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Univalence of certain integral operators

Horiana Ovesea

Absatract

Many authors studyed the problem of integral operators which pre-
serve the class of nnivalent functions. The results due to Kim and Merkes
[2] and Pfaltzgraff [ 7] are well-known. A generalization of these results
are given in paper [ 5]. In this note we shall study the analyticity and the
univalence of some integral operators if the function f belongs to some
special subclasses of univalent functions.

1 Introduction
Let A denote the class of functions f which are analytic in the unit disk If =

{zeC: |z] <1} with f(0) =0 and f'(0) = 1.
Let S dencte the class of functions f € 4 , f univalent in U

Theorem 1.1 ([ 2]). Let fe 5, € C. If |B]| <1/4, then the function F,
IO\
o= [ (52)

Theorem 1.2 ([ 7]) Let fe 5,6 C. If |6§| <1/4, then the function F ,

13 univalent in [,

F! ] Ir
{ :} f( ( "F Eu} :I i
s !.I'FI.I:I.HIIIEH-‘ in [J.

Theorem 1.3 ([ 5]). Let fES ,nE N, a, 8, § €C. If le—n| <
n, |8+ 18] € (n = |a = n|)/(4n) , then the fuction

F] - _f[u"} -] I /e
Fapsmn(z)= [HL u (—;;,;—) (F'(u")) ‘-’fu]

i3 analytic and univalent in UV,
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The usual subclasses of the class 5 consisting of convex and starlike functions

will be denoted by C'V respectively 5*. Also we consider the subclasses of §
defined as follows: ( see for example [1])

5‘(1.:;:}={_fES: Re (e;"%) > ycos 4, zEU}

and

C{T.@}:{IES: Re [;"‘F (l-r-%i—;})J > ycosp, zEU} ,
where p € (—7/2,7/2), v € [0,1).
We observe that 5* = 5°(0,0) and CV = (0, 0).

Theorem 1.4 ([ 4 ]). If fe S (vw), 8 €C, |4 = ?“—__}m, then the

function F
F(z) = ‘/; (f—'i:‘l)ﬂ du

ts univalent tn U, The number ﬁlT—rl}-:u_uw cannol be replace by any greater

number,

Theorem 1.5 ([ 4 ]). If f € Clv,¢), § € C, |§] < m, then the

f‘l.l:'l'll.‘!fl:ﬂﬂ F, "
F L) = ! u A dll-

is univalent in U, The number m cannol be replace by any grealer

number .

2 Preliminaries

Lemma 2.1 ([ 3 ]). If f € S*(7.) and a ts a fized point from the unt disk
[f, then the function h,

a-z Z+4+a

1 h':‘]'=f(a}{z+a)[1+a-z}w'” s Where

l4+ada-z
(2) v=e ¥ —2ycospe™"¥

is a function of the class 5°(v, ¢).

Theorem 2.1 ([6]). Let f€ A . Let a, B, c be complez numbers , Lea >0,
Re(a +28) > 0, Reffa > —1/2, |c(a + 8) + 8| + |8 < | + B|. If there ezists
an analytic function g, g € A , such that
f'(z)
l+e)—m—-1]<1, (Wz)e U
A+
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(I NS A

for all z € U\ {0}, then the function F

F(z) = (aj; uﬂ-‘f*{u]du)

13 analylic and univalent in [J.

1fa

The results obtained are proved by using Theorem 2.1 in the particular case
f=gand f§ =n—o, where n € N. For this choise , from Theorem 2.1 we get
the followig

Corollary 2.1 Lei g€ A. Let o, ¢ be complez numbers and lel n be a positive
integer number. If loa —n|<n, ¢/ <1, |ecn+n—a|+|n—a| <n and

. in "
3 |z + 1L (‘;{E‘]’M_n)‘gl

for all z € U, then the function

Galz) = (.:. [, u"-lg'(u}du) e

is analytic and univalent in U,

3 Main results

Theorem 3.1 Let f€ 5*(v, ), o, € C andne N. [If

n—|a —n|
2n(l — y)cos '

(4) le=n|<|n] and 8] <

then the function F,

(3) F(z)= (aj: a1 (%)ndu)ua

ts analytic and univelent in .

Proof. Let f € 5°(v,%) and let h be the function defined by Lemma 2.1 ,
h(z)=z+azz*+-.- , h € 5°(v,%). From (1) we obtain

_ (0)
T2

fla) 1+ wla?
fa) a '

az =(1=1a|")
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where i is given by (2). It follows that
af'(a) _1+a-as+ylaf?
fla) 1—|af? '

Also we know that for f € 5%(v,¢), f(z) = z +azz* + -, we have( see for
example (1] )

(6) (W)a g U.

(7)  faz] £ 2(1 = v)cosp

Since the function f is univalent in [f , we can choose the uniform branch of

ayy A
(ﬂ—lu“,_ ) equal to 1 at the origin, analytic in U/ and then the function g belongs

to 4 , where
o) = [ (22) a

We obtain
(s _ (00"
® 2w =F (.ﬂ::“}l ‘)

In view of (8) and (8), from (3) we get

iy L=l (2g"()
(9) ||::|z|- + - (g’{:} + )

o —n

=lﬁ.4,-z"+|z|h (c+ﬂ(¢+11+“;“) +

n

I[fe=—=3{w+ 1)+ (a —n)/n in view of (4) and (7) we have

| — | |ee — m|

lel < 18] ¥+ 1]+ =2 |8(1 - v)cosp+ <1
and also

len+n—al+|n—a|=[8l-n-lp+1l+|n—a|<n

Taking into account (7), the relation (9) becomes

elz[* + : —L;F" (z;:;i;:l +a- n)

From Corollary 2.1 we conclude that the function F defined by (5) is analytic
and univalent in LS,

Remark. For o = 1 and n = 1 from Theorem 3.1 we obtain a restrictiv form
of Theorem 1.4 , with |3] < .Rl—_,fm

la = nf

< |8l |az| + <1
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Corollary 3.1 Let fES* o, 5 eC andne N. [f
n— o — m
2n
then the function F defined by (§) is analytic and univalent in U,

la —n| <n and 18] <

Thus if we ask for f to be a starlike function we obtain for 7 a greater disk than
that from Theorem 1.3 ( § = 0).
For # = o — 1 and n = 1 from Theorem 3.1 we get

Corollary 3.2 Let f € 5%(v,9), a € C. If la—1] < 1/(1 + 2(1 — v)cosw)
then the funciion

z l/a
(10) F(z) = (nf fﬂ'"(u]&u)
a
is analytic and univalend in /.
In particular if f € 5%, @ € C, | — 1| < 1/3, then the function F defined by
(10) is analytic and univalent in I/,
Example. Leioa, S€C, ne N. [f

n—|a—n|
2n(l — v) cose

la—n|l<n and 18] <

then the function

o

Flz)=¢- [ G(28(1 — v)e™"* cos i, E, +1; z™) Y

3R

i3 analytic and univalent in U7, where by Gla, b, ¢ z) we noted the hypergeo-
melric functlion.
Proof. Let us consider the function f, f € 5%(+, %),

f(z) = 2(1 = 2)~ M1V conp

Then, by Theorem 3.1 we obtain that the function F defined by (5) is analytic
and univalent in If,

z Lfa
FEZ} = (af un—‘:“ _ un}-ﬂ#{l-—ﬂ}-u“'-culpdu)
o

By the transformation u = t'/" . z we have
1 /e
F(z)= [Eg“f A1 —:z“}'“i""ﬂ"""“”dz} =
n ]

=z- [G[‘zﬁ(l — ) e~ . cosp, %, + 1; z"]l]un

ERE
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Theorem 3.2 Let fEC(vy,9), o, §€C and ne N. If

n—|oe—n

(1) la=nl<n  and | < gt

then the funciion F

1/a

(12) F@)= (o [ u=t (1) du)
s}
s analytic and univalent in 07,

The proof of Theorem 3.2 is analogous to that of Theorem 3.1 and it uses the
relationship between the classes S*(v,) and C(vy, ) : if f € C(v,%) then
g € 5*(v.v) , where g(z) = zf'(z).

Thus if we ask for f € C(+, @) we obtain for § a greater disk which assures the
analyticity and the univalence of the function F defined by (12) than that {rom
Theorem 1.3 (8 =10 ).

Remark. For o =1 and n = 1 , from Theorem 3.2 we obtain a restric-
tiv form of Theorem 1.5 , with |§] < sn=fs-

Corollary 3.3 Let fECV, o, §€eCandne N. [f

n—|a—n|
_—

2n
then the function F defined by (12) is analyitc and univalent in U,

|l = n| < n and |6] <
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