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On 2-Paracontact Pseudo-Riemannian
Manifolds with Minkowski Index

E. Reyes and R. Rosca

INTRODUCTION

Pseudo-Riemannian manifolds (M, g) with Minkowski index (abbr.
PRMI) have been studied the first time in [23]. Such manifolds are by
definition of even dimension, and in case dim M = 4, (M,g) is a general
space-time. Let then (M,g) be a (2m + 2)-dimensional (PRMI)-manifold
and let T,(M) be the tangent space to M at p € M. One may split T,(M)
as T,(M) = H,(M) & S,(M) where H, is a 2m-dimensional para-Hermitian
vector space [14] and S, a 2-dimensional spatial vector space.

On the other hand in last years several papers have been concerned with
almost r-contact or r-paracontact structures for any value of r even or odd,
(see for instance [3],[9]). Therefore in the present paper we assume that S,
carries a 2-paracontact structure (denoted by 2-PC) defined by two structure
vector fields & (r = m + 1,2m + 2) and we shall set S, = Dg. It is proved
that in this case, such a (PRMI)-manifold can be viewed as a Riemannian
product M = M, x My where: _

(i) Mc is a totally geodesic flat surface tangent to the 2-paracontact dis-
tribution Dg;

(ii) My is a minimal totally umbilical 2-codimensional submanifold of M,
tangent to the para-Hermitian distribution H,.

Moreover the bicontact vector field £ = ¥ f.&., f, € C*M [9], defines
an infinitesimal homothety on M and Ric(§) = —m|| £ ||*. Further the dual
vector field £ of ¢ with respect to the volume element of Mg is a Killing
vector field.
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In the 3" section we assume that M), is structured by a self-orthogonal
foliate connection (abbr. SO) defined by a global vector field ¥. Such con-
nections have been already considered, when dealing with para-Hermitian or
Hermitian manifolds (see for instance: [24], [20], [10]). A SO-foliate connec-
tion induces on M a conformal 2-cosymplectic structure defined by a 2-form
) such that d? = 2(v +n) A 2, where 1 and v are the dual forms of £ and
V, respectively. In this case M may be viewed as the Riemannian product
M = M; x M;", where M; and M;" are (m + 1)-dimensional coisotropic
submanifolds of defect d = m.

Making use of the paracomplez operator J of P. Libermann [14], it is seen
that M; and M;* may also be regarded as antiinvariant submanifolds of M.
That is, one has JT, (M) = T,,;*(M;). (see [28]).

Furthermore, V' is a null (real) vector field and it defines:

i) An infinitesimal relative conformal transformation of 1, i.e. d(LvQ2) =
v A LyQ;

i1) An infinitesimal automorphism of all the (2¢+1)-forms 7, i.e. LyvT, =
0, where T, =T AN, T = pV =ipfl.

On the other hand, the vector field JV commutes with V; and it defines
an infinitesimal automorphism of .

Finally, making use of the complez vectorial formalism (abbr. CVF) the
following striking property emerges:

Any 4-dimensional (PRMI)-manifold endowed with a 2-paracontact spa-
tial structure is a conformal recurrent space-time. Such a space-time is of
Schwarzchild type and is endowed with a local symplectic structure [27].

1 PRELIMINARIES

Let (M, g) be a Riemannian or Pseudo-Riemannian C*-manifold and let
¥V be the covariant differential operator defined by the metric tensor g. We
assume that M is orientable and that the connection V is symmetric.

Let [(TM) = %M and b: TM — T*M be the set of the sections of the
tangent bundle TM and the musical isomorphism [19] defined by g, respec-
tively. Next, following [19] we set AY(M,TM) = THom(A*TM,TM) and
notice that elements of A?(M,TM) are vector valued g-forms, ¢ < dim M.
Denote by d7 : AY(M,TM) — A™(M,TM) the exterior covariant deriva-
tive operator with respect to V. It should be noticed that generally ¥ =
d¥ od” # 0, unlike > =dod = 0. If p € M then the vector valued 1-form
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dp € A'Y(M,TM) is the canonical vector valued 1 — form of M. Smoe Vis
symmetric, one has d¥(dp) = 0. The operator

(1.1) d“ = d+e(w), acting on AM, where e(w) means the exterior product
by the closed 1 — form w € A'M, is called the cohomology operator [11].

Let (M,g) be a general space-time and S = vect{hy, A = 1,...,4} a
vectorial basis. The elements of S determine what is called in Relativity a
null tetrad, where the null vectors hy,hy are real whilst hy, hay are complex
conjugate. If §* = {64} denotes the coframe of 5 then the soldering form dp
of M is expressed by dp = 84 @ h, and since g(hy, hy) = 1,9(he, ha) = =1
the metric tensor g i1s expressed by

(1.2) g = (dp,dp) = 2(8' ® 6* — 67 @ 7).

The complex vectorial formalism (abbr. CVF) was developed in [5] and
it is based on the local isomorphism T : L(4) — SO*(C), where L(4) is the
4 — dimensional linear group, and SO?(C) is the 3 — dimensional complex
rotation group, respectively. The space of the 2— forms 84 A 8 is isomorphic
to the space self-dual 2 — forms Z%(a =1,2,3). These forms set up a basis
of the complex space C* and are expressed by

(13) Z' =P A6 Z2 = 9" A 02, 2% = (0" A 8% — 67 A 6°). Notice that
Z* is exchangeable with the metric tensor g and we agree to call it the local
almost symplectic form of M (see [27]).

The first group of structure equations in C? is expressed by

dZ' = 1G5 \NZ' = G, A 2°
(1.4)¢ dZ2? = 1GsANZ* + G A 2P
dZE’= iG;ﬁZI"%GthZ

The local connection 1 — form G,,G,, (— means complex conjugate)
are expanded in terms of the such cobasis {6} by

(1.5) Gy = Gonb?, Gy = Copd”, (7° = 6%),

and the coefficients G4, G, 4 correspond in the ( CVF) to the spinorial
coefficients of Newmann-Penrose. On the other hand the forms 64 satisfy
the following equations in terms of G and G:

d&l=§[G_3+Z¥’3}Ml+t?mai’+-gcnﬂs
(1.6) df? = 3G A0 + H(G3 — Ga) A 6° + LG A 6°

di® = — ﬁmel %{GS Ga) A& + Efna*

dgt = — Gﬂﬂz ggﬂﬂa—*-G,a-l-% ,’"'I..E4
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The coefficients G4, Gaa, play an important role in Petrov’s classific
ation of different types of space-times.

2. Let (M,g) be an even dimensional 2m + 2 pseudo-Riemannian C*
-manifold with Minkowski index [23], i.e. the index of the metric tensor g is
m (m : number of positive squares of an orthonormal decomposition of q).
Let T,(M) be the tangent space to M at p € M.

By reference to (23] one has the splitting T,(M) = Hy(M) & S,(M)
where H, and S, are a 2m-dimensional para-Hermitian vector space and
a 2-dimensional spatial vector space, respectively.

Let F = vect{£,, &, 6 ta=1,..,m,a" = a+m+1,r,s,= m+1,2m+2}
be an adapted normed vector basis such that the vector fields £,, « € {a,a"},
are real null vectors whilst £, define an orthonormal vector basis of space-
like vectors. Since F is normed, one has [23]:

(2.1) g(&a, &) = uh 9(6ar6,) = 0, and

(22) g[‘fngs} - )
We recall that H,;.{M ) admits the decomposition of P. Libermann [14]

H, = ¥, ®Y,", where T, and T," are two self-orthogonal (abbr. S0) m
distributions defined by {£,} and {£,-} respectively. The pair (3,,25,")
defines an involutive automorphism J such that

(23) J? = Id*UT{n = £a, J‘Ea‘ — "'Eu"-

The (1,1) tensor field J is called the paracomplezr operator, and in the
case under discussion, one also has J¢, = 0.

If 7* = covect{w®,w"} denotes the associated cobasis of F, then the
soldering form of M (i.e. the canonical vector valued 1 — form of M), is
expressed by

(24)dp=w" @ L+ @& +u" BE

Taking account of (2.1}, (2.2), one has

(2.5) g = (dp,dp) = 2T w* ®w® — T (w")?, where

(26) gh =2 w*® w?”, and

@7 g, = -5 (),

denote the para-Hermitian and the spatial component, respectively, of
the metric tensor g. Next the 2 — form (0 of rank 2m exchangeable with gs,
expressed by

{2 8) Q=T w Aw?,

is called the parahermitian 2 — form (abbr. pH) of M. In the following



E. Reyes and R. Rosca 51

we shall set w™ = 5" and assume that the spatial dual forms 7" define a
2-paracontact structure on M, that is [9],

(2.9) dn” =0, Q" Ag™ T A2 £0, r=m+1,2m 4+ 2.

Matters being so, we agree also to call the spatial 2 — distributionS,,
the contact distribution and write S, = Dg. Further by reference to [9] one
has

(2.10)V¢, = fi(dp — Ig), where

(211) lo =7 84

is called the contact (or spatial) line element. In addition one has

(2.12) df, = en”, ¢ = const, and (see [9])

(213) £ =L f+& € Dg,

(2.14) n = foq" € D¢”,

are called the bicontact vector field and the bicontact 1-form, respectively.
We also get

(2.18) (6,€) = — X/, = =2, () instead of g,

and therefore one has

(2.16) df = cn,

If Xe, XL € D are any vector fields of Dg, then by virtue of (2.10) it
is easily seen that one has Vx, X¢ € Dg. This proves as is known that Dg
is an autoparallel foliation and that the leaves My of Dy are totally geodesic
submanifolds (surfaces) of M (see also [13]). Let now

(2.1T) VE=0@¢E,

(2.18) dw = —8 Aw, and

(2.19) df = —8 A #+0©, be E. Cartan’s structure equations written in in-
dexless manner, where # (resp. @) are the local connection forms in the bun-
dle F(M) (resp. the curvature forms on M). We agree to denote by 6;-°, 6,
the mized para- Hermitian connection forms and set 8,, € {f;.%,8° }. Fur-
ther we call #%, 67 and 87 the mized spatial connection forms and the (unique)
spatial torsion I-form [25], respectively.

By (2.1), (2.2), (2.10), and making use of (2.17), one gets

2. 4+ 65 =0,08" +6 =0,02+62, =0
{220){ __Br_fun'ﬂf_n

If ©271? denotes the curvature corresponding to the surface Mg, then making
use of (2.19), one finds by (2.20) that ©@2%%? = 0. Hence we conclude that
M is a flat surface.
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By Frobenius theorem it follows that the para-Hermitian distribution H,
which annihilates the closed 2— form @ = g™*+! A p*™*+? (the simple unit form
corresponding to the contact distribution D¢) is also involutive. Denoting
by M, the 2m — dimensional leaf of H, it follows that the space-like vectors
¢, are normal sections on M,. Next since the restriction lp | M} vanishes it
follows at once from (2.10) that M} is a totally umbilical submanifold of M,
i.e., the second fundamental quadratic forms (dpy,V¢,), where dp, = dp |
M, are conformal to gx, (see [4]).

Furthermore, since the soldering form dps, of M, is expressed by

(2.21) dpr =w* @ £, + w* @ &qr,y

it follows that the mean curvature vector valued (2m — 1) — form H €
A=Y M TM) of My is defined by (see [2], [24])

(2.22) H = #dpy, = T(~1)*"1 AL ASPAL AW Aw™P2 AL 0T R
bar + D(1P" VP AL AW AWTTEA L ADT AL AT @ L.

In the above equation, * and the roof ~ means the star isomorphism and
the missing term, respectively, and in order to symplify, we have denoted the
restriction on M} by the same letters.

Operating on H by d* one has by the known general formula

d"H=2mH® Thy

where H (resp. o ) means the mean curvature vector field (resp. the lo-
cal Riemannian volume element of M,). Coming back to the case under
discussion one finds making use of (2.18) and taking account of (2.20)

d"H=0= H =0,

which as is known shows that M} is a minimal submanifold of M.

We shall now discuss some significant properties of the bicontact vector
field ¢ defined by (2.13). By reference to (2.10), (2.12) one derives from
(2.13):

(2.23) V&€ =2fdp + (¢ — 2f)i..
On the other hand denoting by & the local Riemannian volume element
of M one gets by (2.20) after a standard calculation:
(2.24) Leo = 2en = divf = 2¢,
and one may say that £ defines an infinitesimal homothety on M.
Next by (2.23) one gets at once

(2.25) Vet = ct
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and making use of K. Yano's general formula adapted to the considered
F-basis, that 1s,
(2.26) div(Veé)—div((div€)€)+(divg)® = Ric(§,6) 41 (Veud, bar) (Ve 6 ba)+

2
(Ve bitp)
one finds taking account of (2.23), (2.24) and (2.25):
(2.27) Ric(¢,€) = —4mf2.
Since Ric denotes the Ricci tensor it follows at once from (2. 15)
(2.28) Ric(¢) = 2mf = —m| € |I*
(Ric(Z): Ricci curvature with respect to Z, Z € M)
Further let g, : TM — T*M,Z — izp be the bundle isomorphism
defined by the 2 — form ¢ = g™+ A p?™+2, We agree to set
(2.29) T = po(€) = d¢p = frna11*™? = famean™ ! and the dual vector
field £ of 7, by i
(2.30) &€ =b71(7) = frms1fame2 — fameabman
Taking the covariant differential of £ one quickly gets by (2.10) and
(2.12),
(2.31) VE = c(M™' ® bamsz — 1°™? @ €ms1) = clbame2 Admsr),
where A means the wedge product (as is known A is skew-symmetric
with respect to ().
Since from (2.31) one derives at once (T"gf, Z’} + <‘F3-E, Z> = (), we see
that the vector field £ is a Killing vector. It also should be noticed that by
(2.23) and (2.3) one finds the relation

Viz€ = JVz¢, Z € xM,

which is similar to that of cosymplectic quasi Sasakian manifolds [7].

Theorem. Let (M,g) be a pseudo-Riemannian manifold with Minkowski
indez and endowed with a 2-paracontact (abb. 2-PC) spatial structure . Any
 such M can be viewed as the Riemannian product M = My x Mg such that:

i) Mg is a totally geodesic flat surface tangent to the spatial 2-paracontact
distribution Dg.

ii) My, is a minimal totally umbilical 2 — codimensional para-Hermitian
submanifold of M.

Let £ and p be the bicontact vector field defined by the (2-PC) spatial
structure and the Riemannian volume element of Mo respectively. Then :

1. ¢ defines an infinitesimal homothety on M, and Ric(€) = —|| € ||?,



54 Pseudo-Riemannian Manifolds

2. The dual vector field & of & with respect to ¢ is a Killing vector field.

3. One may associate with the paracomplex operator J the antiinvariant

operator A , [26], [27] such that
(3.1) A2=+1, 40 J+Jo A=0,
and A is symplectically anticanonic, i.e. AN = —{L.

Denote by 8,, € {65.,605 } the mized connection forms associated with the
Witt basis W = {£,,-}. Consider on M the globally defined parahermitian
vector field

(3.2) V = T (taela + talar), tay o € C°M, and denote by

(3.3) v =b(V) = T t,w®

its dual form. It is easily checked that one has v(V) = 2 totae = || V II*
and we agree to set

(3.4) t = T tyi,e.

Recalling that the wedge product is the linear operator A defined by
(XAY)Z = g(Z,Y)X—g(X, Z2)Y, we assume now that the mixed connection
forms 8,, are expressed by

o ) (AV & AE) = 0
(3.3) { (AV, & Nbar) = 6
(see also [20]). Since
(3.6) AV = T(taba + tavbar)
one gets by (2.15)

02 = tyew® — t -’
(3?] { ﬂb“* == tbw“' - 4L~Pb.

and one checks that equations (3.7) are matching the general relation
e + Eg, =0, g:' "|"EE:‘ =1.

It also should be noticed that the connection forms 8., are integral relations
of invariance for the vector field V (in the sense of A. Lichnerowicz [15]), i.e.
(3.8) 8.(V) =0.
Denote now by T, and ¥_," the two self-orthogonal distribution [14] de- '
fined by {&.} and {£;} respectively (i.e. I, = E:, Yo =13:"), and let
(3.9) g =w' A...A™, and
(3.10) * = w™H A LA™
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be the simple unit forms corresponding to 3°, and 37, respectively.
Taking the exterior differential of I, and ¥}, one derives by (2.14), (3.3),
(3.7) and making use of equations (2.16)

de = (v+n—0nic) A
3.11 .
( ]{d‘ep’:(tr-i-?}-l-ﬂmc}ﬁtp

which shows that both m-forms @, are ezterior recurrent [6]. In the
above equations fg;. = 3 6%,(8° = —#°.), denotes the Ricei 1-form of M,
[2] and by Frobenius theorem one may say that 3=, and 3_7 define each a
self-orthogonal (abbr. SO) foliation. Therefore we agree to denominate the
connection defined by (3.5) a (SO)-foliate connection (see also [20]). Due to
the fact that 7 is a closed form, it follows by a simple argument from (3.11),
that both 1-forms v and fg;. are closed.

On the other hand taking the exterior differential of the para-Hermitian
2-form () defined by (2.8), one deduces taking account of (3.7)

(3.12) d0 = 2(v + 1) A Q.
Therefore since (1 is of rank = 2m = dim M — 2, we agree to call {2

a conformal 2-cosymplectic form [9]. In consequence of this fact the 1-form
v + 1, may be considered as the Lee covector associated with {). In the light
of this definition and by reference to the concept of f~Kenmontsu manifolds
[18], [16], one may define M as a 2-paracontact f-Kenmotsu pseudo-manifold.

Consider now at each point p of M the two complementary distributions:

D, = vect{és,émsr,a =1,...,m},

D," = vect{ss, amsn, 6" =m + 2,2m + 1},

and denote by ac = An™t oc. =" A7

the simple unit forms corresponding to D, and D,", respectively.

By (2.10) and (3.11) one quickly gets

2m42

doe = (v+ 1 —0pic) A oo
A
(3 3]{ doge = (v+ 7+ Opic) A oge

which show that both (m 4 1)-forms o¢ and o¢” are exterior recurrent. Since
oc (respectively o¢+) annihilates D} (respectively D,), it follows by Frobenius
theorem that both D, and ﬂ; define (m + 1)-foliations.

Consider for instance the foliation D,, and denote by D, the orthogonal
distribution to D,. Clearly by (2.1) one has D,* C D,, which shows that D, is
a coisotropic foliation [24]. Obviously D," enjoys the same property. Denote



56 Pseudo-Riemannian Manifolds

by M; and M7 the (m + 1)-dimensional leaves of D, and D," respectively,
and by
dpr = w* &+ 1" @ gt

and
dp;” =w® @& + 1" @ bomaz

the corresponding soldering forms.

Since £.(r = m + 1,2m + 2) are the only anisotropic vectors of dp; and
dpr*, it follows that the metric tensors of M; and M;" are expressed by
gr = (n’“”}g,g;’ = {n"“‘”)? (we denote the induced element on My and M "
by the same letters). Therefore M may also be viewed as the Riemannian
product M = M; x M;* where M; and M;" are coisotropic and of defect
d = m, submanifolds of M (d = dim M; — rank gy, etc.)

It should be noticed that My and M;" can be also regarded as antiinvari-
ant submanifolds of M [28]. Effectively, let us consider M; and denote by
T,;(M;) and T,,*(Mj)the tangent space and the normal space respectively
at any point pr € M. ' '

Then since by (2.3) one has J¢, = &,, J&+ = —&;e, it follows JT,,(M;) =
Tp,* (M), which proves the above assertion (see also [9]).

In view of the next discussion it is convenient to expand the structure
equations (2.17), (2.18) corresponding to the Witt vector and covector basis
as follows

(3.14) VE, =60 @& —w* @&+ t.dpse — " @ Ve
1 Vg = 00, @ €pe —w* @€+ tardpr —w® @ Vi

and

{3 ]5] dw“=wbhﬂ'§-—u“h{:;r+vz-]+ta-ﬂ
' dw® = Wb A —w* (n+vg) — 1.0

where we have set

(3.16) dpg = w* @ &,,dps- = w* @ &,e

(3.17) Vg = Btaeba, Vo = ta€ar, and

(3.18) vg = Dtw®, vge = T taew®

On the other hand by (3.12) we have seen that the dual form v of V' is
closed (dv = 0).

We assume in this paper that v and —2n are not homologous. In this

conditions one derives from (3.3) and making use of (3.15),
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dt, = t,8% — t.n
13.19) { dt,e = 15050 — tem.

Next by (3.19) and (3.4) one quickly gets
(3.20) dt +2tp =0
If ug : Z — 130 denotes the bundle isomorphism defined by 1, one
has paZ = b= JZ) = pZ(JZ) = —g(Z, Z),
and in the case under discussion we agree to set
(3.21) pV =7 = Tt — tow®
Further taking the exterior differential of ¥, one derives by (3.15) and
(3.19):
(3.22) dv = -2tV + v AT
From, the above equations and (3.12) it follows at once, by d(dv) =0
(3.23)t=0=>|| V|* =0,
and the above reveals that V', wich we agree to denominate the para-
hermitian Lee vector, is a null (real) vector field.
In consequence of (3.23), one may write
(3.24) =7 = 0 |
which shows that ¥ is a d~" — closed form (see (1.1)). In this conditions
one quickly finds by (3.12) that the Lie derivative Ly} is expressed by Ly} =
—(2n —v)AT
and performing the exterior differentiation of (3.25) we get after a short
calculation:
(3.26) d(Ly Q) =v ALyl = d~"(Ly2) =0
Hence the Lie derivative L) enjoys as uV the property be d™" — closed
(see also [2],(17]). One may also define V' as infinitesimal relative conformal
transformation [22] of 1. :
Further, let L be the (1,1)-operator defined [8] by L : u — u A {2, (note
that one has dLu = Ldu + v A Lu) and set
(3.27) 7, =TA 9, (7, = LT)
One derives
(3.28) dv, = ((2q + 1)v + 2qn) A T, &= d~(Qat1)v+2an)gm
which shows that all the (2¢ + 1)-forms T, are d~((21+1)v+2)_closed.
Next, since (V) = 0, one gets at once by (3.24), LyT = 0, and by a
standard calculation, that
(3.29) LvT, =0.
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Hence V defines an infinitesimal automorphism of all the (2¢ + 1)-forms
T,. On the other hand, since u(JV) = iV = v,v(JV) = 0, one gets
instantly , by (3.12),

(3.30) L2 =10

that is JV defines an infinitesimal automorphism of 1. Noticing that
Nol? = || JV II* = 0, it is a simple matter to show that one also has
Lty =0.

Let now X € Do be any space-like vector field. Then, since ix§l =
0,ixv = 0, one gets instantly Lx0 = g(X,£)Q, i.e. any X defines an in-
finitesimal conformal transformation of (1.

In the light of the same problem, one finds by (3.15) and (3.19)

df®” = (wg + Ogic) A 6
331){ s a
( }{ d6b, = (wg- — Opic) A B2,

which shows that all the mixed connection forms 8, are exterior recur-
rent.
Since we has seen that 8,,(V) = 0, and clearly wg(V) = wg:(V) =t =
g(V,V)Z = 0, one derives from (3.31) by a short calculation,

Lv6: = Bric(V)0h
(3:32) { Ly8h = —Bp:c(V)6E-
Therefore one may say that the vector field V' defines an infinitesi-
mal conformal transformation of all the mixed connection forms 8, with
+0g;. (V) as conformal scalar (b}f a suitable z:hmce of indices).
Next remembering that || V [|* = 0 = || JV |[?, one derives by (3.14) and
(3.19) that

(3.37) VV=—(n+3 }®V+ ERJV+a®é
' ?JV—--—{:;.-—-)@JV —@V—l—a@{

where we have set

= p(ATV) = = D(tars® + taw®)
(3.38) { & = i{AV] = T (tw® — tew?)

In addition, an easy calculation gives
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a(JV) =a(V) = E(ta)* - E(ta?

3.39

639 { 2y L) - T

and by (3.37) and (3.38) we find [V, JV] = 0, that is V and JV commute.
By (2.21) and (3.37) we check the general formula (Ricci identity)

(Lxg)(U,U") = (VuX,U") + (U, Vo X), X,U,U' € xM

by setting X = ¢, U =V, U’ = JV. Now, making use of the general formula
div £ =trVZ, i.e. in the case under discussion

divV =3 (Ve V&) + 3 (Ve Vila) + X (Ve Vi 6,

one finds by reference to (3.37) that div V = 0 and in similar way div JV = 0.
Hence V' and JV define both infinitesimal automorphisms of the volume

element of M.
Theorem. Let (M,g) be a (2m + 2)-dimensional pseudo-Riemannian

manifold with Minkowski indez. If M carries a 2-paracontact spatial structure
De and is endowed with a self-orthogonal connection them M enjoys the
following properties:

i) M may viewed as the Riemannian product M = M; x M;" where M;
and M;™ are (m + 1)-dimensional coisotropic submanifolds of defect d = m.

i) M is endowed with a local conformal 2-cosymplectic structure defined
by the parahermitian 2 — form (1.

iit) The para-Hermitian component V of the Lee vector field, associated
with this structure is a null vector field, and V and JV commute (J: para-
complezx operator) and they define the following infinitesimal transformation:

1) V defines an infinitesimal relative conformal transformation of 01, i.e.
d(LyQl) = v A Lyfd, v =0(V);

2} V defines an infinitesimal automorphism of all the (2q+1)— forms 7,
ie. LyT, =0 where 7y =TA QLT = uV =iyl

3) V defines an infinitesimal conformal transformation of all the mized
connection forms 0, with £0g;.(V) as conformal scalar, where Op;. is the
Ricci 1 — form;

4) JV defines an infinitesimal automorphism of 0, i.e. L0 = 0.

4. It has been outlined in [23] that a 4-dimensional pseudo-Riemannian
manifold M with Minkowski index is a general space-time manifold. In the



60 Pseudo-Riemannian Manifolds

following discussion we shall make use of the complex vectorial formalism
(abbr. CVF) developed in [5] (see Preliminaries).

Let now (M, g) be a general space-time satisfying the usual integrability
conditions and consider on M a vectorial basis as in [5], denoted by & =
vect{hs, A=1,...4,} and let S* = covect{f#*} be its associated cobasis.

We recall that hy, hy are real null vector fields, whilst hq, hy are com-
plex conjugate null vector fields. They satisfy the following normalization
conditions.

(4.1) (hy, ha) = 1, {hy, ha) = =1, ({, ) instead of g)

Accordingly, the soldering form dp of M is expressed in terms of the S-
basis by

(4.2)dp=61@ ha

and as a consequence of (4.1) the metric tensor g is expressed by

(4.3) g = (dp,dp) = 2(0' ® §* — 0* @ 6°)

Let us now come back to the case under discussion, that is m = 1. By
reference to (2.1) and (2.2) the change of frame F — § is defined by

(4.4) & = hy &g = hy, & = Lol g, = bagha

Since (£2,&2) = —1 = (&;,&,) it is seen by {4.4] that the vectors hg, ha
determine the spatial (or paracontact) distribution D¢ defined in Section 2.
Next by (2.4), (4.2) and (4.4), it is an easy matter to see that the transfor-
mation F* — " is expressed by

W= uw=0M
(4.5) d __?3{33 6%), u4::%_5{33+5'.z)

and by reference to the notation from Section 2, one may set w? = p?,w* = p*.
Therefore by (2.12) and (4.5) it follows at once
(4.6) d6* =0, d6* =0
Now from of equations 1, it follows from (4.6) that the (CVF) connection
forms G, Ga, (@ = 1,2,3) satisfy in the case under discussion the equations
(4?) Gl — G,Gg - B,E?I — {],.G-z = I}*GE, - ﬁg, .
By reference to [12], equations (4.7) prove the following significant fact:
If the pseudo-Riemannian manifold with Minkowski index defined in Section
2, has dimension 4, then, it is a conformal recurrent space-time.
The following fact should also be outlined. Since the component Z* of the
dual basis of T is expressed (see (1.3)) by 2% = (' A8* =62 A 6°, then clearly
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Z* may be considered as a local almost symplectic form (it is exchangeable
with g) on the space-time M.

But in case equations (4.7) are satisfied, it is easily seen by (1.6) that
dZ® = 0. Therefore by reference to [27] one may say that the considered
space-time is endowed with a local symplectic structure and is of Schwarzchild

type.

Theorem. Any {-dimensional pseudo-Riemannian manifold with Minkowski
indez endowed with a spatial 2-paracontact structure, is a conformal recurrent
space-time. -
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