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A NONLINEAR BOUNDARY VALUE PROBLEM
IN THE THEORY OF DEFLECTIONS OF SPHERICAL CAPS

R. Kannan and J.-Y. Shin

Abstract: The existence and qualitative properties of a second order

nonlinear boundary value problem are studied.

1. Introduction

The nonlinear boundary value problem

2 2
"_ _ =zt A
y —f(r,y)-32y2+8, 0<z<l
(1.1)
¥(0) =0, 2/(1)=(1+v)y(1)=0, A>0, 0<v<1
arises in the large deflection membrane response of a spherical cap. This

paper follows a study of this problem by Baxley [1] where an existence theory
is presented, followed by some numerical results. Earlier results on this
problem may be seen in Goldberg [2], Perrone and Kao [4] and Na [3]. In these
papers, several numerical results are studied.

Two important questions concerning (1.1) are: i) existence of a unique
¥y

positive solution in (0,1] and ii) the behavior of lim %, the maximum radial
r—
stress, in terms of . In [1], the author establishes the existence of a

positive soultion satisfying certain growth restrictions. This is accomplished
by converting (1.1) into a nonlinear problem on the semi-infinite interval and
applying earlier results for such class of nonlinear ordinary differential
equations. An initial value problem-shooting approach is then used to obtain

numerical solutions.

Our approach in this paper is to treat (1.1) directly as a boundary value
_problem. Eventhough, in this problem the boundary condition y(0)=0 does not

create any singularity. The methods of upper and lower solutions as utilized
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here can be easily adapted to handle more general singular nonlinear problems.
"For an extensive introduction to these concepts, refer to [6]. By using this

approach we are able to establish the existence of a unique positive solution

(with no growth restrictions imposed). 1In [1], the author raises the question
of evaluating li% Egﬂ and conjectures that this limit is %i' Ve answer this
r—

question negatively for certain values of A and proves that for “large” A,
li% ¥ s essentially %i' OQur approach lends itself naturally to numerical

z
r—
solutions of (1.1), but we will discuss these aspects elsewhere.

2. Bounds for positive solutions of (1.1)

In this section we demonstrate the existence of positive upper and lower
bounds for possible positive solutions of (1.1). By a positive upper solution

B of (1) we mean a function f# that satisfies

ﬂ>0 on (011]1 .B”S.f(:7ﬂ) on [091]
B(0)>0 and 28/(1)-(1+v)8(1) 2 0.

A similar definition holds for positive lower solutions.

Lemma 2.1. yu(z)=:§% is a positive upper solution of (1.1).

Proof. It is clear that

¥ >0 on (0, 1], y,(0) =0, 244(1) —(1+v)y,(1) >0,

and
2 2
=0 = __17_+.’\_ .
Yu 322" 8

Thus, y, is a positive upper solution of (1.1). This completes the proof.

Lemma 2.2. Let

A(1-v)
— [ A2 _ A _A.Z _p .2
AI— /\2+_§_ 5 BI_2A(3—v)’ and yl(z)—AI 21 BI z°.

Then y; is a positive lower solution of (1.1).

Proof. It is clear that
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A
;>0 on (0, 1], y(0) =0, y;(x)=2—/{—2BIz, vj(z) = — 2B,
and

A A
29j(1) - (1 +v)y (1)=2 (2){ 23,) (1+v)(——B,)—(1_v)§_§—(3-u)3,=o.

From the definition of AI and BI’ we have

2 2 2
A2< A or _2B,> A A 2.1
1231168, " ~ 1= " Tgal '8 2.1

From the inequality (2.1), we obtain

2
y=-2B>-—lo4>-— = %
A
1
32(ﬁ) 32:2( B,z)

Thus, Y is a positive lower solution of (1.1). This completes the proof.

Lemma 2.3. Let y be a positive solution of (1.1) and let a, B€C*I) be positive
lower and positive upper solutions, respectively, of (1.1) with o(z)<pA(z).
Then a(z)<y(z) <PB(z) on I.

Proof. Clearly, y(0) <B(0). Suppose that there exists a £€(0, 1] such that
y(§) > B(€). By the continuity of y—p3 and the fact that y(0) < 4(0), there exist
6o and the largest §;, 0<§;<é <1, such that y(z)>p(z) on (&, 6;) and
y(8)=PB(6y). Then, by the definition of a positive upper solution of (1.1) and
the fact that y> g on (§, §;), we have

y/l — ,3" e ﬂ”

+ —B">0 on (6, 6,).

- +
32 3247 32/32

Thus, y-p is convex on [, &]. Since y(6,)=pB(6,) and y—p is convex and
positive on (§,, 6,), we have § =1 and y(1) >B(1). Since y—pf is convex on [60s
1], we know that

v(1)-p(1) 2 X =P 5 ) 1. (2.2)
0

From the inequality (2.2), we have
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L3o1) - L%0) 2 v(1) - 5/(1) 2 (1) - BQ1).
Since 0<v<1 and y(1)-pB(1) >0, we obtain

1

22 (1) - 1201) < (1) - 8(1),

which is a contradiction. Therefore, y(z) <A(z) on I.

Clearly, a(0)<y(0). Suppose that there exists a £€(0, 1] such that
a(§)>y(€). By the continuity of a—y and the fact that o(0)<y(0), there exist §,
and the largest 6;, 0<é;<6; <1, such that a(z)>y(z) on (&, 6;) and a(by) =y(&)-
Then, by the definition of a positive lower solution of (1.1) and the fact that

a>y on (§, 6), we have

i 2 AZ 2 1\2
a”—y"—a"+3;y2—?2a"+3;a2—?20on (6gs 67)-
Thus, a—y is convex on [§,, &,]. Since a(&b):y(&o) and a—y is convex and
positive on (&, 6;), we have 6, =1 and a(1) >y(1). Since a—y is convex on [§,
1], we know that
(1) -y'(1) 2 2D 5 0y -y (2.3)

From the inequality (2.3), we derive

) -H(1) 2 o (1) - (1) 2 (1) ~y(1).

Since 0<v<1 and a(1)—y(1) >0, we have

1 1
23 %a(1) ~ (1) <a(1) —y(1),
which is a contradiction. Therefore, a(z)<y(z) on I. This completes the

proof.

3. Existence of a positive solution for “perturbed” problems

We consider the nonlinear boundary value problem
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§= = ,\z( A-+-"")2

/\2
2 +§', 05251

(31
¥(0) =, 2/(1)= (1 +0)y(1) =0
which may be viewed as a perturbation of (1.1)

Lemma 3.1. ylm(:)::% is a positive upper solution of (3.1),,.

Proof. Clearly 2y, (1)-(1+v)y,,(1) <0.

AlSO )1
SRR )
Yim= —78 ? 8

m

Thus, y;,, is a positive lower solution of (3.1),,. This completes the proof.

1

2A(1 "
—w. Then yum(r)—i/\ 77 is a positive upper solution

Lemma 3.2. Let m>
S = 1-v

of (3.1),,.

Proof. It is obvious that y,,, >0 on (0, 1], yum(0)=%, y&m=2—1/\-, and yi/,, =0.

1—v

m m SO, we obtain

From the assumption on m, we know that

Zz L
2Yum(1) = (1 4+ 9)yum(1) 2 0 and yj, < g t%
Thus, y,;, is a positive upper solution of (3.1),,. ’i‘glls completes the proof.

1
Lemma 3.3. If ngl_g:t_v)’ then there exists a solution y, of (3.1),, such

that

Yim(%) Lym(z) Lyym(z) on I,

where y,,, and Y, are given in Lemma 3.1 and Lemma 3.2.

Proof. It is obvious that
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_‘E.+_1_.
f(z,y) = _%2'(2%2"1—)24'5\83

is bounded and continuous on w, where wz{(x, y) ylm(.:) SYSYym(z)s 2z € I}. It
is easy to see, as in Lemma 2.3, that any solution y,, of (3.1), satisfies
ylmSymSyum. An application of Schauder’s theorem establishes the existence

of a solution.

Now we want to show the uniqueness of a positive solution of (3.1),,.
Lemma 3.4. If y; and y, are two positive solutions of (3.1),,, then y; =y,.

Proof. Let y, and y, be positive solutions of (3.1),,. Then we obtain

3 .
7" " z 2 2

—Y = —5—5— - on (0, 1). 3.1
Y1 — Y2 32y%_y§ (vi—v32) (0, 1) ( )

If we multiply both sides of (3.1) by (y;—y,;), then we have

(W = ¥)1 ~¥) = o (31 +3)1 ~5)* 20 on (0, 1). (3-2)

32yi-v;

. Therefore, if we integrate both sides of (3.2) from 0 to >1, then we obtain

1
0< J.(y;' = y;’)(yl —yz)d"—',
0

) 1
0.2 (B(1) = (V) (1) - 3a(1) - [ (44 -z,
0
1
Oslgv(yl(l)_yz(l))z—J’(yi—ylz)de. (3.3)
0

From (3.3), we derive
1
1
L0 - 5(1)) 2 [0 - ds.
0

Now, if y,;(1)—-y,(1) #0, then
1 1
0 <12 (5,(1) = 1,(1)? < (1) ~ 0oV < ([ 4 - P < [ 04 - wy)Pae
0 0
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and so, 1
L n(1) = 5(1))* < [ (- ).
0

This is a contradiction. Therefore, we have
1
y1(1) =y,(1) and J(y{—y;)zdzso from the inequality (3.3).
0

Thus, we obtain

1

[ - shraz =o,

0
which implies that yj—-y,=0 and y, —y,=constant. Since y;(0)=y5(0) and
y1(1) =yy(1), we have y; =y,. This completes the proof.

Lemma 3.5. If mZQ/\gl;v)

v
positive lower solution of (1.1), then I(z)<yp,(z) on I.

s Ym is a positive solution of (3.1),;, and I(z) is a

Proof. Since I(z) is a positive lower solution of (1.1), we have

z z 1y
"> _2_2_,_«\_2_ A2 (2/\)2+,\2> A2 (2,\+m) +_A_2
= 322'87 8 2 T8 8 2 g

Thus, ! is a lower solution of (3.1),, and by Lemma 3.4, (z)<y,(z) on I. This

completes the proof.

Note. From Lemma 3.5, we know that all positive solutions of (3.1),,,
A

mzw, are bounded below by a positive lower solution of (1.1) on I.

Lemma 3.6. If mIZmZZ-QI\EI%U) and Ym, and Ym, are positive solutions of

(3.1),.,11 and (3'1)m2’ respectively, then ymISym2 on I.
Proof. It is clear that

Ym,(0) =m1;2m% and  2ypp, (1) = (1 +0)ym,(1) =0.
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Also, we have 2 & 112
Yy o= _’\_2.(2A+ 2)2 A2 _’\_2.(_2_’\_+_ﬁ_+'\_2
- — o
my 8 v2 \ 8 8 y2 . 8

So, Ym, is an upper solution of (3.1)m1 and hence, ymlgym2 on I. This

completes the proof.
Remark. From Lemma 3.6 it follows that there exists a monotone decreasing

sequence of functions {ym} defined on I. We will use this sequence to show the

existence of a positive solutionm of (1.1).

4. Existence of a solution for (1.1)

2)(1
Theorem 4.1. (Existence) Let my be a positive integer such that "'02—_5___-‘;2'

If Ymy+m is a positive solution of (3'1)m0+m for each m=1, 2, 3, ..., then
the sequence {Ymg +m) converges to a positive solution y of (1.1).
Proof. To prove this theorem, we prove the following steps:

Step 1: Ymg4+m — ¥ as m — oo.

Step 2: yeC?((0, 1]).

Step 3: y is a solution of (1.1).
Step 1: From Lemma 3.5 and Lemma 3.6, we know that the sequence {¥mg + m} is
monotone decreasing in m and is bounded below by a positive lower solution I(z)

of (1.1), where I(z) is given in Lemma 2.1. Therefore,
Ymg4+m —* Y as m — 0o and y(z)>1(z) on I.

Step 2: If we integrate y;,'n0+m from r to 1, then we have

{ o Gtk
2 \2) "my+m 2
g )= [ TP 1
z my+m
1 (_r_+_1_)2
2 \2) "my+m 2
ylmo+m(z)=y§no+m(1)+J(%.7_(jr_—38—) dz, (4.1)
T my+m

and
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y‘"o + "‘(%) =1 —2’- .

+T(,\_ﬁ_(2x mo+m)2_,\_2) (4.2)
1
2

If we let m —— oo in both sides of (4.2), then, by Lebesgue’s Dominated
Convergence Theorem, we obtain y’,n0+m(%) — b as m — oo. Now, from (4.1) and

(4.2), we derive

1
2 3 (L+ 1+ 2
- [ gy =
z Ymy+m
If we integrate both sides of (4.3) from % to z, then we obtain

i) g (8 ()

1
2:5 (L 1 .2
=’\§IJ. 24 2m0+m ds d —%[(%—z) dz
Ymg+m
19 o 1
2 2
1
22 (_t_+ 1 -
:%I(:—t)--”z,—mﬁT— dt-%I(%- ) da. (4.4)
T Ymg +m 1
2
Let 0<E<2 and x €[¢, 1]. Then we obtain
iz 1
X Z
(2’\ 2m0+m)2 (2’\2)2 on [e, 1] as m — oo.
ym0+m Yy

So, if we let m —— oo in both sides of (4.4), then, by Lebesgue’s Dominated

Convergence Theorem, we obtain
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1
2 z
2 2
s -d)-e-D=% [0 B wg T4 o sy
z 1
2
which implies yeC%((0, 17).
Step 3: Now, we show that y is a positive solution of (1.1). It is obvious

that
y(0) =0 and y(z) >0 on (0, 1].
From the construction of y, we obtain l1m y(z) 0 which implies that y is

continuous at 0. If we take the first and second derivatives of both sides of

(4.5), then we obtain

1
2
y’(z)—b:%z’ J(Q’\)z dt—(——z) (4.6)
z
and
v'(z) =’\§2 (_(f’\)z-l-l): —3;:/2+A82—. (4.7)

Also, we obtain

1 -1 . 2
V0= T vmg e m(D = i Vg ml1) =04

B oo

y2

H—.MIH

If we integrate both sides of (4.7) from % to 1, then

which implies that

=y(1).
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Thus, y is a positive solution of (1.1). This completes the proof.

Corollary 4.2. Let y be a positive solution of (1.1). Then % is nonincreasing
on (0, 1].

Proof. By Lemma 2.1 and Lemma 2.3, y(z)<Z on I and y”<0 on (0, 1).
Therefore, —y is convex on I and thus, -—g is nondecreasing on (0, 1], which

means that % is nonincreasing on (0, 1].

5. Uniqueness of a positive solution of (1.1)

Theorem 5.1. Assume that y, and y, are positive solution of (1.1). Then y, =y,.
Proof. The proof is similar to the proof of Lemma 3.4.
Let y; and y, be positive solutions of (1.1). Then

) . .
1" 1 T 2 2

v{ —vy =—5——= (y{—ys) on (0, 1). (5.1)
1~ Y2 327 2 17 Y2 s

So, if we multiply both sides of (5.1) by y;—y,, then we obtain

2
(yi'—y'z’)(yryz)=§2—ﬁ7 (v1+v2)(yy —v,)* 20 on (0, 1). (5.2)
1°Y2

Therefore, if we integrate both sides of (5.2) from 6 to 1, then
1
05 [ - )0y - v0)dz,
)

1
0 < (y1(1) = 93( 1))y, (1) —y5(1)) — (¥1(8) — ¥3(8)) (91(8) — ¥,(6)) — I(yi—yé)" dz,
and 1 6
0<i ;”(yl(l) = 92(1))% = (¥}(6) — ¥5(6)) (1(8) — wo(8)) — J(yi -y3)? dz. (5.3)
s

By Lemma 2.1, Lemma 2.2, and Lemma 2.3, |yi(z)|is bounded on (0, h) for small
enough h. Now, if we let § — 0+ in both sides of (5.3), then we obtain
1

0 <120 (1) - 1p(1)) - 4 -wp)? ds, (5.4)
0

which implies that
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1

1
Fn (1) =3n(1)2 [ 64—y da.
0

Now, if y,(1)-y,(1) #0, then

1
0<1§v (y3(1) = 92(1))% < (33(1) —y(1))? S(I(y;—y;) dz)fg J(y;;y;)z dz
and hence, 1 0 0
L4 (1) =310 < [ (- iR,

0

This is a contradiction. Therefore, we have
1
y;(1) =y,(1) and J(y;—yé)z dz <0 from (5.4).
0

Thus, we obtain

1
J.(yQ—y'z)zdzzo.
0
which means that yi—y’2=0 and y; —y,=constant. Since y,(0)=y,(0) and

y1(1) =y,(1), we obtain y, =y,. This completes the proof.

Remark. Baxley [1] proves that there exists at most one positive solution y(z)

satisfying
y(ip) — 0 as z — 0+
EA
where 1'2H)<p<1. Also, he leaves open the possibility of multiple positive

14+v
solutions satisfying y(z) — 0 as z — 0+ more slowly than z 2 | However, from

Theorem 5.1 we know that there exists only one positive solution and hence

there is no positive solution satisfying y(z) — 0 as z —— O+ more slowly
1+v
than z



R. Kannan and J.-Y. Shin 138

6. The behavior of £+”(:)

In this section, we will consider Baxley’s second question in [1]. To
answer this question, we will use Lemma 2.3. For certain values of A, we will
construct a positive upper solution of (1.1) which is less than y::f%. Now, we
consider yzAi:%—-Bzz, 0<A<1l, 0<B, and we find the conditions on A and B so
that y is a positive upper solution of (1.1). To satisfy O<y on (0, 1], we

have
0<A Bz on (0, 1] (6.1)
2X > e

If 2AB< A, then the inequality (6.2) is satisfied. To satisfy the boundary

condition for a positive upper solution of (1.1), we have

0<2 (A-2B)-(1+v)gk-B) or 0<(1-0)&-(3-v)B. (6.2)

So, if A<2) (?:1)3, then the inequality (6.2) is satisfied. To satisfy the

condition for a positive upper solution of (1.1), we have

2 2 2
~2B< ——§~—+% or —2B< ———[1—-———+’\§. (6.3)
32:(A - Bz 32 (§X‘B‘)2
It is clear that
1 1
A _ - A _ ’
82 (£-Bf 32 (2,\ Bz
So, if
A 1 2)
(2,\ 3)22—— or A>2\B+

32(28+4) \/32(2B+%) ’
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then the inequality (6.3) is satisfied. Now, we consider the equation

A(B) = 2AB+ —ZA

32(2B+ %2) .

Then we know that
A(0) =1, %(0):2)(1—%), and 44(B) > 44(0).
dA 3
To get A<1, we need E(O)<O and so, A®<4 or A<43. Now, we solve

A(B)=2)B+-—22 -1 for B.

\/32(2B +"§2)

Then we obtain

-(2-18 1 AT53

B:OorBiz 35

Clearly, we know that if we replace B with B, in A(B) then A(B )#1 and so

B is not a solution of A(B)=1.

Summarizing the above discussion yields the following result.
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Lemma 6.1. Let

3 1 2_16 1 Y 1—v
¥<4, By= -5 (,\ L6 4 /3432 ), B,=1 min (BO, 2—————)‘(3_0)),

and let

_1
Ay =228y +2)(64B, +4)?) 2,

Then yu::Au-—Qf::\-—-Buw2 is a positive upper solution of (1.1).

Theorem 6.2. Let A3<4 and let y be a positive solution of (1.1). Then we have

y_1
<3y

lim 3y

z-0 +

Proof. It is clear from Lemma 6.1 and Lemma 2.3.
Note. Theorem 6.2 answers Baxley’s second question in [1] imn part, but
Baxley’s second question for large ) is still left open. However, we know from

Lemma 2.2 that

Al — 1 as A\ — 0.

So we expect that éLa% %::%x for large enough A. Also, our numerical results
show that i(l)rr#%z% for large enough A.
z
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