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OPTIMAL CONTROL OF AN
ELLIPTIC GOVERNED PROBLEM

V. Barbu* and N. H. Pavel*

1. Introduction. We shall study the optimal control problem

1
Minimize L(y,u); Ly, u) :/ y(z.0)ds (1.1)
0
subject to
ytt(Ixt)‘f‘(u(I)y:(I«t)):=f($wt)~ in (0,1)X(0,T)=Q (12)
y(e.0) = y(x,T);  yele,0) = yel2,T) (1.3)
y(0,2) =0; y(1,t) =0. (1.4)

The set U of admissible controls is the following:
U ={ueLlip(0,1); Ju'(z)] < p, ae. in (0,1)
0<a<u(z)<b Vzel01], u(0) =a,u(l) =85} (1.5)

with0<a<g3<b p>a+8—2a>0.

Here f € L%(Q) guarantees the existence and uniqueness of an L?(0, T; H) solution
of (1.1)«(1.4), H = L*0,1). However, we shall see that for the determination of
the optimal control u*, more regularity and sign conditions on f will be required.
The problem (1.2)-(1.4) can be viewed as a stationary heat conductor model for
a strip conductor (0.1) x R with periodic conditions in the variable ¢, with zero
flux condition at r = 0 and zero temperature at z = 1. We shall determine the

Dedicated to Professor Roberto Conti with the occasion of his 70*" birthday.
* Supported by National Science Foundation under Grant DMS 91-11794.



132 Optimal control

optimal control u* corresponding to the cost functional of the form (1.1). Other
cost functionals can be treated in a similar way, but the determination of optimal
control will be likely more complicated (or simply not possible). For example one

can consider the following cost functionals L,(y,u). 1 = 1.2 in place of L{y. u}):

1
L1(y-u)=/ ly(£.0) = g1(z)|*dx (L.1)
0

or

T
Lol 0] :/ 19(0,4) — galt)2dt, (1.1)"
0

where g; € L*(0.k;). 1 = 1,2 k; = 1. ko = T are given functions. The minimization
of Ly and L, will be studied elsewhere. Note that the minimization of L (or L;) is
actually an identification problem, i.e.

How should we choose the coefficient u in the state equation (1.2) (under bound-
ary condition (1.3)—(1.4)) to achieve some prescribed goal (e.g. to achieve the min-
imum of L (or L;))?

In order to prove that for each u € U, the problem (1.2)-(1.4) is well-posed,

define:

D(A(u)) = {H*(0.1):y:(0) = 0, y(1) = 0} (1.6)
(A(wy)(z) = (w(z)yz(z))z,y € D(A(u)),u €U, (1.7)
where H?(0.1) is the usual Sobolev space with Q = (0,1).

Observe that y(1) = 0 yields

1
|y(r)|s/0 lve(s)]ds < Welzzony ¥ € D(A(u)) (1.8)

so
[Ylr2c00) < lyzlezon). v € D(A(u)). (1.9)

It is now easy to check that A(u): L*(0,1) — L*(0,1) is strictly negative definite

(strictly dissipative), namely

1
{(AlwW)y. y) 201 = —/ u(2)yz(z) dz < —aly,|* < —aly|*. ¥y € D(A(u)) (1.10)
0
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with @ > 0 as in (1.53) and |y| = [y|p29.1y. Moreover. (A(u)y,z) = (y. Au)z) 2001,
for all y.z € D(A(u)) and therefore A(u) is also selfadjoint.

Define as usual the realization A of A(u) in L%(0.T; H) by:
D(A) ={§ € L*0.T: H): j(t) € D(A(u)), ae. in (0,T):t — A(u)j(t) € L*0.T: H)}

and

(A§)(t) = A(u)g(t). ae. in (0.T) for § € D(A) (1.11)

with A = Ai(u).
It is easy to check that 4 is also strictly dissipative and selfadjoint in L2(0.T; H).

Now,. let us define:
D(B)={:¢€ Hz(O.T:H).:(O) =2(T).z:(0) = z¢(T)} (1.12)

and

Bz ==zy4, z€ D(B). (1.13)

Then B is dissipative
T -
<B:-:>L2(().T:H) = —/ ]:t(s)]i_{ds S 0, Vz € D(B), (114)
0

and it is also known (and easy to check) that B is maximal dissipative [1].

On the other hand, the sum A + B is a selfadjoint strictly negative definite
operator in L?(0,T: H) so it is maximal dissipative onto and one-to-one. In other
words, for every f € L?(0,T; H), there is a unique §j € D(A) N D(B) such that

Bj+ A(uw)j = f (1.15)

which means that § = y(z,t) is the unique solution of (1.2)~(1.4) in L*(0,T; H).

For more details we refer to [1]. Summarizing, we have proved:

Theorem 1.1. For every u € U and f € L*(Q), the problem (1.2)~(1.4) has a
unique solution y = y* € D(A) N C(B).

2. Determination of optimal control. In order to define precisely the optimal

control u* for Problem (1.1). introduce the set M of admissible pairs (y, u).

M ={ly.u).y € D(A(uw)) N D(B),u € U.(y,u) related as in (1.15)}. (2.1)
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In other words (y. u) € M means: y is the L*(Q) solution of (1.2)—(1.4) correspond-
g tou € U.

By definition, an optimal pair (y*.u«*) € M satisfies

Liy* . u™) =inf{L(y.u)(y.u) € M} (1

[Sv]
o
~

with L asin (1.1). Here u™ is an optimal control and y* = y,» is the corresponding
optimal arc.

Now let us rewrite (1.2)-(1.4) as

Yo+ Awy=f inL*(0.T:H) = LYQ) (2.3)

y(0) = y(T).  y(0) = yo(T) (2.4)

and introduce the tangent cone to M at (y.u) € M:
Tan M(y,u) = {(v,w),v € L*(Q);w € Tan U (u);
vee + A(u)o + A(w)y =0 in L}Q) (2.5)

p(0) = o(T):  vi(0) = v(T)}.

The existence of an optimal pair (y*, u*) follows by standard arguments [3] and it is
not our goal here. It is our purpose here to determine explicitly the optimal control
u® (under additional restrictions on f). Precisely the main result of this paper is

given by:

Theorem 2.1. Let f € C!(Q) satisfy the following sign condition:
flz,t) >0, fiz,t)<0 inQ. (2.6)

Then the optimal control u* of Problem (1.1) is given by:

a — pz, forz € [0,(a —a)p~Y]
u(z) =< a, forz €f(a—a)p ™t (a+p—23)p7Y (2.

[\
=~
~—

d+ple=1), forzellat+p—3)p 1]
with a,«. 3 and p as in (1.5).

The proof of this theorem is delicate and relies on the lemmas below.
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Lemma 2.1. Let f € C'Y(Q) satisfv the sign condition (2.6). Then the solution y

of (2.3)-(2.4) satisfies the sign condition
ylr.t) < 0. ylr.t)>0 inQ.

Proof. Since f > 0in Q. (1.2) vields

el t) +(u(x)y(z.t)), >0 1in Q.

so according to the maximum principle for elliptic equations, we have

) =max ylw. 1)
méi\y(x ) i}%\y(t )

(2.8)

Maximum of y cannot be assumed at a point (0.¢) of the boundary Q of Q. Indeed,

if we assume by contradiction that maxsg y(e.t) = y(0,tp), 0 < to < T, then the
normal derivative ﬂ(O,to) > 0. But %’—(O.to) = —y,(0,tg) = 0 which is not the

vz

case (as y(0.ty) = 0 by (1.3)). Similarly we can check that the situation

n%xy(l'.t) =ylre.0)=ylrg,T), 0<zy<1
is also impossible. Indeed. (2.9) would imply

9y 9y
avt(lo.O) > 0, %(IOT} >0

—yt(20,0) >0 and yi(zo.T) >0

which is in conflict with (1.3). Therefore

1) = max y(1.t)=0
r%%xy(r) o?tany( )

so y(x,t) < 0in Q. To complete the proof, set:
z(z.t) = u(z)y,(z,t) in Q.
In view of (1.2)~(1.4) and y(z.t) < 0 in Q we derive:
Sie+ulr)z, =u(z)fi(r.t) <0 inQ
Hr.0) =22, Ty z(2,0)=z(2.T), in (0,1)
20,t)=0; =(1,t)>0 1n(0,7)

(2.9)

(2.10)

(2.11)
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so. according to minimum principle,

mén:(.r.f) = min z(x.t). (2.16)

a

Arguing as above. z cannot assume its minimum (infimum) on the subboundary
{(.0).(2.(T)),0 < & < 1} of dQ (due to the periodic condition (2.14)). Therefore
mingg z(xr.t) = 0 (by (2.15)). so z(x.t) > 0 in Q, te. yy(z.t) > 0 in . This

completes the proof. [J

The most delicate result necessary in the proof of Theorem 2.1 is given by

Lemma 2.1. A function w € L'(0.1) belongs to the normal cone Ni:(u) to U at
w e U if and only if:
w=—60"+n inD'(0,1) (2.17)

with § € L'(0.1). y € L'(0.1) satisfving
f(x) =0 ae in {r € (0,1):|u'(z)] < p}
B(e) = Az)u'(z) ae in {z € (0,1); [u'(z)| = p},
where A € L'(0.1). A(x) > 0 a.e. in (0.1).
n(z) =0, ae. in {z € (0,1);a < u(z) < b}
n(z) <0, ae in {z € (0,1);u(z) = a}
n(z) >0, ae in{z € (0,1);u(z) = b}.
The proof of this important result can be found in [2], [4] or [5].

Proof of Theorem 2.1. Let (y*,u*) € M be an optimal pair for problem (1.1)
and let p be the solution of the following dual problem of (1.1)-(1.4)

pu+ (u™(2)pe(2,t)): =0 in Q (2.17)
p:(0,t) =0, p(1,t)=0 in[0,7] (2.18)
p(r.0) =p(z,T); pele.T)—p(z.0)=-1 1in (0,1). (2.19)

The existence and uniqueness of the solution p can be proved as in the case of

(1.2)=(1.4). The only adjustment is that in this case

D(B) = {z € H¥0.T; H).2(0) = 2(T), 2(0) — z(T) = 1} (2.20)
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so B is a nonlinear maximal dissipative operator in L*(0.T: H). It follows that

A + B is also onto and one-to-one from D(_i') N D(B) into L*(0.T: H) so there is a

unique solution p € D(A)N D(B) of Problem (2.17)-(2.19). We now prove that

o
18]
—

ple.t) <0 and pgle.t)>0 in Q. (2.

Indeed. according to maximum principle
maxp(xr.t) = maxp(r.t). (2.22
axp e H )

As in the proof of Lemma 2.1. the maximum of p(z,t) cannot be assumed on the
subboundary {(0.1),0 < ¢t < T} = Sy of 9Q. In view of (2.19) we can also check
that maxsq p(z.t) cannot be assumed on {(z2,0).(z,T),0 < z < 1} = St. Indeed,
if maxsg p(r.t) = p(zy.0) then

dp 0
a—f(IO.O) > 0. a—’:(IO,T) >0
which means
—pe(20,0) >0, pi(zp,T) >0 ‘ (2.23)

respectively. Or. (2.23) is in conflict with (2.19). Therefore the only possibility is
mgxp(z.t) =p(Lt) =0

so p(z.t) < 0in (. The proof of the inequality p,(z,t) > 0 in Q follows the same
steps as the proof of y;(z,t) > 0 in Q, with z(z,) = u*(z)ps(z,t) and therefore
(2.21) holds.
We are now in a position to complete the proof.
Recall that if
G(F)= ;2& G(y)

with G: W — R — Frechet differentiable, then

OG(F)(Y) > 0forall Y € Tan M(Y), (:

N
1o
NN
N

where 0G(F') stands for the Frechet derivative of G at F € M.
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In view of this simple principle, we can derive (in the case of G(y) = L(y.u)):

[S¥]
[R™]
(1}

1 :
/ p(e.0)de >0 for all (v.w) e Tan M(y™ u®). (2.2:

0

Multiplying (2.17) by v and integrating over [0, T] and [0, 1] one obtains successively:

T T
<p,.v)\§—/ (pt.vy) dt+/ (A(u™)p(t),v(t)) dt =0 (2.26)
0 0

1

with (f,g) = [, fle)glz)dr = (f.g) . H = L*0.1). Therefore

1 T
—/ v(z,0)dx +/ (v + A(uw™)v.p)pdt =0 (2.27)
0 0
with v as 1n (2.5). so
1 1 T
~/ v(w.O)dm—)—/ / w(z)yi(z, t)p(z.t)dedt =0 (2.28)
0 o Jo
which implies:
1 ;T 1
/ w(r)(/ y:(l',t)pr(r.t)dt> dt:/ v(z,0)dz >0
0 0 0
i.e. the function ¢ defined by
T
o(z) = —/ yi(z, t)ps(z,t)dz, =€ (0,1) (2.29)
0

belongs to the normal cone Ny(u*) to U at u*. One the other hand by Lemma 2.1
and (2.21), ¢(z) < 0in [0, 1]. Or, it was proved in [2, 4, 5] that if Ny(u*) contains
a negative function, then u* is convex. In short, this can be proven as below: Since
u*(0) = @ > a the open set M, = {z € (0,1);u*(z) > a} is nonempty. Taking into

account (2.17), it follows

-0 +n=¢<0 with n>01in M,

a
dr

u* is convex so the only possibility for u* is to have the form given by (2.7). This

so —8' < 0 in M,. This implies that |-=(u*)| = p in M,. Next one proves that

completes the proof. O
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Note that there is a growing interest in the optimal control of elliptic equations.
See e.g. the recent paper [6].
The optimization of L and L, defined by {1.1)" and (1.1)"” remains an open

problem (to be studied elsewhere).
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