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SOME REMARKS ON THE PHASE FIELD EQUATIONS
Gheorghe Moroganu

1. Introduction
In this note we are concerned with the following system of phase field equations [2-5]
u,+%¢,-f(ﬁu= 0,
r¢,'—fﬂa¢-%(¢‘¢3]—zu= 0,z€0,£>0,
where (2 is a bounded domain in R" (n <3) with smooth boundary I'. This system
describes the phase separation events involving the liguid-solid transitions. The

(1)

unknowns u and ¢ represent the reduced temperature and phase function, respectively,

while !, K, v, £, a are positive constants (representing the latent heat, the thermal

diffusivity, the relaxation time, a length scale and a small parameter, respectively).
Global existence and uniqueness of solution to system (1) with Dirichlet boundary

conditions

¢(t,x) =dr(z), u(t,z)=up(z), z€l', t>0, (2)
and initial conditions

o(0,z) = dg(z) , uw(0,z)=uy(z), z€0, (3)

have been proven by G. Caginalp [3], C.M. Elliott and Zheng Songmu [5], P.W. Bates
and Zheng Songmu [2].

In this note we derive the same result by using the theory of evolution equations
associated to w-monotone operators. One of the advantages of this method is that the
fractional step scheme as developed by V. Barbu and M. Iannelli [1] can be applied
directly to approximate the solution of (1), (2), (3).

2. Existence and uniqueness of solution

The main result of this section is

Theorem 2.1 For any ug,éy € HX(Q) and up,ép € HY*(T) satisfying the compatibility
conditions, problem (1), (2), (3) admits a unique global smooth solution .
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Proof. As remarked before, this theorem is known, but the method used here is different.
Let @ = ©(z), ¢ = ¢(z) be harmonic functions in { satisfying on the boundary I’
@lp=ur, ¢lp=9r.
Denoting ¥ =¢—¢ and y=u—T+(I/2) we can see that problem (1), (2), (3)
becomes
y,— KAy + (KI/2)Ay =0

vy — (E/T)A¢ + 7711 - 1/2a)p — 27 = 'y + (1/2a7)(¢ + ¢)° "
=(1/2ar)é+2r~w, zeQ t>0;

y(t,z) =0, ¥it,z)=0, z€l, t>0, (5)

¥(0,z) = yo(z), $(0,z) = vo(z), z€Q, (6)

where

¥Yo(z) = ¢o(z) = 8(2)s wol2) = up(2) —T(2) + (1/2)(2) -
Consider the space H = L*(Q1)x L*(R) of the pairs (y,v) endowed with the scalar
product

T L E }=5fﬁdz+f¢7€-dx

() (3)ys [ mans

and with the corresponding Hilbertian norm, where § is a small positive constant.

Let A: D{A) C H=+H be the linear operator defined by

D(4) = (H@)n Hy@))* , )
A(y) _ - KAy + (KI/2)Ay ®)
W\ = (@/mag+ - 1/2ap - (2/r)y

We continue the proof of Theorem 2.1 with the following
Lemma 2.1 There ezisls a posilive constant w such that A+ wl is a monotone (positive)
operator in H, where I is the identily operator.
Proof of Lemma 2.1 Using Green’s formula we can see that for (y, ) € D{A4) we have
(A4 = ks f I Vy || jndz - (K81/2) f V- Vydz +(£3/7) f IV9 || 3ndz
o 0 v} 5

+7 7Y 1=1/2a) [ y¥dz —(2/7) | yydz .
i [ée-ein |
Therefore

AP0 [t [ 15
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- (katf2) [ 19yl ndz) ([ 19911 dz)”
[+ a

(@) [ 196 1 gnds .
it

Hence for § >0 small enough and for w=(1/r)maz(1,1-1-1/2a), the operator
A + wl is monotone (positive). Q.E.D,

Now let F: D(F) C H—H be defined by

D(F) = L*(@)x I%(Q) , (9
v\ _ 0
f(,,:,) - ((uzm-]w- + E)“) ' (10)

Obviously F is maximal monotone in H (see, e.g., [6, Chapter I]). Moreover, we have

Lemma 2.2 Operator A + F + wl is mazimal monotone in H.

Proof of Lemma 2.2 By the Sobolev imbedding theorem H 1_.[,3{{1}[,-, < 3), and hence

D(A+ F) = D(A). In order to prove maximality of A + F + wI it suffices to show that

for every (f,g) € H and for & > 0 large enough the following boundary value problem
ay—Ay+(I/2)AY = f,

ay— A —(2/6)y+(1/2a€) ¥+ 9 =g, z€Q,
y=0,¢v=00onT, (12)
has a solution. Using the substitution z = y—(1/2)¥ we can see that (11), (12) can be

(11)

equivalently written as

az—Az+(laf20=f,
- (13)
(a=1/€*)— Ay = (2/€%)z+(1/2a8*) ¥+ ¢)* =g inQ.

z=0,%=00nTl. (14)
From the first equation of (13) we have

z=Pyg: =(I-a~1A)"Ya~1f = (I/2)) .
Obviously P is a Lipschitz operator in H with Lipschitz constant [/2. Using this
formula in the second equation of (13) we obtain

1 — Ap — (2/€3) Py +(1/2a6) (v +9)° = ¢, "~ (15)
where y=a—1/€® is positive. Denote f(r)= (1/2a€%)r3, .R.eca.l.t that the operator
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— A+ 7 is maximal monotone in Lz{ﬂ}, where 7 is the canonical extension of J to the
space L*(Q) (see, eg, [6, pp.181-182]). Therefore the  operator
p=+Q(¥): = — A+ B + $) is also maximal monotone in L%(£2). Now, we can see that
equation (15) can be written in the form

= (I+7-1Q)~ (v~ 1g+(2/E)Py) . (16)
Denoting by Ty the right hand side of equation (16) we can see that for a sufficiently
large (hence v sufficiently large) T is a contraction on H and so T has a unique fixed
point. Consequently equation (15) has a unique solution ¢ € BY )N Hé{ﬂ]. So, the
proof is complete. ) Q.E.D.
Proof of Theorem 2.1 (continued). Problem (4), (5), (6) can be written as a Cauchy
problem in the space H = L*({1)x L?(Q) for an evolution equation associated with
operator A 4+ F:

() @a+n ()= ((lf'zarﬁu.p (2,:’1-}1:)‘ >0, (17)
(o =($§)' (18)

Taking into account Lemma 2.2 we can derive the existence and uniqueness for problem
(17), (18) by using the general theory for evolution equations associated with w-
monotone operators. The smoothness of solution follows by standard arguments. Q.E.D.

Remark 2.1 It is obvious from the proof of Lemma 2.2 that 4 4 w[ is also a maximal

monotone operator.

3. Approximation by fractional step method
In this section we discuss the possibility to approximate by the fractional step method
the solution (y,v) of problem (4), (5), (6) for yg, ¥ fixed in H Q)N HL(R). We intend
- to apply Corollary 1 in [1] with C' = H. To this purpose we first prove
Proposition 3.1 For y,, ¢, € H Xa)n Ha[ﬂ] and T >0 fized the corresponding solution
(v, ) of problem (4), (5}, (6) satisfies:
sup{ || p(t, - ) I L*(ay 0<t<T}<o0,
sup{ || ¥(t, *) |l ooiqyi 0t < T} <00
Proof. Denoting v = y — (I/2)y we can write (4), (5), (6) in the form
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v, + (/2 —KAv=0 in (0,T)xQ, (19)
T — E2A¢— (1/2a)¢ — 2v +(1/2a)(¥ + §)* =7 in (0,T)x 2, (20)
v=0,¢=0 in (0,T)xT, (21)
v(0, +) = yo — (1/2)%q, (0, ) =14yq, (22)

where 7 = (1/2a)¢ + 21 . Following an idea from [5] we multiply equation (19) by (4/1)v
and equation (20) by ¥, and then add together and integrate with respect to z:

Lvie)+ f(nbf +4E |1 Vv || n)iz =0,
[t
where
2
V(t)= j{% V%1l jn =597 + (v + 9) + ]2 ~gw)dz .
n
Using this fact and a reasoning similar to that in [5] we can obtain the conclusiof].E.D,

Denoting M: = sup{||#(t, ")+ ¢ || oo 0 £t < T} < oo we see that problem (17), (18)
is equivalent in (0,T) with the following problem

£+ A+ rll)=( %), @
(ﬁ)[]} = (ﬁ‘;) . (24)
where

A= (03

with Bg:R-R a nondecreasing Lipschitz function such that Fy(r)=(1/2ar)® for
|r] £ M. Therefore F, is everywhere defined on H = L}(Q)?, monotone and
Lipschitzian. So all the assumptions of Corollary 1 in [1] are satisfied for problem (23),
(24) (with K = H). The corresponding fractional step scheme associated with (23), (24)
is

F()+ 4y )=(,2%) telicG+10), 2 €0,

ve=0, %, =0in [ie,(i + ))xT, :
' (25)
Y (ie +0,z) =y (ie - 0,2), ﬁlz{if_ +0,z)=8[(e-0,z),

ref,i=12,..,N-1,

yg(ﬂl ' ] =Y ﬁk(us ’} = 1}&0 1
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ﬁ+ Bolf,+¢)=0in [0,e]x 9,

(26)

8,0, ) =v(ic=0,-), i=12.,N-1,

where N = [T'/¢]. According to [1] we have
vy, b in C([0,T]; L¥(Q)) as es0 .

Remark 3.1 We see that (25) is a linear partial differential system on each interval
[#e,(i+1)¢) while (26) is an ordinary differential equation. This fact shows the
advantage of the fractional step method in the case of phase field model . We recall that
to apply the result in [1] we replaced F by Fy;. It seems this is not necessary but this is
an open problem. Moreover, we believe that the convergence of the fractional step
scheme takes place in a stronger topology. Another problem is to establish a rate of
convergence for this scheme in the case of phase field model.

Note. The results of this paper were reported in 1992 in Professor Barbu’s seminar

(University of lasi, Romania).
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