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A Uniqueness Theorem for Radiative
Transfer Equation

Gheorghe PROCOPIUC

Abstract. A uniqueness theorem of solution of the radiative transfer equa-
tion for a medium with nonvanishing absorption and coherent scattering inter-
actions, for given source function, initial and boundary conditions is derived.
Time-independent and stationary problems are analyzed. Relation of time-
independent case with the stationary problem is deduced.

1 Introduction

To study the physical conditions of stars and other astrophysical objects we are almost
exclusively restricted to an analysis of the photons that escape from the medium. It is
therefore necessary to study the processes of emission, absorption, scattering and radiative
transfer in order to make proper inferences from observations of radiation.

Mathematically, one is confronted with the task of seeking solution to initial and bound-
ary value problems of an integro-differential equation for transfer or transport processes.
Exact solutions are rarely available in most cases. Consequently, a wide variety of methods
have developed which give approximate solutions of such problems. The methods for solving
transfer problems are in an advanced state of development. Several excellent treatise are
available in the field dealing with transfer problems in stellar atmospheres [1], [2], radiative
heat transfer in curved media [3], and neutron transport [5]. An important literature has
been devoted to the inverse problems in transport theory (see references from [4]).

In this paper, we proof the uniqueness of solution of radiative transfer equation for
a medium with coherent scattering, for given source, initial and boundary conditions. In
Section 2 we write the radiative transfer equation for coherent scattering. In Section 3 we
formulate and proof the uniqueness theorem for time-dependent transfer equation. Section
4 is devoted to the stationary problem. In Section 5 we show how, in certain conditions, a
time-dependent problem can be formally reduced to a time-independent one.



158 GHEORGHE PROCOPIUC

2 The radiative transfer equation

The energy of radiation field is carried by point, massless particles called photons. With
each photon we associate a frequency v such that the energy of the photon is hv, where h
is Planck’s constant. Between collisions with matter, a photon is supposed to travel in a
straight line with speed c£2, where ¢ is the vacuum speed of light and €2 is the direction of
travel of the photon (a unit vector).

The equation of transfer is the mathematical statement of the conservation of pho-
tons. This is an integro-differential equation and may be written, suppressing the ¢ and x
dependences, in the form [6]

of (v,€2)
ot

[ee]
=q(v)+ c/ dV'/ os(V =1, Q-Q) f(v,Q) dY, (2.1)
0 Q
where f (¢,x,v,2) is the distribution function of photons, ¢ (t,x,v) is the source function,
os (t,x, v — v, - Q) is the differential scattering coefficient, and o (¢,x,v) is the total
interaction coefficient, the sum of the absorption coefficient o, (¢,x,7) and the scattering
coefficient o (¢,x,v) given by

/dV/JSI/HI/Q/ dQ—Q?T/ dl// os (V' — v, p)dp. (2.2)

The last equality follows by choosing €2’ as direction of axis for the §2 integration and letting
uw = - Q. Often it is convenient to decompose the differential scattering coefficient into
the product of two terms according to [7]

os(V - v, Q- Q) =0,(V) KV - v,Q-Q), (2.3)

where kernel K (v/ — v, - ) is properly termed probability distribution in that it is
normalized to unity

+cQ-Vf(,Q)+co)f(v,Q) =

o

dv | KV — v, -Q)dQ2=1, (2.4)

as follows from Egs. (2.2) ar?d (2.3).Q

Let w (¢,x,v) denote the probability of scattering given that a collision has occurred,
ie.,

Os (V ) _ Os (V )
)t W) o)
For the case of no absorption o, (v) = 0, so that w (v) = 1. This case is referred to as the
conservative or perfect scattering case. For the case of no scattering o4 () = 0, so that
w (v) = 0. Otherwise

w(v) = (2.5)

0<w(v) <Ll (2.6)
By virtue of Egs. (2.2), (2.3), and (2.5), the radiative transfer equation becomes
of (v, )

5t +eQ-Vfw,Q)+co () f(v,Q)=
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o0
=q(v)+ c/ dl// os (VYK (W —v,Q-Q) f(v,Q) dQ. (2.7)
0 Q
If there is no frequency change upon scattering, the kernel K contains a Dirac function
in frequency
KWV —-v,Q - Q=K(Q - Q)60 —v)
and the scattering is said to be coherent. It can be seen from (2.4) that K (Q'- Q) is
normalized according to
/K(ﬂ’-ﬂ) a0 =1
Q
In the case of the coherent scattering, taken into account ((2.5)), Eq. ((2.7)) can be

written
of (v, Q)
ot
=qW)+aw)o (1/)/0 av' /Q K(Q-Q)f(v,Q)d. (2.8)

In this equation, the frequency v enters only as a trivial parameter, since photons of different
frequency are completely uncoupled.

+eQ-Viw,Q)+co)fv,R)=

3 Uniqueness theorem

In solving the radiative transfer equation, it is apparently necessary to specify both
the distribution function at some initial time ¢ = 0, and the source function throughout
all space. Omne can then obtain a complete solution. In a practical case, however, one is
interested only in the distribution in a restricted domain V of space, bounded by a surface
S. We assume this domain to be non-re-entrant. By non-re-entrant we mean that any
photon which leaves the domain will not re-enter it through another part of its surface. If
the domain is re-entrant, we enclose it in a non-re-entrant hypotetical domain bounded by
an imposed, rather than real, surface. The new domain is then non-re-entrant, but consists,
in part, of vacuum (o =0, ¢ = 0).

Since the equation (2.8) is a first order equation in time and space, initial and boundary
conditions are required. We need to specify the initial condition

f0,x,v,Q) = fo(x,v,Q), x€V, (3.1)

and the distribution function at all points on the surface S in the incoming direction, which
implies the boundary condition

f(t,x,v, Q) = fs (t,xs,v,Q), t€[0,00), n-Q <O, (3.2)

where fy and f, are specified functions of their arguments, x, is a point on the surface S,
and n is an outward normal vector to S in this point.

X=Xg

Theorem 1. The distribution function f € C* ([0,00) U V) is uniquely determined by
(i) the source function q within V,
(1) the initial distribution fo in V, and
(i) the distribution fs incident on S.
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PROOF. Let f1 and f5 be two solutions of the radiative transfer equation (2.8) corresponding
to the same source ¢ and the same initial and boundary conditions (3.1) and (3.2). Writing
F = f1 — f5, we see that in V, F' obeys the following equation

F(v,Q
% +eQ-VE (0, Q)+ co (V) F (v, Q) =
V) / . / K (S -Q)F (v, ) deY, (3.3)
with the initial condition 0 ¢
F(0,x,v,92)=0, xeV, (3.4)

and the boundary condition
F(t,x,v,Q),_, =0, t€0,00), n-Q<0. (3.5)

We shall prove that F' = 0.
By multiplying Eq. (3.3) by F' (v, Q) and integrating over ¢ from 0 to tg, to > 0, over
V, and €2, applying the Gauss’s theorem to the second term, we obtain

/dV/ (to,x,v, Q) — F?(0,x,v, Q)] d+

to to
/dt/ds/nﬂF2und§2+c/ dt/dV/ v) F? (v, Q) dQ—

to
—c/ dt/ dV/ dQ/ K(Q - -Q)F (v, ) F (v,Q)dY =0, (3.6)
where, in the last three terms the ¢t and x dependences were suppressed. The first term is
non-negative, the second term is null by virtue of condition (3.4). The third term is non-
negative, since F' (t,xs,v, Q) vanishes unless n - is positive. In order to place limits on
the last term, we consider the inequality

/ dQ/ K(Q Q) [F?(v,Q) - F*(v, Q)]2 dQ' > 0.
Q
Expanding the square and noting that K (€2’ - Q) is normalized such that

/QK(Q’-Q)dQ’:/QK(Q’-Q)szl,

we can write the previous inequality as

/dQ/K(Q’~Q)F(u,ﬂ’)F(u,Q)dQ’g/QFQ(u,Q)dQ.

Consequently, the last two terms from Eq. (3.6) can be increased by

/todt/dv/ 1—w (v) F? (v, Q) dQ,

which, in virtue of (2.6), is non-negative. Thus, the left-hand side of Eq. (3.6) can be
increased by a sum of two non-negative terms. It follows that

F(t7x7lj,ﬂ):0, t€[07m)7 XEV’
for all directions €2, which proves the uniqueness theorem. m
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4 Uniqueness of the stationary problem

In certain cases, we may seek solutions of the radiative transfer equation which are
constant in time in a domain V of space. For example, if the source function ¢ within ¥V and
the distribution function fs on S are time-independent, then we might expect to be able to
find solutions to the time-independent transfer equation

Q-Vf(xv,Q)+co(x,v)f(x,v,0Q) =

=q(x,v) + w (x,v) 0 (x, y)/ dz// K(x,Q-Q) f (x,v,Q) d, (4.1)
with the boundary condition ’
Fxv, Q) oy, = fs (x,1,2), n-Q <O, (4.2)

Theorem 2. The stationary distribution function f € C* (V) is uniquely determined by
(i) the stationary source function q within V, and
(i) the stationary distribution function fs on S.

The proof of this theorem proceeds exactly as did the proof of uniqueness in the previous
section, except that the integration over ¢ is omitted. Noting with F' = f; — f5 the difference
of two solutions of Eq. (4.1) with the condition (4.2), we have

Q- VF (x,v,2) +co (x,v) F (x,v,Q) =

= (x,v) o (x, V)/ dl// K(x,Q-Q)F (x,v,Q) d, (4.3)
0 Q
with the boundary condition
F(x,v,Q)[_,. =0, n-Q<0. (4.4)

By multiplying Eq. (4.3) by F (x,v, ) and integrating over V, and , applying the Gauss’s
theorem to the first term, we obtain

/dS/ nQF2xy9d9+c/dv/ x,v) F? (x,v,Q) dQ—

fc/ dV/dQ/Qw(x,V)a(x,u)K(x,Q/~Q)F(x,u,ﬂ')F(x,u,Q)dQ/:O.

By applying the same trick as was used in the previous section, we are able to increase the
last two terms of this equation by

/dV/ [1—w(x,v)]o(x,v) F%(x,v,Q)dS,
which, in virtue of (2.6), is non-negative. It follows that
F(x,v,Q)=0, x€V,

for all directions €2, which proves the uniqueness theorem.



162 GHEORGHE PROCOPIUC

5 Reduction to the stationary problem

If the medium properties are such that the absorption and scattering interactions are
time-independent, i.e. o4 and o are constant in time, but the source function is time-
dependent, then we can reduce the time-dependent radiative transfer equation (2.8) to an
equation which formally looks like the stationary equation. This may be done by defining
the Laplace transforms of f (¢,x,v,Q) and ¢ (¢,x,v) by

9 (s, %,1,9) = / F (6%, v, Q) et (5.1)
0

(o)
p(s,x,v) = / q(t,x,v)e *'dt.
0

Multiplying Eq. (2.8) by ™%t and integrating over ¢ from 0 to oo, we find
Sg(SaX7VaQ) 7.]00 (S,X,Z/,Q) +CQ'Vg(S,X,l/,Q)+CO’(X,V)g(S,X,l/,Q) =

p(s,%x,v) —|—cw(x,1/)o(x,u)/ du’/ K(x,Q -Q)g(s,x,v,Q) d.
0
Rearranging terms, we can write
Q-Vg,Q)+co’ (v)g (v, Q) =

=q¢ (v, Q)+ cw / v / K(x,Q - Q)g(v,Q) d,

where s

o’ (s,%x,v) za(x,y)—i— - =o0s(x,v)+ (G’a (x,v) + —) ,
c c
o(x,v) os (x,v)
o(x,v)+2 as(x,y)—&-(aa(x,y)—&—%)’
q/ (S,X,V,Q) :p(S,X,V) +f0 (57X5V7Q)7
and the boundary condition on &

g (87 X7 Ij? ﬂ)|

where g5 is given by (5.1) for x = x;.
The equation for the transform ¢ is formally identical with the stationary radiative
transfer equation (4.1), with

W (s, x,v) = w(x,v) -

:gS<S,X5,V7ﬂ), nﬂ<07

X=Xg

o,Ww,q — O'lv w/a q/'
In particular, the changes in o and w are just those which would occur if, keeping all other
coefficients unchanged, we increase the absorption coefficient o, by an amount s/c.
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