 is a constant, it follows
u(z) > Gt /a (s)ds |, provided that /a (s)ds < G (00). 9)
x xr

In the case of two independent variables, a similar inequality to (1) is of the form

u(x,y)§K+/a/6a(s,t)g(u(s,t))+/a/ﬁ /a/ﬁb(s,t,a,T)g(u(a,T))dUdT dsdt (10)

where the functions v = u (z,y) and a = a (z,y) are defined on Ay = {(z,y), a1 <z < a,
B, <y<pBtandb=0b(zx,y,s,t)isdefinedon Ay = {(z,y), o1 <z <s<q,B; <y<t<p}
We can state the following

Proposition 2. Assume that all the functions involved in (10) are continuous, nonnegative
and that K > 0 is a constant. Also assume that g and G have the same properties as in
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Proposition 1. Then we have
w(z,y) <G ' (H (z,y)), provided that H (z,y) < G (0) (11)
where H (x,y) is defined on Ay and it is given by

a B a B a B
H(z,y) = //a(s,t) dsdt+// //b(s,t,U,T) do dr | dsdt. (12)
r Yy Ty s t

PROOF. Denoting by v = v (z, y) the right-hand side of (10), it follows that v is nonincreasing
with respect to each of its variables, u (z,y) < v (z,y) on Ay and v (z,8) = v (a,y) = K for
x € [a1,a], y € [B1, 8]- The partial derivative dv/dz is given by

B B [ a B
% (x,y) = f/a(x,t)g(u(:r,t))dt 7/ //b($,t,0,7')g(u(a,7'))dad7 dt  (13)
Y Y x t

for (z,y) € A;. In (13), for (z,y) fixed and ¢ € [y, 3], we have a(z,t)g (u(z,t)) <
<a(z,t)g(v(z,t) <alz,t)g(v(z,y)), by using the monotonicity of the functions g and
v. Regarding the last integral in (13), from g (u(0,7)) < g(v(o,7)) < g(v(z,y)) it fol-
lows b(z,t,0,7)g(u(o,7)) <b(x,t,0,7)g (v(x,y)). Then, from (13) we easily deduce the
inequality

?(%y) / 77
e y/a(m,t)dt+y/ !/b(z,t,a,T)dadT dt (14)

valid for (z,y) € A;. Putting here = s and integrating the respective inequality on the
interval [z, o] with respect to s (y = fixed), we find

G(wy)—Gv(z,y) 2 —H(z,y) (15)
holding for every (x,y) € A;. Because G (v(a,y)) = G(K) = 0, we obtain G (v (z,y)) <

< H (z,y) which implies that (11) holds true. If G (00) = oo, the restriction imposed in
(11) is not necessary and we have u (z,y) < G™! (H (z,y)) for (z,y) € A;. =

Corollary 2. Assume that, in (10), the hypotheses of Proposition 2 are fulfilled and that
g (u) =u. Then it follows that

u(z,y) < Kexp(H (z,y)), (z,y) €M (16)
where H (x,y) is given by (12).
In what follows, we shall use the method of the resolvent kernel to obtain bounds in

the case of linear integral inequalities, supposing that all involved functions are continuous
and nonnegative. Let us consider the inequality

a B
u(z,y) < f (z, y)Jr//k(x,y,s,t)u(s,t) dsdt, (z,y) € A (17)

x

where u, f are defined on A; = {(z,y); on <z <, 0, <y <G} and k is defined on
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Ay ={(z,y,8,t; a1 <z <s<a,p; <y<t<p)} Itiswell-known that we have u (z,y) <
<w(z,y) on Ay, v = v (z,y) being the solution of the corresponding linear integral equation
(of Volterra type)

a B
v(z,y) = f(z,9) +//k($7y7s7t)v(s,t) dsdt, (z,y) € Ay. (18)

The solution v = v (z,y) of this equation is unique and it may be obtained by the method
of successive approximations, putting

vo (z,y) = f(2,9), Vnt1 (7,9) = f (2,9) // (x,y,s,t) v, (s,t)dsdt (19)

for (z,y) € Ay and n =0,1,2,... . By using the notations
ko (z,y,s,t) =k(x,y,8,t), knt1 (x,y,s8,t) = //k (z,y,0,7) ky (0,7,8,t)dodr  (20)

forn=0,1,2,... and (z,y, s,t) € Ag, we obtain the formula

Unt1 (2,y) = f(x,y) //(Zk actst)f(sj)dsdt (21)

forn=0,1,2,... and (z,y) € A;. Making n — oo, we obtain

a B
v =1 @)+ [ [reasnfendsi @) e (22
Ty
where the resolvent kernel r (z,y, s,t) is given by

n
r(z,y,s,t) :Zk’ z,y,8,t), (z,y,8,1) € As. (23)
1=0

In the case k (x,y,s,t) = a(z,y) b(s,t), where a,b are continuous and nonnegative on
Ay, we shall prove for the iterated k,, the bound

b @905.0) < a ()b (st) | [ [alonbion)dodr (24)

forn > 1 and (x,y,s,t) € Ay. To this end, we find

ki (z,y,s,t) =a(z,y)b(s,t) //a(U,T) b(o,7)dodr (25)
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on Ay and we suppose that (24) is true for some n > 1. Then for k, 11, we can write

kn+1(x,y,s,t)§%a(ay)b(s,t)//a(J,T)b(a,T) //a(f,n)b(ﬁ,n)d{dn dodr.
Ty o T

(26)
Now, for (z,y, s,t) fixed in Ay, we shall prove that

I_// . m(// &) dfdn)”dadTS

n+1 (27)

//a(U,T)b(O’,T)dO‘dT ,

denoting for the moment

n+1
F(o,7) = (// (&mn) éndﬁdn) y r<o<s y<T1<Ht (28)
We have
0’F .
oo (0,7) =a(o,7) // (& mn) n)dédn | + nonnegative term. (29)

Integrating with respect to o and 7 the preceding equality on the rectangle z < o < s,
y < 17 <t, we obtain that

I < F(s,t)— F(s,y) — F(x,t)+ F (z,y) = F (z,y), (30)

because F (s,t) = F (s,y) = F (x,t) = 0. It follows from (28) and (30) that (27) is true and,
using (26), we finally deduce
n+1

. :
knt1 (z,y,8,t) < mu(:ﬁ,y)b(s,t) //CZ(O’,T)b(O’,T) do dt , (31)

which implies that the inequality (24) is true for n > 1 and (z,y, s,t) € As. Then, from
(23) we easily obtain

r(z,y,s,t) <a(x,y)b(st)exp //a(a,T)b(a,T) dodr (32)

for (z,y,s,t) € Ag, if k(z,y,s,t) = a(x,y)b(s,t). Thus, we can state

Proposition 3. Assume that

a B
u(z,y) < f(z,y) —l—aa?y//b u(s,t)dsdt (33)
@y
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where all involved functions are continuous and nonnegative on Ay. Then we have
a B s t
u(z,y) < f(z,y) +a(a:,y)//b(s,t)exp //a(U,T)b(J,T) dodr | f(s,t)dsdt (34)
Ty Ty
for (z,y) € Ay.

Corollary 3. Assume that the hypotheses of Proposition 3 are satisfied and that f = f (x,y)
18 monincreasing with respect to each of its variables. Then it follows

a B s t
u(z,y) < f(x,y) (1+a(w,y))//b(s,t) exp //a(U,T)b(a,T) dodr | dsdt | (35)
for (z,y) € A;.

Corollary 4. Assume that the hypotheses of Proposition 3 are satisfied and that f = f (x,y)
is nonincreasing, a = a (x,y) is nondecreasing. Then it follows

a B
u(z,y) < f(x,y)exp //a(s,t)b(s,t) ds dt, (36)

for (z,y) € A;.

Proor. Using the upper bounding (35) and the inequality a (z,y) < a(s,t) for z < s <
y <t < 3, we have only to show that

a B s t
1—|—//a(s,t)b(s,t)exp //a(U,T)b(J,T)deT dsdt <
z oy z oy

o B (37)
< exp //a(s,t)b(s,t)dsdt
Ty
for (z,y) € Ay. For (z,y) fixed, we define the function
s i
F (s,t) = exp //a (0,7)b(o,7)dodr (38)
z oy
for z < s <a, y <t <pf. Integrating the inequality
2
F
a(s,t)b(s,t) F(s,t) < gs@t (s,1) (39)

on the rectangle x < s < , y <t < 3, we obtain

a B
//a(at)b(sﬁ)F(s,t)dsdtgF(aﬁ)—F(a,y)—F(x,ﬁ)—i—F(w,y) (40)
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where F (o, y) = F (z,8) = F (z,y) = 1 and F (o, 8) is equal to the right-hand side of (37).
Consequently, (37) is true and this completes the proof. m

Remark 2. 1If, in (33), we take f(z,y) = K = const > 0 and a(z,y) = 1, we find an
example in which the bound given by using the resolvent kernel, namely

a B s t
u(z,y) <K l—i—//b(s,t)exp //b(U,T)dadT dsdt |, (x,y) € Ay (41)
T Yy Yy

is better than those obtained by the Bellman-Bihari procedure, namely

a B
u(z,y) < Kexp //b(s,t) dsdt |, (z,y) € Ay (42)
Ty

Of course, it was supposed that b = b (z,y) > 0 is continuous on Aj.

Application. (A problem of the Darboux-type). Let us consider the integro-partial
differential equation

0%u

0x0y

a B
(2,9) = a(z,y)u(z,y) + / / b(e.ys.u(s.t)dsdt, (ry) €A (43)

under the boundary value conditions

u(z, ) =¢ @), uley) =y @)  (p(a)=v(B) (44)
where a = a(z,y) is continuous on Ay, b = b(z,y, s,t) is continuous on As and the func-
tions ¢ = ¢ (x), ¥ = 9 (y) have continuous derivatives of the first order for a; < x < a,
respectively §; < y < . The existence and the uniqueness of the solution for this prob-
lem, in the class of functions having continuous partial deriavatives Ou/dz, Ou/dy and
0%u/0x0y = 0?u/dydx, may be proved by the method of successive approximations, for the
equivalent integral equation

a B

u(x,y):f(x,y)+/a/ﬁa(s,t)u(s,t)dsdt+/a/ﬁ //b(s,t,a,T)u(U,T)dadT dsdt

t

(45)

for (xz,y) € Ay. Here, f (z,y) stands for ¢ (z)+¢ (y)— (5). Putting K = sup | f (z,y)| < oo

for (x,y) € A; and using Corollary 2, we obtain for the solution of the problem (43) — (44)
the bound

a B a B a B
|u(z,y)| < K exp //|a(s,t)|dsdt+// //|b(s,t,0,7)\dad7 dsdt (46)
r Yy Ty s t

for (z,y) € A;.
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