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Abstract. In this paper we consider the Darboux Problem for a third
order hyperbolic inclusion of the form wu,,. € F(z,y,z,u). It is proved a
theorem of prolongation for the solutions of the considered problem and
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1 Introduction

In this paper we consider the Darboux Problem for a third hyperbolic inclusion of

the form
Pulx,y, 2)
0x0y0z

(x,y,2) € D =10,a]x[0,b]x[0,c], u € Q CR™,

€ F(z,y, z,u), (L.1)

with initial values
u(@,y,0) = ¢(z,y), (z,y) € D1 =[0,a]x[0,0],
u(0,y,2) =(y,2), (y,2) € D2 =[0,0]%x[0,d], (1.2)
u(z,0,2) = x(z,2), (x,2)€ D3 =10,a]x[0,c],

where ¢, 9, x are absolutely continuous in Carathéodory’s sense [2, §565-§570], ¢ €
C*(D1;R™), ¥ € C*(D9; R™), x € C*(D3;R™) and they satisfy the conditions

( 70) =o'
(07y7 0) = 90(0>y) = w(.% 0) = UQ(y)7 Y€ [07 b]7
u(0,0,2) = (0,2) = x(0,2) = v3(2), z€[0,d,

(0,0,0)

u(z,0,0) = ¢(z,0) = x(x (), = €[0,q],

(1.3)
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where F : DxQ — 28" is a multifunction with compact, convex and non-empty values
and 2 C R" is an open subset.

Under suitable assumptions, in [17] we prove an existence theorem for a local solution
of the Darboux Problem (1.1)4+(1.2) and that the set of its solutions is compact in Banach
space C'(Dg;R™), Dy = [0,20]x[0,y0] X[0, 20] € D; moreover, as a function of the initial
values this set defines an upper semi-continuous multifunction.

In this paper, a prolongation theorem for the local solutions of the Darboux Problem
(1.1)+(1.2), and also an existence theorem for a saturated solution of the same problem,
are proved.

This study has been suggested by [16] and it provides an extension of the results in
that article.

2 Preliminaries

The definitions and Theorems 2.1-2.4 in this section are taken from [2]-[5], [8]-[15].

Definition 2.1. Let X and Y be two non-empty sets. A multifunction ® : X — 2Y is
a function from X into the family of all non-empty subsets of Y.
To each x € X, a subset ®(x) of YV is associated by the multifunction ®. The set

U ®(x) is the range of ®. & (X) ={Ud (z) |z € X}.
zeX
Definition 2.2. Let us consider ® : X — 2V,

a) If A C X, the image of A by @ is P(A) = U D(x);

r€EA
b) If B C Y, the counterimage of B by ® is
® (B)={z e X | P(z)NB #0};
¢) The graph of ®, denoted graph @, is set
graph @ = {(z,y) € XxY |y € ®(x)}.

Definition 2.3. Let us now take ® : X — 2Y. An element 2 € X with the property
x € ®(x) is called a fized point of the multifunction ®.

Definition 2.4. A univalued function ¢ : X — Y is said to be a selection of ® : X — 2V
if p(z) € ®(x) for all x € X.

Definition 2.5. Let X and Y be two topological spaces. The multifunction ® : X — 2V
is upper semi-continuous if, for any closed B C Y, &~ (B) is closed in X.

Definition 2.6. If (X,F) is a measurable space and Y is a topological space, the
multifunction ® : X — 2V is measurable if ®~(B) € F for every closed subset B C Y, F
being the o-algebra of the measurable sets of X, i.e. ®~(B) is measurable.

Theorem 2.1. [14] Let X and Y be two metric spaces, Y compact and ® : X — 2Y q
multifunction with the property that ®(z) is a closed subset of Y for any x € X. The
following assertions are equivalent:

(1) the multifunction ® is upper semi-continuous;
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(i) the graph of ® is a closed subset of X xXY;
(7it) any would be the sequences (p)new and (Yn)new, from x, — x, yn — P(z,)
and Yy, — vy, it follows that y € ®(x).

Definition 2.7. [2], [8], [9], [15] The function v : A — R", A C R? is absolutely
continuous in Carathéodory’s sense [2, §565-§570] if and only if w(z,y) is continuous
on A, absolutely continuous in z (for any y), absolutely continuous in y (for any z),
ug(z,y) is (possibly after a suitable definition on a two-dimensional set of zero measure)
absolutely continuous in y (for any x) and u,, is Lebesgue-integrable on A.

Theorem 2.2. [2], [5], [15] The functionu: A — R™ A =[0,a]x[0,b] C R? is absolutely
continuous in Carathéodory’s sense on A if and only if there evist f € L*(A;R™), g €
LY([0,a];R™), h € L'([0,b]; R™) such that

u(z,y) //fstdsdt+/ ()ds—l—/yh(t)dt—i—u(0,0).

We denote the class of absolutely continuous functions in Carathéodory’s sense by
C*(A;R™) [8], [9]. In [5] this space is denoted by AC(A;R™).

Theorem 2.3. [5] The space C*(A;R™) endowed with the norm

a b a b
o) = [ sy s e+ [ et 0) s+ [y 0.0t + (0.0}
where A = [0,a]x[0,0] and || - || is the Euclidean norm, is a Banach space.

Definition 2.8. [2], [10] The function u : D C R® — R" is absolutely continuous in
Carathéodory’s sense [2, §565-§570] if and only if u(z,y, 2) is continuous on D, abso-
lutely continuous in each variable (for any pair of the other two variables), and simi-
larly for ’LLI(QT, Y, Z)a uy(xa y.Z), ’LLZ(LL', Y, Z)v uwy(‘rv Y, 2)7 uyz(xv Y, z)v Ugz ({,137 Y, Z) and ugy, is
Lebesgue-integrable.

Theorem 2.4. [5], [10] The function w : D — R™ D = [0,a]x[0,b]x[0,c] C R3,
is absolutely continuous in Carathéodory’s sense on D if and only if there exist f €
Ll(D;Rn)7 g1 € Ll(Dl;Rn)7 g2 € Ll(D2;Rn)f g3 € Ll(DB;Rn)7 hi € Ll([()?a};Rn% ho €
Ll([oab]ﬂRn); hs € Ll([ovc]ﬂRn)! Dy € [O,G]X[O,b], D, = [07b}><[0,c], D; = [O,a]X[O,c]

such that
T pY pz T ry
u(z,y, 2) :///f(r,s,t)drdsdtJr//gl(r,s)drds+

//ggstdsdt+//ggrtdrdt+
/0h1< )dr+/0 ()ds+/ h(£)dt + u(0,0,0).

We denote the class of absolutely continuous functions in Carathéodory’s sense by
C*(D;R™) [10].
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Theorem 2.5. [5], [10] The space C*(D;R™) endowed with the norm

[lw(-y - )l /// |tay= (7, s,t)||dr ds dt +// |ty (7, s,0)||dr ds+
+//mw&ammw+//wmmamww+
0Jo 0Jo

a b
+/H%&ﬁﬁmm+/H%@wﬁW@+
0 0

C
+/Hw®&ﬂMHWMQQ®W
0

where || - || is the Euclidean norm, is a Banach space.

3 Results

In [17] the notion of a local solution for the Darboux Problem (1.1)-+(1.2) is defined
and it is proved an existence theorem for a local solution of this problem, together with
some properties of the set of its solutions, namely that this set is a compact subset in
Banach space C(Dp;R™) and, as a function of initial values, it defines an upper semi-
continuous multifunction on Dy = [0, 0] x [0, yo] x[0, z9] C D.

Let the following hypotheses be satisfied:

(Hy) FxQ — 2R" is a multifunction with compact, convex, non-empty values in R™,
D = [0,a]x[0,b]x[0,c] € R® and Q C R™ is an open subset;
(H) For any (x,y,z) € D, the mapping v — F(x,y, z,u) is upper semi-continuous on
)
(H3) For any u € §2, the mapping (x,y, z) — F(x,y, z,u) is Lebesgue-measurable on D;
(H4) There exists a function k : D — R, k € £LY(D;R,) such that

Il < Bz, y,2), (V)¢ € F(x,y,2,u), (V)(2,y,2) € D, (V)ue
(Hs) The functions ¢ € C*(D1;R"™), ¢ € C*(D;R™), x € C*(D3;R™) are absolutely
continuous in Carathéodory’s sense functions and satisfy conditions (1.3).
Remark 1. The function a : D — R" defined by
a(z,y,2) = @(x,y) + 1Py, 2) + x(z,2) — 0(z,0) — (0,y)—
—=(0,2) +1(0,0) = ¢(z,y) +(y, 2) + x(@, 2)— (3.1)
—vl(z) = v*(y) = v*(2) + 07,

is an absolutely continuous in Carathéodory’s sense function on D, a € C*(D;R"™)
[2, §565-§570].

Remark 2. Denote by M C 2 the convex compact set in which the function a : D — R"™,
defined by (3.1), takes its values for all (z,y, z) € Dy.
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Remark 3. Let (o, o, 20) € x]0, b]x]0, ¢] be a point such that
(r,

I y“/

where d(M, Cq) is the distance from M to Cq = R™ — , an inequality immediately
resulting from the integrability of function k.

s, t)drdsdt < d(M,Cq),

Definition 3.1. The Darboux Problem for the hyperbolic inclusion (1.1) means to
determine a solution of this inclusion which satisfies the initial conditions (1.2).

Definition 3.2. A local solution of Darboux Problem (1.1)4(1.2) is defined as a function
U:Dy— QU € C*(Dy;R™), absolutely continuous in Carathéodory’s sense [2, §565-
§570], which satisfies (1.1) for a.e. (x,y, 2) € Dy, and also initial conditions (1.2) for all
(x,y) € [0,20] %[0, yo], all (y,z) € [0, yo] %[0, z0], all (z,2) € [0, zo]x[0, zo].

In [17] it is proved the following:

Theorem 3.1. Let the hypotheses (Hy) — (Hy) be satisfied. Then:
(1) there exists at least a local solution U of Darbouxz Problem (1.1)+(1.2);
(i) the set S, of the local solutions U is compact in the Banach space C(Dgy; R™);
(7it) the multifunction o — S, 1is upper semi-continuous on C*(Dg;R™), taking
values in C(Dgy; R™).

The solution U is a fixed point of a suitable multifunction which satisfies the Kakutani-
Ky Fan fixed point Theorem.

In this paper we prove theorems of prolongation for the solutions to the Darboux
Problem (1.1)+(1.2) and of existence for a saturated solution.
Definition 3.3. A local solution for the Darboux Problem (1.1)+(1.2), U : Dy —

is prolongable (non-saturated) if there exists a solution U : D — R™ for the Darboux
Problem (1.1)4(1.2) such that

DO c jja DO # 57
[7(:(:’ Y, Z) = U(:Ca Y, Z)a (LE, Y, Z) € DOa
where D C D is a union of Dy with a finite number of adjacent parallelepipeds.

Theorem 3.2. Let the hypotheses (Hy) — (Hs) be satisfied together with the hypotheses:

(Hg) The set Q) is bounded, that is there exists a constant C € Ry such that ||lul]| < C,
(Vu €

(H7) The multifunction F maps bounded sets onto bounded sets, hence a constant K €
R exists such that

sup{[|C]| | ¢ € F(z,y,2,u)} < K
for any (z,y,z,u) € DxQ.
Then the local solution U s prolongable.

Proof. In view of Theorem 3.1 [17] at least a local solution U : Dy — € of the Darboux
Problem (1.1)+(1.2) exists. We are going to show that the local solution U can be
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prolonged over a parallelepiped Ay adjacent to Dy on the surface of equation x = xy. Let
(20,7,2), 0< 20 <a,0<7<yo<b,0<Zz<z <ca point on the boundary 9; Dy for
Dy of equation © = zy. Using Cauchy’s criterion for characterizing the functions with
finite limits, we will deduce that solution U : Dy — € has a finite limit at (zo,7, 2).
Indeed, let (2/,y’,2") and (z”,y"”, 2") be two points of Dy included in a neighbourhood
of (9,7, z). In view of Theorem 3.1 [17], we have

z' py g2
Uz y',2') = a2y, 2) —I—/ / / B(r, s, t)drdsdt, (z',y',2") € Doy
o Jo Jo
12 12 12 (32>
T y z
Uz",y",2") = a(z",y", ") +/ / / B(r,s,t)drdsdt, (z",y",2") € Dy
o Jo Jo
where
B(z,y,2) € T(z,y,2) C F(z,y,2,U(z,y,2)), forae. (z,y,2)€ Dy, (3.3)

B is a measurable selection of the multifunction I' : D —C (R™) [3], [4], [17].
We obtain by (3.2)

||U($/ yl Z/) _ U(l‘”,y” Z”)H < Ha(x/ yl Z/) _ Oé(x”,y// Z//)||+

+///ﬂrstdrdsdt—///6rstdrdsdt

= [la(z",y', ') — alz”, ", 2") |+

' ey 2 T
+ / / / B(r,s,t)drdsdt +/ / / B(r, s, t)dr ds dt+
0o Jo Jz z Jo Jo
:EN y// Z” Il yll Z”
+/ / / B(ra S7t)dT ds dt+/ / / ﬁ(r,s,t)drds dt
z Jy' JO o Jy Jo

<@,y 2') — ale”, 4", 2") |+

(3.4)

Z// y Z“
1B8(r, s,t)||dr ds dt| + 18(r, s,t)||dr ds dt| +
z! 0

18(r, s,t)||dr ds dt| + 1B(r, s,t)||dr ds dt| .
0 0

But the function « is absolutely continuous on D, hence it is continuous on D [2, §565-
§570] and continuous on Dy C D. It follows that (¥)e > 0, (3)6 = d(¢) > 0 such that

||(:E/ayla Z/) - (I//ay//v Z”)H < 5(6) = ||Ot($/, y/a Z/) - Q(I//,y//7 ZI/)H <e. (35)
It follows from hypothesis (H7) and (3.3) that
18(r,s,t)|| < K, for a.e. (r,s,t,) in Dy. (3.6)
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From (3.4), (3.5), (3.6) we obtain
IU("y',2") = U(a",y", 2" <
S €+K:E/y/|2, _ Z//‘ +K'ylzll|x/ _ :1:,//| + K’|:1:,/ _ $/,||y/ _ y//|2//+
+K2'2" |y —y"| < e+ Kabd(e) + Kbed(e) + Kcd?(e)+
+Kac(e) = e+ Kd(e)[ab+ be + cd(e) + ac] =g,

for (a',y',2"), (2" ,y",2") € Dy and ||(2',y,2") — (", 4", 2")|| < d(e).
Therefore the Cauchy criterion shows that there exists

lim Ulz,y,z2) = 1. (3.8)

(z,9,2)—(20,7,%)

Taking into account the equality (3.8) we can define a function ¥ on the boundary 9, Dy
of equation z = x( of the parallelepiped Dy, that is absolutely continuous with respect

to (g7 2) € [Oa yO] X [Oa ZO]'
Using Theorem 3.1 [17], the local solution U can be written under the form

Ulz,y,2) =a(x,y,2) ///ﬁrstdrdsdt

= o(z,y) +¥(y, 2) + x(,2) — ¢(x,0) — ©(0,y)— (3.9)

—(0,2) +(0,0) ///,Brstdrdsdt

But from hypothesis (H5) and Theorem 2.2, ¢, 1,y can be written under the forms

T ry T
olz,y) = / / oy (r, 5)dr ds + / o, (1, 0)dr+
0 Jo 0

| (3.10)
—|—/ ©,(0,8)ds +¢(0,0), (z,y) € D1,
0
y pz y
= dsd 0)d
by, 2) / | st tdsdis [ 00t -
+ [ 0,000 +00.0). (r.2) € D,
x(z,z) = ’ ZXxZ(T,t)det+ Ixx(r,O)err
s
+/ X, (0,t)dt + x(0,0), (z,2) € Ds.
We obtain ’
Yy x
20.) = [, 0.5 +40.0). 0.0 = [ (0t + 000, (310)

(0, 2) :/Ozw (0, £)dt +1(0,0), 1 / 1, (s,0)ds +1(0,0). (3.11')
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Replacing (3.10), (3.11), (3.12), (3.10'), (3.11') in (3.9) we get

€T Yy z xT Yy
U(z,y,z) :///B(r,&t)drdsdt—i—// apwy(ns)drds—i-
//wyzstdsdt—l—//xmrtdrdt—&—

/ Yy (s O)ds+/ X (7, O)err/ x. (0, t)dt—

—©(0,0) 4 1(0,0) + x(0,0) (3.13)

///ﬂrstdrdsdt—i—//cpwyrsdrds—i—
+//7/Jyz($,t)dsdt+/0/0 xm(r,t)drdtJr/O @, (r,0)dr+

/¢ 5, 0)ds + /Xz(o £)dt — (0, 0) + (0, 0) + x(0, 0).

In order to obtain the expression of the function ¥(xg, 7, Z), we have passed to the limit
of (3.8) for © — x0, y — ¥, z — Z in equation (3.13). We take into account the absolute
continuity of the integrals. We obtain similarly with [16]:

lim ///Brstdrdsdt ///B?"stdrdsdt
(a:’y z _‘(Z07/l/)
(r,8)drds = (r, s)drds,

(m,yw(mo ) / / Py / / Py

lim (s,t)dsdt = // (s,t)ds dt,
(y,zw(y,z)/ / Y Yyl

lim / / Xz (T, t)dr dt :/ / Xy (1, t)dr dt, (3.14)
(w,Z)ﬁ(wo,Z) 0 Jo o Jo

zo
lim gpx(r 0)dr —/ @, (r,0)dr,

T—x0

lim wSOdS—/w (s,0)d

y—y
z

tim [ x.(0, t)dt = / (0, 0)dt.
0

zZ—Zz 0

From (3.8), (3.13), (3.14) we have
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P(xo,§,2) = lim Ulz,y,z / // B(r, s, t)dr ds dt+
(z,9,2)—(20,7,%)
/ / ‘Pw r, s drds—i—// wyz s, t)ds dt+
/ /ertdrdt—i-/ <p$r0dr+/¢ (s,0)ds+

+/ Xz(oat)dt - 90(03 O) + d)(O:O) + X(O’O)a (:)30,]], 2) € a1DO-
0

(3.15)

Hence, from Theorem 2.4, the function ) is abolutely continuous in Carathéodory’s sense
with respect to (7, 2) € [0,y0]x[0, z0].

We proceed similarly to show that the local solution U of the Darboux Problem
(1.1)+(1.2) has a finite limit on the boundary d2Dy of equation y = yo of Dy and also
on the boundary d3Dg of equation z = zg of Dy.

Thus we obtain three functions B(Z, 7, z0), ¢¥(zo, y, 2), X(w Yo, 2 ) that are absolutely
continuous in Carathéodory’s sense [2, §565-§570], B € C*(Dy;R"), ¥ € C*(Da;R™),
X € C*(D3;R™) and respectively defined on the boundaries of equations z = zg, = x
and y = yo of Dy.

The local solution U : Dy — R™ can be prolonged on a parallelepiped A; adjacent
to Do on the boundary d3Dg of equation z = zq in the following way. If zg < ¢, we use
Theorem 3.1 [17] of existence for a local solution of the Darboux Problem (1.1)+(1.2) in
the parallelepiped

Ay ={(z,5,2) [0S e <@, 0<y<yo, 20<2<c}
with the initial conditions
U(z,7,20) = 9(Z,9,20), (Z,9) € [0,20]x[0, 0],
U0,y,2) = ¥(y,2), (¥, 2) € 0,y0]x[20, ],
U(z,0,2) = x(z, 2), (z,2) € [0, 2] %20, c].

Thus we obtain a local solution of the Darboux Problem (1.1)4(1.2) in a parallelepiped
Ay C Al, which is a prolongation of the solution U.

Similarly, a local solution U : Dy C R? — R™ can be prolonged on a parallelepiped
As adjacent to Dy on the boundary 0y Dy of equation z = zy. If g < a, we use
Theorem 3.1 [17] of existence of local solution to the Darboux Problem (1.1)+(1.2) in
the parallelepiped

Ay ={(z,y,2) |zo <z <a, 0<y<yo, 0<2z< 2}
with the initial conditions

U($0,§ E) E(x(),; 5)7 (Eai) € [07y0]x[0720]7
P(y,
x(,

N

(O Y,z ) ) (y7 ) € [OvyO]x[Ov'ZO]v
U(z,0,z) = z), (z,2) € [x0,a]x[0, 20].
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Thus we obtain a local solution of the Darboux Problem (1.1)4+(1.2) in a parallelepiped
Ay C Al which is a prolongation of the solution U.
Similarly, a local solution U to the Darboux Problem (1.1)-+(1.2) can be prolonged on
a parallelepiped Az adjacent to Dy on the boundary 02 Dq of equation y = yo. If yo < b
we apply Theorem 3.1 [17] of existence for a local solution of the Darboux Problem
(1.1)+(1.2) in the parallelepiped
Ay ={(,9,2) [0S <m0, Yo <y <b, 0< 2 < 2}

with the initial conditions

U(Z,y0,2) =X(T,2), (z,2) € [0,20]%]0, 2],

U(0,y,z) z) € [yo, 0] %[0, 2],

U(l‘,y,O) = (x,y) € [O?xO]X[yovb}'

—~
=

ey, 2),
e(z,y),
It is obtained a local solution of the Darboux Problem (1.1)4+(1.2) in a parallelepiped
As C Al which is a prolongation of the solution U.

It follows that the local solution U can be prolonged on a domain A which is a union

of Dy with a finite number of adjacent parallelepipeds.

Theorem 3.3. We assume the hypotheses (Hy)—(Hz) of Theorem 3.2 to be satisfied. If
U : Dy — Q is a local solution of the Darboux Problem (1.1)+(1.2) that is non-saturated

(hence prolongable), then there exists a saturated solution U* : D* — Q of the Darboux
Problem (1.1)+(1.2) such that

DOgD*a DO#D*) D*CD
U*(‘Tay7z) = U(‘T7yaz)a (m,y,z) € D07
hence U* is a prolongation of U onto D* that has been built from Dy joined with a union

of parallelepipeds adjacent to Dy.

Proof. Since, by hypothesis, solution U is non-saturated (prolongable), it follows that
at least a solution U’ : D’ — € of the Darboux Problem (1.1)+(1.2) exists, this U’ being
a prolongation of U on D’ O Dy in view of Theorem 3.2

Dy CD', Dy#D', D'CD
U/(SC, Y, Z) = U(:Ca Y, Z)a (ZE, Y, Z) € DO?
where D’ consists of Dy plus a union of parallelepipeds that are adjacent to Dy.
We denote by S the set of the solutions U; : D; — Q of the Darboux Problem
(1.1)4(1.2), defined on the family of sets {D;};c;, where I is a family of indices and each
D consists of Dy plus a union of parallelepipeds adjacent to Dy, D; C D. The solutions

U, i € I, are prolongations of the solution U onto D}, i € I, that can be built by the
method used in the proof of Theorem 3.2; hence we get the relations

-DO gDi> DO#D;u D;gD7
Ui(z,y,2) =Ul(z,y,2), (z,y,2) € Do, for (V)i € I.
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The set S is non-empty since there exists U’ € S. We define, on the set S, a
partial ordering relation in the following way. For two arbitrary solutions U; : D} — €,
Uy : Dj, — Q, U;, U, € S, we denote U; < Uy, i,k € I, if we have

Dl C D,
Ui(xayaz) = Uk(ﬂf,y, Z)v (xay’z) € D;

The existence of a saturated solution of the Darboux Problem (1.1)+(1.2) is equivalent
with the existence of a maximal element of the partially ordered set S.

We select an arbitrary chain L C S, hence a family {U,};cs, J C I, of solutions to
the Darboux Problem (1.1)+(1.2), U; : D} — Q, Dy C D}, Do # D}, (V)j € J, which
is totally ordered by the partial ordering earlier introduced. It follows that {D’};c; is
a chain in the set (D) of the subsets of D that is partial ordered by the containment
relation. Since 7(D) is an inductively ordered set, the chain {D’};c; admits the upper-

bounding element G = U D;.. We have G C D, Dy C G, Dy # G.
jeJ
We determine an upper-bounding element for the chain L, hence a function Upy,; :
G — Q, which is a solution to the Darboux Problem (1.1)+(1.2) on the set G C D such
that, for any j € J, U; < Umaj. Let (z,y,2) € G. Then there exists at least a jo € J
such that (z,y,2) € D’ . We define

Umaj(z,y, 2) = Uj, (2,v, 2), (z,y,2) € G.

But Uj, : Dj, — € is a solution of the Darboux Problem (1.1)+(1.2). It follows that Upaj
has the same property, hence Up,,; is a solution of the Darboux Problem (1.1)4(1.2) on
G and

D;C G, D #G, (V)j€J,

Umaj(z, 9y, 2) = Uj(2,y,2), for (z,y,2) € D},
then, by the partial ordering relation we have defined, U; < Upaj, (V)7 € J. It follows
that the chain L C S is upper-bounded, whence it follows, in view of Zorn’s theorem
that S contains a maximal element which is the saturated solution U* : D* — ), where

D* consists of Dy plus a union of parallelepipeds adjacent to Dy, Dy C D*, Dy # D*,
D* C D.

Theorem 3.4. Let the hypotheses (Hy)-(H7) of Theorem 3.2 be satisfied. If the saturated
solution U* is bounded on D*, then D* = D.

Proof. We assume by reductio ad absurdum that D* C D, D* # D. Then, by the
procedure of prolongation in Theorem 3.2, we can prolong U* on D} 2 D*, Dy # D*,
which is contradictory with that U* is saturated. Hence D* = D.

Theorem 3.5. Let the hypotheses (Hy)-(H7) of Theorem 3.2 be satisfied together with

the hypothesis

(Hg) The multifunction F : DxQ — 2% is sub-linear, hence two constants ky > 0 and
ko € R exist with the property

sup{|[C]| | ¢ € F(z,y,z,u)} < ki||lu|| + k2, for a.e. (x,y,2) € D, u € Q. (3.16)
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Then the saturated solution U* : D — Q) is bounded on D.
Proof. The saturated solution U* : D — 2 has by theorem 3.1 [17] the form

T oy pz
U*(z,y,2) = a(z,y, 2) +/ / / B*(r,s,t)dr dsdt, (z,y,z) € D, (3.17)
0 Jo Jo

where «a(z,y,z) is given by (3.1) and " is a measurable selection of the multivalued
mapping I'* [3], [4] defined on D with compact non-empty values in R™ such that

5*(%%2) € F*(:E,y, Z) - F(%y’Z,U*(%yvz)) for a.e. (xvyaz) €D. (318)

From hypothesis (Hg) it follows that we have an inequality of the form (3.16) for the
selection 5™ since (3.16) holds; hence

sup [|8%(z, y, 2)|| < k1 |[U*(z,y, z)|| + ko, for a.e. (z,y,2) € D. (3.19)
We obtain from (3.17) and (3.19) the inequality

[U*(, y, 2)|| < sup [|la(z,y, )|+

+/€1/ // |U*(r, s,t)||dr ds dt + |ke|zyz < (3.20)
< sup [z, y, 2)]| + \k2|abc+k1/ // |0 (r, 5, )||dr ds dt,
0J0 JO

for a.e. (z,y,2) € D.
Then, using the notation

B = sup ||a(z,y, 2)|| + |k2|abe, (z,y,z) € D,

the inequality (3.20) becomes

T Py pz
\|U*(x,y,z)||§B+k1/// |U*(r, s, 0)|[dr ds dt, for ace. (z,1,2) € D.  (3.21)
0J0 JO

It is possible to apply a Gronwall-type inequality [1], [6], [7] what leads to
[U*(z,y, 2)|| <

r T Y 2 T py [,z
<B|l+ kl/ / / exp </ / / kzldﬁdnd<> drds dt} =
L 0J0 JO r Js Jt

=B :1 + k1/0x/0y/ozexp(k1(:c —r)(y—9)(z— t))drdsdt} <

r T pY rz
< B|l1+ kl/ / / exp(kizyz)drds dt} <
L 0Jo Jo

< B[l + ky exp(krabe)zyz] <
< B[l + kjabcexp(kyabe)], for a.e. (z,y,2) € D.

(3.22)

This shows the saturated solution U* is bounded on D.
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