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SOME SIMPLE CRITERIA FOR STARLIKENESS AND CONVEXITY

Petru T. Mocanu

ABSTRACT. Let A, denote the class of functions f(z) =z + an4q 21! + ...,
n 21, that are analytic on the unit disc U and let A = Aj. Let us denote by
S* and K the subclasses of A consisting of functions which are starlike and

convex, respectively. ‘
We find some criteria involving f' or f' only in determining the

starlikeness or convexity of f in Ap orof F=I(f), where I is a certain
integral operator. Several examples will show how difficult it is to use the
analytic definitions of starlikeness or convexity, while our criteria produce
results immediately.

1. INTRODUCTION.
Let A denote the class of functions
f(z)=z+ans12™1+.., n=1,

that are analytic in the unitdisc U={ze C;, 1zl <1} and let A = Aj.

The analytic function f, with f(0) =0 and f'(0) #0, is starlike on U (i.e.
f is univalentin U and f(U) is starlike with respect to the origin) iff
Re[zf'(z)/f(z)] > 0, for ze U. The analytic function f, with f'(0)#0, is
convex in U (i.e. f is univalentin U and f(U) is convex) iff
Re[zf"(z)/f'(z)] + 1 >0, for ze U. Let denoteby S* and K the subclasses of

A consisting of functions f which are starlike and convex, respectively.
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In several recent papers, [1], [3], [5-10], some simple sufficient conditions for
starlikeness or convexity were given. In this paper we obtain other new such
criteria for starlikeness or convexity.

2. PRELIMINARIES.

Let F and G be two analytic functions in U. If G is univalent, then we
say that F is subordinate to G, written F <G, or F(z) <G(2), iff F(0)=G(0)
and F(U) < G(U).

We shall use the following lemmas in order to prove our main results.

LEMMA 1. [2] Let ¢ >-1 andlet q be convex in U, with q(0) =1 and let
P(z) =1 + Pp 2" + ... be analytic in U. If

P(z) + zP'(2) < q(2),

c+1

then P< Q, where
+1 .
Q2) = '—(—m—nzcc+ = J q(®) tle+D/n-1 gt

LEMMA 2. Let n be a positive integer and let Bo = Bo(n) be the solution of the
equation Br =3n/2 - arctan(nf). Let

a=oBn)=p+ ;2‘:_ arctan(np),

for 0<B<Bo. If p(z) =1+ pnz™ + ... isanalytic in U, then

o B
p(z) + zp'(z)< (11 TZZ) = p(z)=< (11 TZZ) .
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This lemma was proved in [4, Theorem 5] in the case n = 1.

3. MAIN RESULTS.

THEOREM 1. Let ¢ >-1, let n be a positive integer and let us define

1
n M = Mp(c) = Lri :
e (c+1)[\/(n+c+1)2+(c+1)2+|cl]
If fe Ap and
2) If'(z)-11 <M,

then I.(f) € K, where Lo An — Aqn is the integral operator defined by F = L(f),
with

z 1
(3) F(z) = c; 1 J fteldt=(c+1) (j[ f(z)tcldt, zeU.

Proof: Let fe Ap satisfy (2), with M given by (1). From (3) we deduce
zF' + cF=(c+ f
and
(4) ZF" + (c+ DF =(c+ Df.

If we set P =F', then (2) is equivalent to

1
c+1

P(z) + ZP'(2) =f'(2)< 1 + Mz =q(2)

and by Lemma 1 we deduce P<Q, where
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+1 ‘ (c+ 1M
c
Q@) = &/ J qlt) teD/nlde =1 4+ crisn?
If we let
(c+1M

) R=¥T+n

then

(6) IP(z)-11 <R

Since R< 1, we deduce IF' -1l <1, which shows that F is univalent.

Therefore, if we put

zF"(z)
p(2) = T tl

then the function p(z) =1 + pp z" + ... is analyticin U and from (4) we

deduce
F'(p+c)=(c+Df.
Hence (2) becomes
(7) IP@)p(2) +c]-(c+ DI < (c+ M.

If Rep(z) # 0, then there exists zgpe U such that Re p(zg) = is. Therefore,
in order to show that (7) implies Re p(z) > 0 it is sufficient to check the
inequality

(8) 1P@lis+cl-c+ DI 2(c+1)M,

forall real s andall ze U.
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If welet P=u +iv, then
E=IP{s+¢)-(c+1)I2
= (u? +v2)s2 + 2v(c + 1)s + [cu - (c + 1)]2 + c2v2
=(u2+v2)s2+2v(c+1)s+ IcP-(c+1)I2
On the other hand, from (6) we deduce
IcP-(c+1)I>1- [clR,
hence,
E2(u2+v2)s2 +2v(c+1)s + (1- IcIR)2
and the inequality (8) holds ivf
E-(c+D)2M22(u2+v)s2+2v(c+ 1)+ (1- 1cIR)2-(c+1+n)2R2>0
and this last inequality holds if
A=(c+12v2-(u2+v2)[(1-1clR)2-(c+1+n)2R2] <0,
ie. if
9  v(c+1)2+(c+1+n)2R2-(1- IcIR))] <u?[(1- IcIR)2-(c+1+n)2R2].

From (6) we deduce

vZ R2
WZ=1-R2
and a simple calculation yields
R2 (1-1clR)2-(c+1+n)2R2

T-RZS(c+ 12+ (c+ 1+ n2RZ-(1- [cIR2”
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where R is given by (5).
Hence the inequality (9) holds and from (8) and (7) we deduce Re p(z) > 0,
which shows that Fe K. B
COROLLARY 1.1. Let ¢ >-1 and let n be a positive integer. If f€ An and
I[f'(z)] <nM, for ze U,

where M = Mq(c) is given by (1), then 1.(f) € K, where 1. is defined by (3).

If in Theorem 1 we take ¢ =0 and use the fact that Fe K< fe S* then

we deduce the following criteria for starlikeness.

COROLLARY 1.2. If fe Ap and

n+1

No+1)2+1°

If'(z)-11 < for ze U,

then fe S*

We note that for n =1 this corollary was obtained in [11, Theorem 3].
Another proof was given in [6].

COROLLARY 1.3. If fe Ap and

n(n + 1)

If'(z)| S ——=——=—=—, for ze U,
Vin+1)2+1 f
then fe S*

This corollary improves a result obtained in [8, Theorem 2].

COROLLARY 14. Let ¢>-1 and let n be a positive integer. If fe Apn and
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n+1)(c+1+n)

10) [f(z)-11 < , U,
( z c+DVYn+12+1 pF s

then I.(f) € S*, where L. is defined by (3).
Proof: From (4) and (10) we deduce

(n+1(c+1+n)

F'+

and by Lemma 1 we obtain

n+1l

F'2)<]l + —— z.
z +\/(n+1)2+1Z

Hence

n+1l

IF(z)-1) « —oo—
i <\l(n+1)2+1

and from Corollary 1.2 we deduce F e S*.

) n ]I

then 1£'(z)/f(z)1 <1 and hence fe K. This result is sharp.
Proof: By Schwarz's lemma we have

n
n+1l

AR

If'2) <

Hence

z 1 1
| G[ £1Ode = 1z J f(z)dt] < — J tn-1dt =

cll zZF'=f'<1+ z
(c+DVn+1)2+1

1

n+1-

33
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Since
Z
fz)=1+ J £1(©de,

we deduce

z
1)l 21- IJF'(Q)dCI 21—l

Therefore 1f'(z)/f'(z)! <1, which shows that f e K. The function
n+1
f(z) =z + (nZTl)Z shows that this result is sharp.

THEOREM 3. If fe Ap and
: n
(11) larg £(z)| <¢n=0n 75,
where o = an is the unique root of the equation
2 arctan[n(1 - )] + n(1 - 2a) =0,

then fe S*

Proof: If welet p(z) = 2f'(z)/f(z) and P(z) =f(z)/z, then by Lemma 2 the
inequality (11) implies

larg P(z) | <Bng,

where Bn=1-0a, and we deduce

larg p(z) | = ‘arglg((—;)zl < larg f(z)| + larg P(z) | <(an+Bn)§=§
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for z e U, which shows that fe S* B
We note that

o1 = 0.6165..., 01 =0.968... (55°48...)
oy = 0.6808... , op = 1.068... (61°23...).

In the case n =1, Theorem 4 was proved in [6, Theorem 1].

4., EXAMPLES.
EXAMPLE 1. If we let
(12) f(zy=(1-Mz+Asinz, ze U, Le C,

then we have

(e-1)2

If'2)-11=2 'lsinzg-l < 2IAlsinh2(1/2) = Al e -

Since fe Aj, from Corollary 1.2, with n =2, we deduce that

Al =1746.. = fe S*

< 6e
“(e-1)2V10
We also have

If'(z)| = IAsinz! < IAlsinh 1

and from Theorem 3, with n =2, we deduce that

2 4e
Al s3 Snk1 =321 =0567.. =fe K.
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In particular the function f(z) = z + sin z is convex in U.

EXAMPLE 2. Let f(z) =z +A[ez-1-2-22/2], ze U, A e C. In this case we

have
If'(z)-11 < IAl(e-2).

Since fe Ajp, from Corollary 1.2, with n =2, we deduce that

Al < =1.32...=>fe S*.

3
(e-2)V10
We also have

') = 1Mez-1)1 < IAl(e-1)

and from Theorem 2, with n =2, we deduce that

2
Al Sm=0.387... =fe K

EXAMPLE 3. Consider the integral operator (3) with ¢ =1, ie.
z
2
Fz)=3 O[ f(Hdt.

If f is given by (12), then
2\
Fz)=(01-AMz+ ?(1 - COS 2)

and applying Corollary 1.4, with ¢=1 and n =2, we deduce that

M <—228  _3493. =Fe S

e-12V10
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EXAMPLE 4. If we let
Ze
f(z)=z+KJ | es-1dsdt, ze U, Le C,
0

then

' e
I£'@) < IV S

and from Corollary 1.3, with n =1, we deduce that

2(e-1)

e\s

[Al < =0.565... = f e S*,

Also, according to Theorem 2, we obtain

Al se—z'él= 0316.. = fe K.

EXAMPLE 5. If we let

z t
f(z)=z+de[ (;s'_—T-l)dsdt,zeU,leC,

then fe Ay and

f"(z):A(ezz_l-1).

Since for |z| =r < 2r we have

z r r
,ez_1-1|51+§(1-cot§),

37
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we deduce
Al 1
If"(z)l<——2 (3-cot§).

Hence by Corollary 1.3, with n =2, we deduce

Al 5—121——— —3244. = fe S

(3 - cot E)\/ﬁ

and by Theorem 2 we obtain

[Al S—:'L-— =114.. = fe K

1
3 (3 - cot 5)
EXAMPLE 6. Consider the integral operator (3), with ¢ =-1/2, i.e.

1
F(z) = % J f(tz) t3/2 dt.

If f is defined by (12), then

1
F(z)=(1-M)z +% J t-3/2 sin(tz)dt.

Applying Theorem 1, with ¢=-1/2 and n =2, we deduce that

Al < L =301.. =>Fe K

v_(e- D226 +1)

and from Corollary 1.3, with n =2, we obtain
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30e

Al €S————=8.73.. = Fe S*
(e-1)2V10

EXAMPLE 7. If we let

2 142023
f(z) = J (ﬁ;) dt, ze U,

then fe Ay and
larg f'(z) | <g.

Hence by Theorem 3, with n =2, we deduce that f e S*.
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