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1 Introduction

In this paper we consider the Darboux Problem for a third hyperbolic inclusion of
the form

3 ( )
( )

( ) = [0 ]×[0 ]×[0 ] R

(1 1)

with initial values

( 0) = ( ) ( ) 1 = [0 ]×[0 ]

(0 ) = ( ) ( ) 2 = [0 ]×[0 ]

( 0 ) = ( ) ( ) 3 = [0 ]×[0 ]

(1 2)

where , , are absolutely continuous in Carathéodory’s sense [2, §565-§570],
( 1;R ), ( 2;R ), ( 3;R ) and they satisfy the conditions

( 0 0) = ( 0) = ( 0) = 1( ) [0 ]

(0 0) = (0 ) = ( 0) = 2( ) [0 ]

(0 0 ) = (0 ) = (0 ) = 3( ) [0 ]

(0 0 0) = 1(0) = 2(0) = 3(0) = 0

(1 3)
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where : × 2R is a multifunction with compact, convex and non-empty values
and R is an open subset.

Under suitable assumptions, in [17] we prove an existence theorem for a local solution
of the Darboux Problem (1.1)+(1.2) and that the set of its solutions is compact in Banach
space ( 0;R ), 0 = [0 0]×[0 0]×[0 0] ; moreover, as a function of the initial
values this set deÞnes an upper semi-continuous multifunction.

In this paper, a prolongation theorem for the local solutions of the Darboux Problem
(1.1)+(1.2), and also an existence theorem for a saturated solution of the same problem,
are proved.

This study has been suggested by [16] and it provides an extension of the results in
that article.

2 Preliminaries

The deÞnitions and Theorems 2.1-2.4 in this section are taken from [2]-[5], [8]-[15].

DeÞnition 2.1. Let and be two non-empty sets. A multifunction : 2 is
a function from into the family of all non-empty subsets of .

To each , a subset ( ) of is associated by the multifunction . The set[
( ) is the range of . ( ) = { ( ) | }.

DeÞnition 2.2. Let us consider : 2 .
) If , the image of by is ( ) =

[
( );

) If the counterimage of by is

( ) = { | ( ) 6= };

) The graph of , denoted graph , is set

graph = {( ) × | ( )}

DeÞnition 2.3. Let us now take : 2 . An element with the property
( ) is called a Þxed point of the multifunction .

DeÞnition 2.4. A univalued function : is said to be a selection of : 2
if ( ) ( ) for all .

DeÞnition 2.5. Let and be two topological spaces. The multifunction : 2
is upper semi-continuous if, for any closed ( ) is closed in .

DeÞnition 2.6. If ( F) is a measurable space and is a topological space, the
multifunction : 2 is measurable if ( ) F for every closed subset F
being the -algebra of the measurable sets of , i.e. ( ) is measurable.

Theorem 2.1. [14] Let and be two metric spaces, compact and : 2 a
multifunction with the property that ( ) is a closed subset of for any . The
following assertions are equivalent:

( ) the multifunction is upper semi-continuous;
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( ) the graph of is a closed subset of × ;
( ) any would be the sequences ( ) IN and ( ) IN from , ( )

and it follows that ( )

DeÞnition 2.7. [2], [8], [9], [15] The function : R R
2 is absolutely

continuous in Carathéodory’s sense [2, §565-§570] if and only if ( ) is continuous
on , absolutely continuous in (for any ), absolutely continuous in (for any ),
( ) is (possibly after a suitable deÞnition on a two-dimensional set of zero measure)

absolutely continuous in (for any ) and is Lebesgue-integrable on .

Theorem 2.2. [2], [5], [15] The function : R = [0 ]×[0 ] R
2 is absolutely

continuous in Carathéodory’s sense on if and only if there exist 1( ;R ),
1([0 ];R ), 1([0 ];R ) such that

( ) =

Z

0

Z

0

( ) +

Z

0

( ) +

Z

0

( ) + (0 0)

We denote the class of absolutely continuous functions in Carathéodory’s sense by
( ;R ) [8], [9]. In [5] this space is denoted by ( ;R ).

Theorem 2.3. [5] The space ( ;R ) endowed with the norm

k (· ·)k =

Z

0

Z

0

k ( )k +

Z

0

k ( 0)k +

Z

0

k (0 )k + k (0 0)k

where = [0 ]×[0 ] and k · k is the Euclidean norm, is a Banach space.

DeÞnition 2.8. [2], [10] The function : R
3

R is absolutely continuous in
Carathéodory’s sense [2, §565-§570] if and only if ( ) is continuous on , abso-
lutely continuous in each variable (for any pair of the other two variables), and simi-
larly for ( ) ( ) ( ) ( ) ( ) ( ) and is
Lebesgue-integrable.

Theorem 2.4. [5], [10] The function : R = [0 ]×[0 ]×[0 ] R
3,

is absolutely continuous in Carathéodory’s sense on if and only if there exist
1( ;R ), 1

1( 1;R ), 2
1( 2;R ), 3

1( 3;R ), 1
1([0 ];R ), 2

1([0 ];R ); 3
1([0 ];R ), 1 [0 ]×[0 ], 2 = [0 ]×[0 ] 3 = [0 ]×[0 ]

such that

( ) =

Z

0

Z

0

Z

0

( ) +

Z

0

Z

0
1( ) +

+

Z

0

Z

0
2( ) +

Z

0

Z

0
3( ) +

+

Z

0
1( ) +

Z

0
2( ) +

Z

0
3( ) + (0 0 0)

We denote the class of absolutely continuous functions in Carathéodory’s sense by
( ;R ) [10].
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Theorem 2.5. [5], [10] The space ( ;R ) endowed with the norm

k (· · ·)k =

Z

0

Z

0

Z

0

k ( )k +

Z

0

Z

0

k ( 0)k +

+

Z

0

Z

0

k (0 )k +

Z

0

Z

0

k ( 0 )k +

+

Z

0

k ( 0 0)k +

Z

0

k (0 0)k +

+

Z

0

k (0 0 )k + k (0 0 0)k

where k · k is the Euclidean norm, is a Banach space.

3 Results

In [17] the notion of a local solution for the Darboux Problem (1.1)+(1.2) is deÞned
and it is proved an existence theorem for a local solution of this problem, together with
some properties of the set of its solutions, namely that this set is a compact subset in
Banach space ( 0;R ) and, as a function of initial values, it deÞnes an upper semi-
continuous multifunction on 0 = [0 0]×[0 0]×[0 0]

Let the following hypotheses be satisÞed:

(H1) × 2R is a multifunction with compact, convex, non-empty values in R ,
= [0 ]×[0 ]×[0 ] R

3 and R is an open subset;

(H2) For any ( ) , the mapping ( ) is upper semi-continuous on
;

(H3) For any , the mapping ( ) ( ) is Lebesgue-measurable on ;

(H4) There exists a function : R+ L1( ;R+) such that

k k ( ) ( ) ( ) ( )( ) ( ) ;

(H5) The functions ( 1;R ) ( 2;R ) ( 3;R ) are absolutely
continuous in Carathéodory’s sense functions and satisfy conditions (1.3).

Remark 1. The function : R deÞned by

( ) = ( ) + ( ) + ( ) ( 0) (0 )

(0 ) + (0 0) = ( ) + ( ) + ( )

1( ) 2( ) 3( ) + 0

(3 1)

is an absolutely continuous in Carathéodory’s sense function on , ( ;R )
[2, §565-§570].

Remark 2. Denote by the convex compact set in which the function : R ,
deÞned by (3.1), takes its values for all ( ) 0
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Remark 3. Let ( 0 0 0) ]0 ]×]0 ]×]0 ] be a point such that
Z

0

0

Z
0

0

Z
0

0

( ) ( )

where ( ) is the distance from to = R , an inequality immediately
resulting from the integrability of function .

DeÞnition 3.1. The Darboux Problem for the hyperbolic inclusion (1.1) means to
determine a solution of this inclusion which satisÞes the initial conditions (1.2).

DeÞnition 3.2. A local solution of Darboux Problem (1.1)+(1.2) is deÞned as a function
: 0 ( 0;R ), absolutely continuous in Carathéodory’s sense [2, §565-

§570], which satisÞes (1.1) for a.e. ( ) 0, and also initial conditions (1.2) for all
( ) [0 0]×[0 0], all ( ) [0 0]×[0 0], all ( ) [0 0]×[0 0]

In [17] it is proved the following:

Theorem 3.1. Let the hypotheses (H1) (H5) be satisÞed. Then:
( ) there exists at least a local solution of Darboux Problem (1.1)+(1.2);
( ) the set of the local solutions is compact in the Banach space ( 0;R );
( ) the multifunction is upper semi-continuous on ( 0;R ), taking

values in ( 0;R )

The solution is a Þxed point of a suitable multifunction which satisÞes the Kakutani-
Ky Fan Þxed point Theorem.

In this paper we prove theorems of prolongation for the solutions to the Darboux
Problem (1.1)+(1.2) and of existence for a saturated solution.

DeÞnition 3.3. A local solution for the Darboux Problem (1.1)+(1.2), : 0

is prolongable (non-saturated) if there exists a solution e : e R for the Darboux
Problem (1.1)+(1.2) such that

(
0

e
0 6= e

e( ) = ( ) ( ) 0

where e is a union of 0 with a Þnite number of adjacent parallelepipeds.

Theorem 3.2. Let the hypotheses (H1) (H5) be satisÞed together with the hypotheses:

(H6) The set is bounded, that is there exists a constant R+ such that k k ,
( ) ;

(H7) The multifunction maps bounded sets onto bounded sets, hence a constant
R+ exists such that

sup{k k | ( )}

for any ( ) ×
Then the local solution is prolongable.

Proof. In view of Theorem 3.1 [17] at least a local solution : 0 of the Darboux
Problem (1.1)+(1.2) exists. We are going to show that the local solution can be
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prolonged over a parallelepiped 1 adjacent to 0 on the surface of equation = 0 Let
( 0 ¯ ¯) 0 0 0 ¯ 0 0 ¯ 0 a point on the boundary 1 0 for

0 of equation = 0. Using Cauchy’s criterion for characterizing the functions with
Þnite limits, we will deduce that solution : 0 has a Þnite limit at ( 0 ¯ ¯).
Indeed, let ( 0 0 0) and ( 00 00 00) be two points of 0 included in a neighbourhood
of ( 0 ¯ ¯). In view of Theorem 3.1 [17], we have

( 0 0 0) = ( 0 0 0) +

Z 0

0

Z 0

0

Z 0

0

( ) ( 0 0 0) 0

( 00 00 00) = ( 00 00 00) +

Z 00

0

Z 00

0

Z 00

0

( ) ( 00 00 00) 0

(3 2)

where

( ) ( ) ( ( )) for a.e. ( ) 0 (3 3)

is a measurable selection of the multifunction : C (R ) [3], [4], [17].
We obtain by (3.2)

k ( 0 0 0) ( 00 00 00)k k ( 0 0 0) ( 00 00 00)k+

+

°°°°°

Z 0

0

Z 0

0

Z 0

0

( )

Z 00

0

Z 00

0

Z 00

0

( )

°°°°° =

= k ( 0 0 0) ( 00 00 00)k+

+

°°°°°

Z 0

0

Z 0

0

Z 00

0

( ) +

Z 00

0

Z 0

0

Z 00

0

( ) +

+

Z 00

0

Z 00

0

Z 00

0

( ) +

Z 0

0

Z 00

0

Z 00

0

( )

°°°°°

k ( 0 0 0) ( 00 00 00)k+

+

¯̄
¯̄
¯

Z 0

0

Z 0

0

Z 00

0

k ( )k

¯̄
¯̄
¯+

¯̄
¯̄
¯

Z 00

0

Z 0

0

Z 00

0

k ( )k

¯̄
¯̄
¯+

+

¯̄
¯̄
¯

Z 00

0

Z 00

0

Z 00

0

k ( )k

¯̄
¯̄
¯+

¯̄
¯̄
¯

Z 0

0

Z 00

0

Z 00

0

k ( )k

¯̄
¯̄
¯

(3 4)

But the function is absolutely continuous on , hence it is continuous on [2, §565-
§570] and continuous on 0 It follows that ( ) 0 ( ) = ( ) 0 such that

k( 0 0 0) ( 00 00 00)k ( ) = k ( 0 0 0) ( 00 00 00)k (3 5)

It follows from hypothesis (H7) and (3.3) that

k ( )k for a.e. ( ) in 0 (3 6)
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From (3.4), (3.5), (3.6) we obtain

k ( 0 0 0) ( 00 00 00)k

+ 0 0| 0 00|+ 0 00| 0 00|+ | 0 00|| 0 00| 00+

+ 0 00| 0 00| + ( ) + ( ) + 2( )+

+ ( ) = + ( )[ + + ( ) + ] = ¯

(3 7)

for ( 0 0 0) ( 00 00 00) 0 and k( 0 0 0) ( 00 00 00)k ( )
Therefore the Cauchy criterion shows that there exists

lim
( ) ( 0 ¯ ¯)

( ) = (3 8)

Taking into account the equality (3.8) we can deÞne a function on the boundary 1 0

of equation = 0 of the parallelepiped 0, that is absolutely continuous with respect
to (¯ ¯) [0 0]×[0 0]

Using Theorem 3.1 [17], the local solution can be written under the form

( ) = ( ) +

Z

0

Z

0

Z

0

( ) =

= ( ) + ( ) + ( ) ( 0) (0 )

(0 ) + (0 0) +

Z

0

Z

0

Z

0

( )

(3 9)

But from hypothesis (H5) and Theorem 2.2, can be written under the forms

( ) =

Z

0

Z

0

( ) +

Z

0

( 0) +

+

Z

0

(0 ) + (0 0) ( ) 1

(3 10)

( ) =

Z

0

Z

0

( ) +

Z

0

( 0) +

+

Z

0

(0 ) + (0 0) ( ) 2

(3 11)

( ) =

Z

0

Z

0

( ) +

Z

0

( 0) +

+

Z

0

(0 ) + (0 0) ( ) 3

(3 12)

We obtain

(0 ) =

Z

0

(0 ) + (0 0) ( 0) =

Z

0

( 0) + (0 0) (3 100)

(0 ) =

Z

0

(0 ) + (0 0) ( 0) =

Z

0

( 0) + (0 0) (3 110)
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Replacing (3.10), (3.11), (3.12), (3 100), (3 110) in (3.9) we get

( ) =

Z

0

Z

0

Z

0

( ) +

Z

0

Z

0

( ) +

+

Z

0

Z

0

( ) +

Z

0

Z

0

( ) +

+

Z

0

( 0) +

Z

0

( 0) +

Z

0

(0 )

(0 0) + (0 0) + (0 0) =

=

Z

0

Z

0

Z

0

( ) +

Z

0

Z

0

( ) +

+

Z

0

Z

0

( ) +

Z

0

Z

0

( ) +

Z

0

( 0) +

+

Z

0

( 0) +

Z

0

(0 ) (0 0) + (0 0) + (0 0)

(3 13)

In order to obtain the expression of the function ( 0 ¯ ¯), we have passed to the limit
of (3.8) for 0, ,̄ ¯ in equation (3.13). We take into account the absolute
continuity of the integrals. We obtain similarly with [16]:

lim
( ) ( 0 ¯ ¯)

Z

0

Z

0

Z

0

( ) =

Z
0

0

Z ¯

0

Z ¯

0

( )

lim
( ) ( 0 ¯)

Z

0

Z

0

( ) =

Z
0

0

Z ¯

0

( )

lim
( ) (¯ ¯)

Z

0

Z

0

( ) =

Z ¯

0

Z ¯

0

( )

lim
( ) ( 0 ¯)

Z

0

Z

0

( ) =

Z
0

0

Z ¯

0

( )

lim
0

Z

0

( 0) =

Z
0

0

( 0)

lim
¯

Z

0

( 0) =

Z ¯

0

( 0)

lim
¯

Z

0

(0 ) =

Z ¯

0

(0 )

(3 14)

From (3.8), (3.13), (3.14) we have
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( 0 ¯ ¯) = lim
( ) ( 0 ¯ ¯)

( ) =

Z
0

0

Z ¯

0

Z ¯

0

( ) +

+

Z
0

0

Z ¯

0

( ) +

Z ¯

0

Z ¯

0

( ) +

+

Z
0

0

Z ¯

0

( ) +

Z
0

0

( 0) +

Z ¯

0

( 0) +

+

Z ¯

0

(0 ) (0 0) + (0 0) + (0 0) ( 0 ¯ ¯) 1 0

(3 15)

Hence, from Theorem 2.4, the function is abolutely continuous in Carathéodory’s sense
with respect to (¯ ¯) [0 0]×[0 0]

We proceed similarly to show that the local solution of the Darboux Problem
(1.1)+(1.2) has a Þnite limit on the boundary 2 0 of equation = 0 of 0 and also
on the boundary 3 0 of equation = 0 of 0

Thus we obtain three functions (¯ ¯ 0) ( 0
= =

) ( 0 ) that are absolutely
continuous in Carathéodory’s sense [2, §565—§570], ( 1;R ), ( 2;R ),

( 3;R ) and respectively deÞned on the boundaries of equations = 0 = 0

and = 0 of 0

The local solution : 0 R can be prolonged on a parallelepiped 1 adjacent
to 0 on the boundary 3 0 of equation = 0 in the following way. If 0 , we use
Theorem 3.1 [17] of existence for a local solution of the Darboux Problem (1.1)+(1.2) in
the parallelepiped

0

1 = {( ) | 0 0 0 0 0 }

with the initial conditions

(¯ ¯ 0) = (¯ ¯ 0) (¯ ¯) [0 0]×[0 0]

(0 ) = ( ) ( ) [0 0]×[ 0 ]

( 0 ) = ( ) ( ) [0 0]×[ 0 ]

Thus we obtain a local solution of the Darboux Problem (1.1)+(1.2) in a parallelepiped

1
0

1, which is a prolongation of the solution .
Similarly, a local solution : 0 R

3
R can be prolonged on a parallelepiped

2 adjacent to 0 on the boundary 1 0 of equation = 0. If 0 we use
Theorem 3.1 [17] of existence of local solution to the Darboux Problem (1.1)+(1.2) in
the parallelepiped

0

2 = {( ) | 0 0 0 0 0}

with the initial conditions

( 0
= =

) = ( 0
= =

) (
= =

) [0 0]×[0 0]

(0 ) = ( ) ( ) [0 0]×[0 0]

( 0 ) = ( ) ( ) [ 0 ]×[0 0]
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Thus we obtain a local solution of the Darboux Problem (1.1)+(1.2) in a parallelepiped

2
0

2, which is a prolongation of the solution .
Similarly, a local solution to the Darboux Problem (1.1)+(1.2) can be prolonged on

a parallelepiped 3 adjacent to 0 on the boundary 2 0 of equation = 0. If 0

we apply Theorem 3.1 [17] of existence for a local solution of the Darboux Problem
(1.1)+(1.2) in the parallelepiped

0

3 = {( ) | 0 0 0 0 0}

with the initial conditions

( 0 ) = ( ) ( ) [0 0]×[0 0]

(0 ) = ( ) ( ) [ 0 ]×[0 0]

( 0) = ( ) ( ) [0 0]×[ 0 ]

It is obtained a local solution of the Darboux Problem (1.1)+(1.2) in a parallelepiped

3
0

3, which is a prolongation of the solution .
It follows that the local solution can be prolonged on a domain which is a union

of 0 with a Þnite number of adjacent parallelepipeds.

Theorem 3.3. We assume the hypotheses (H1)—(H7) of Theorem 3 2 to be satisÞed. If
: 0 is a local solution of the Darboux Problem (1.1)+(1.2) that is non-saturated

(hence prolongable), then there exists a saturated solution : of the Darboux
Problem (1.1)+(1.2) such that

(
0 0 6=

( ) = ( ) ( ) 0

hence is a prolongation of onto that has been built from 0 joined with a union
of parallelepipeds adjacent to 0

Proof. Since, by hypothesis, solution is non-saturated (prolongable), it follows that
at least a solution 0 : 0 of the Darboux Problem (1.1)+(1.2) exists, this 0 being
a prolongation of on 0

0 in view of Theorem 3.2
(

0
0

0 6=
0 0

0( ) = ( ) ( ) 0

where 0 consists of 0 plus a union of parallelepipeds that are adjacent to 0.
We denote by the set of the solutions : 0 of the Darboux Problem

(1.1)+(1.2), deÞned on the family of sets { 0} where is a family of indices and each
0 consists of 0 plus a union of parallelepipeds adjacent to 0,

0 The solutions
, , are prolongations of the solution onto 0, , that can be built by the

method used in the proof of Theorem 3.2; hence we get the relations
(

0
0

0 6=
0 0

( ) = ( ) ( ) 0 for ( )
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The set is non-empty since there exists 0 . We deÞne, on the set , a
partial ordering relation in the following way. For two arbitrary solutions : 0 ,
: 0 , , we denote if we have

(
0 0

( ) = ( ) ( ) 0

The existence of a saturated solution of the Darboux Problem (1.1)+(1.2) is equivalent
with the existence of a maximal element of the partially ordered set .

We select an arbitrary chain , hence a family { } , of solutions to
the Darboux Problem (1.1)+(1.2), : 0 , 0

0
0 6=

0 , ( ) which
is totally ordered by the partial ordering earlier introduced. It follows that { 0 } is
a chain in the set ( ) of the subsets of that is partial ordered by the containment
relation. Since ( ) is an inductively ordered set, the chain { 0 } admits the upper-

bounding element =
[

0 We have 0 0 6= .

We determine an upper-bounding element for the chain , hence a function maj :
, which is a solution to the Darboux Problem (1.1)+(1.2) on the set such

that, for any , maj Let ( ) . Then there exists at least a 0

such that ( ) 0

0
We deÞne

maj( ) =
0
( ) ( )

But
0
: 0

0
is a solution of the Darboux Problem (1.1)+(1.2). It follows that maj

has the same property, hence maj is a solution of the Darboux Problem (1.1)+(1.2) on
and (

0 0 6= ( )

maj( ) = ( ) for ( ) 0

then, by the partial ordering relation we have deÞned, maj, ( ) It follows
that the chain is upper-bounded, whence it follows, in view of Zorn’s theorem
that contains a maximal element which is the saturated solution : , where

consists of 0 plus a union of parallelepipeds adjacent to 0, 0 0 6= ,

Theorem 3.4. Let the hypotheses (H1)-(H7) of Theorem 3 2 be satisÞed. If the saturated
solution is bounded on , then =

Proof. We assume by reductio ad absurdum that 6= . Then, by the
procedure of prolongation in Theorem 3.2, we can prolong on 1 , 1 6= ,
which is contradictory with that is saturated. Hence =

Theorem 3.5. Let the hypotheses (H1)-(H7) of Theorem 3 2 be satisÞed together with
the hypothesis

(H8) The multifunction : × 2R is sub-linear, hence two constants 1 0 and

2 R exist with the property

sup{k k | ( )} 1k k+ 2 for a.e. ( ) (3 16)
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Then the saturated solution : is bounded on .

Proof. The saturated solution : has by theorem 3.1 [17] the form

( ) = ( ) +

Z

0

Z

0

Z

0

( ) ( ) (3 17)

where ( ) is given by (3.1) and is a measurable selection of the multivalued
mapping [3], [4] deÞned on with compact non-empty values in R such that

( ) ( ) ( ( )) for a.e. ( ) (3 18)

From hypothesis (H8) it follows that we have an inequality of the form (3.16) for the
selection since (3.16) holds; hence

sup k ( )k 1k ( )k+ 2 for a.e. ( ) (3 19)

We obtain from (3.17) and (3.19) the inequality

k ( )k sup k ( )k+

+ 1

Z

0

Z

0

Z

0

k ( )k + | 2|

sup k ( )k+ | 2| + 1

Z

0

Z

0

Z

0

k ( )k

(3 20)

for a.e. ( )
Then, using the notation

= sup k ( )k+ | 2| ( )

the inequality (3.20) becomes

k ( )k + 1

Z

0

Z

0

Z

0

k ( )k for a.e. ( ) (3 21)

It is possible to apply a Gronwall-type inequality [1], [6], [7] what leads to

k ( )k
·
1 + 1

Z

0

Z

0

Z

0

exp

µZ Z Z
1

¶ ¸
=

=

·
1 + 1

Z

0

Z

0

Z

0

exp( 1( )( )( ))

¸

·
1 + 1

Z

0

Z

0

Z

0

exp( 1 )

¸

[1 + 1 exp( 1 ) ]

[1 + 1 exp( 1 )] for a.e. ( )

(3 22)

This shows the saturated solution is bounded on .
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