LIBERTAS MATHEMATICA,VOL.XVII(1997)

DIFFERENTIAL MEAN VALUE PROPERTIES
FOR HALF-CONTINUOUS FUNCTIONS

Mihai Tunnici

1. Introduction

Let X be a (real) locally convex space and F : R — X, a function.
Denotefor r,a € A, r < 3,

(1D1) Rp(r,s)= F(s)= F(r), Qp(r,s)= Hr(r,ﬂl

d=r

(These will be referred to as the incr!.menlary difference/quotient of F on
the interval [r, 3] ). The following statement involving such quantities is basic
to considerations below. Take the points 2,5 € R, a < b in accordance with

(1H1) F is continnous over [a, &),

and assume that,for a certain denumerable part A of [a, b],

(1H2) F has a right derivative d(*)F(t), for t €]a, 5[\ A .

Let also B stand for a zero Lebesgue measure part of ]a, bf which

includes A.

THEOREM 1. Under these hypotheses,
(1.1) Qr(a, b) € cleo{d P F(1); t €]a, b \ B).
Moreover,if

co{d M) F(t); 1 €]a, b[ \ B} has a nonempty interior

Q) in the minimal closed linear variety including i,

then,(1.1) may be written in the stronger form
(1.2) Q#(a, by € co{d ) F(t); t €)a, b[ \ B}.
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A left counterpart of this result based on (1H2) and (1H3) substituted
by, respectively,

(1H2') F has a left derivative d{~) F(t), for t €]a, [\ 4,

co{J+}F{t}:t €la, 4 \ B} has & nonempty interior

Lt in the minimal closed linear variety including it,

is directly obtainable from the above one,by simply reversing the (usual)
ordering of the real axis.Note that both (1H2) and (1H2) hold under

(1H4) F has a derivative dF(t), for ¢ €]a, b | A.

The basic relation (1.1}-usually referred to as an equality mean value
property for F' on the interval [a, b}~ was obtained in 1964 by McLeod [8],
under the lines in Aumann [1,ch.7 sect.2] (It clearly includes the contribu-
tion in this area due to Sova [11]; see also Nashed [9,ch.1,sect.5] and the
references therein). In fact, the used convention is especially related to the
stronger version (1.2) of this relation,which may be appropriately written as

(1.3) Qr(a )= MdHF(1)

el

where [ is a finite index set,{A,;s € I} are positive numbers with 2 A=1

el

and {t;;3 € I'},points in Ja,}{ \ B. Forif X = R and (1H4) is a.ccﬂ:led,then
this is nothing but the Lagrange mean value theorem. So,{urther exten-
sions of Theorem 1 - which, technically speaking,are naturally connected
with (1H1) being removed- are not without interest. [t is our main aim
of this exposition to indicate such a device (under the lines in Averbukh
and Smolyanov [2,ch.1,sect.3]) in a half-continuity setting; details will be
given in Section 3. The preliminary material is exposed in Section 2. And,in
Section 4, an application of these facts to inequality mean value properties
is to be discussed.

2. Convex sets and cones in t.v.s.

Let X be a (real) topological vector space,the (linear) topology of it being
induced by a certain family V of zero neighbonrhoods. As usually,we denote
by "int” and "cl" the topological inferiorand closure(ofa set in X'). Note,in
this direction,that (cf. Precupana [10,ch.1,8ect.1])

(2.1) dM)=n{M+V; VeV} MCAX.
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The subset A of X will be said to be convesin case
(2D1) AA+pA C(A+ p)A forall A, s> 0.

Clearly,the class of all such sets is invariant to intersections ; hence,for each
part M of X we may define its conver coveras

(2D2) co(M)=n{A 2 M; A = convex}.

Equivalently, co(M) may be also defined as the class of all convex
combinations

(2D3) = Az

el

where [ is a finite index set, {1,;1 € I} are positive numbers with 2 =1

) ed
and {z,;1 € [} ,points of M. In particular,when (for some m > 1)

(2H1) X = R™ (endowed with ita usunal topology)

then we may arrange for card(JF) = m+1 in the representation (2D3). And,if
in addition,

(2H2) M has at most m connected components

this cardinality may be reduced to m ; seefor instance, Eggleston

[6,ch.2,sect.3] .On the other hand,the class of all convex parts of X is in-
variant to the standard algebraic operations on X ; that is,

(2.2) P,Q = convex => aP + Q is convex fora,J € R.
Note also that for each convex part P of X containing the origin,
(2.3) AP C uyP, whenever 0< A <.

Concerning the behaviour of this class with respect to the topological ope-
rations on X ,denote,for each couple of points r,y in X

(2D4) [z,9] = {As+ (1= 2p);0< A <1}, |zy[=[su) \ {59}

These will be referred to as the closed (respectively, open) segment deter-
mined by r and y. We have (cf. Bourbaki [4,ch.2,sect.2])

PROPOSITION 1. Let A be a conves part of X .If the point £ is
interior to A and the point y is adherent to A then,the open segment |z, y[
18 necessarily interior o A.
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This, in turn,yields the following answer to the posed question:
(2.4) P = convex =% int(P),cl(P) are convex

(2.5) P = convex, int(P)# @ == cl(P) = cl(int(P)), int(P) = int(cl( P)).

See the above references for details.
We call the part 5 of X, a cone, when

(2Ds) ABC B,A>0; B+ BCB.

As before,the class of all such sets is invariant to intersections; hence,for each
part M of X we may introduce its conical cover as

(2D8) cone(M)=n{B 2 M; B = cone}.

Note that, cone{ M) may be also defined as the class of all (conical) combi-
nations (2D3),where I is a finite index set, {A;;1 € I} are positive numbers
and {£,;4 € I}, points of M.In other words,

(2.6) cone{M) = U{Aco(M); A>0}, M C X.

Hence,the cardinality of the index set [ is again reductible to n#+ 1 nnder
{2H1) and,respectively,to m, ander (2H2). On the other hand,the class of all
cones in X is invariant to the usunal algebraic operations on X ,in the sense

(2.7) P,Q= cone = aP + Q@ = cone, for a,f > 0.
We also note the property (deduced from the above)
(2.8) cone{ My U M3) = cone( M, ) + cone(M;), M, M;C X.

Concerning the behaviour of this class with respect to the topological ope-
rations over X, it is to be remarked that

(2.9) P = cone => ci(P)= cone.

But a similar conclusion for the interior operation is not in general avai-
lable,as simple examples show.
The following result will be nseful for us. Denote for each closed convex

part M of X,
(2D7) ase(M) = n{e(M = a); ¢ > 0}, for some a € M.

The definition is consistent (it does not depend on the point a € M above);
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and the resulting object is a cone (called the asympiotic cone of M). Fur-
ther,call the cone N of X, locally compact if

(2D8) NnYV is compact (in N) for some V €V ;

or,equivalently (cf. Bourbaki [op.cit.,ch.2,sect.7] ) if

(2D8') N has a compact (in N') sole.

(Here,the part Ng of N will be termed a sole ,provided

(2D9) 0 ¢ No and N = U{ANy; A > 0}.)

We now have

PROPOSITION 2. Let the conver part A of X and the cone B of X
be such that

(2H3) .asc(cl(A)) N (=cl( B)) is a linear space
(2H4) either asc(cl(A)) or cl(B) is locally compact.
Then,necessarily,

(2.10) cl(A + B) = cl(A) + <I( B).

Proof. By the admitted facts and the Gwinner-Dedien closedness
criterion (see, for instance, Precupanu [op.cit.,ch.4,sect.4])

cl(A) 4 cl(B) is closed (hence, cl(A + B) = cl(A4) + cl( B)).
On the other hand,by the representation formaula (2.1),
cd(A)+c(BYCN{A+B+V +W,;, VWEV} =cd(A+ B)

This ends the argument. q.e.d.
A subset C of X is called a closed linear variety if

(2D11) C is the translate of a closed linear subspace (in X).

[t is not hard to see that the class of all such sets is invariant to intersections.
Hence for each part M of X, we may define its closed affine cover as

(2D12) aff(M) = N{C 2 M; C = closed linear variety},

also referred to as the minimal closed linear variety that includes M. In
particular,when 0 € M then

aff( M) = the minimal closed linear subspace including M.
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Note that,whenever (2H1) is in use,one has
(@ #)P = convex => the relative to aff(P) interior of P is nonempty.

For a direct proof we refer to Eggleston [op.cit.,ch.1 sect.5).

3. Main results

We are now in position to make precise the considerations of the introductory
part. Let X be a (real) locally convex space and F : X — R, a function.
For the arbitrary fizxed ¢t € R, call the vector £ € X,a right (left) dervative
value for F at ¢, when

Qp(t,3,) = z for some (3,) with s, | ¢

LAt (Qp(rn,t) = = for some (r,) with r, T t).

The set of all such elements will be denoted D(+) F(t) (and, respectively,
D=V F(1)). Note that

DIF(t) = {dHF(1) (DOVF() = {1} )
whenever the right (left) derivative exists.

(3.1)

Further,call the vector y € X ,a right (Teft) oscillation valuefor F at t ;when

Rp(t,8,) = y for some (s,) with s, | 1

(AD3 (Rp(rn,t) = y ,for some (ry) with rq 1 ¢).

The set of all such elements will be denoted £\1) F(t) (and, respectively,
E-)F(t)). Note that

(3.2) | EXVF(t) = (F(t+0)= f(1)} (EIF(1) = {F(t) = F(t-0)})
' whenever the right (left) limit exists.

In particular, a relation like
(3D3) EH) F(t) = {0} (respectively, £-) F(¢) = {0})
will be referred to as F being continuous from the right (Teft} at t.
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Fix in the following 4,5 € R, s < b, and assume that
(3H1) F is continuous from the left over |a, b] ,
(3H2) E+)F(t)is nonempty. for t € [a, B
Let also A be some denumerable part of ]a, b with
(3H3) DHIF(t)# @ ,for t €]a, b | A.

Take a certain selection ¢ F e(*) F(t) of the multivalued map ¢ F E+) F(t).
Note that (3H3) yields

(3.3) 0e EHF(t), t€a,bf\ A

So,an example of such a selection, denoted t F e4(*) F(¢) , is to be given as

eHVF(t)=0, tE€lab[\ A4,

(3D4) etV F(t) € EV)F(1), otherwise.

Further, take a certain selection ¢ F D{*)F(¢) of the multivalued map ¢ F
D(+)F(t). Finallylet B stand for a zero Lebesgue measure part of ]a, b
which includes A. Denote, for simplicity

(3D5) Y(F) = co{ DI F(t); t €]a, b \ B}, Z(F) = cone{e) F(t); ¢ € [a, b[}.

THEOREM 2. Under these hypotheses,
(3.4) Qr(a,d) € cl(Y(F) + Z(F)).
Hence,in particular,for each convez part Y of X and each cone Z of X with
(3H4) DWHIF(t)eY, tela,d[\ B,
(3H5) HF(t)e Z, te(a b

one has

(3.5) Qr(a, b) € (Y + Z).

Before effectively developing the argument,we need the following facts to
be found,e.g.,in Diendonne [5,ch.8,sect.5] and Flett [7,ch.1,sect.10] :

PROPOSITION 3. The following are valid:

67
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(1) for each denumerable part A of |a, b there ezists an increasing func-
tion h = hy4 from R to itself, with

h(t+0)—h(¢)>0, for t€ A

(11) for each zero Lebesgue measure part B of |a, b{ there ezists an in-
creasing comiinuous function k = kg from R to itself with

dHE(t) = 00, for t€ B.

Proof of Theorem 2. Withont loss, assume
(3H6) the null element of X belongs to Y (F).

(For,otherwise, take a certain point ¢ in ]a, b{ | B and put
F.(t)=F(t)-tDYF(c), t€R.

Clearly, the general conditions (3H1}-(3H3) are holding for F.. Moreover,in
view of
Y(F)=Y(F)= DWF(c), Z(F.) = Z(F),

it follows that (3H6) is fulfilled by this new fonction. And then,from (3.4)
(written for F.), we are done). Let 7 > O be arbitrary fixed. Define an
increasing function g, : R — R by

gn(¢) =t + n(h(t) + k(¢)), t€R.

(Here, h = hy and k = kp are the functions introduced by Proposition 3).
Let also V stand for a balanced convex neighbourhood of the origin. We
introduce an ordering < over [a, b] by the convention

(3D6) t < siff t < s and F(s)—F(t) € (go(2) — gn(tNUY(F)+ Z(F)+ V).

It is a simple maiter to verify (by (3H1), (3H6), and the remarks in
Section 2) that

each ascending (modulo <) sequence in [a,}]is a
Caunchy sequence bounded from above (modulo <).

So,by the maximality principle in Turinici [12] there exists,for the starting
point ¢ in ]a, b ,some maximal (modulo <) point r in [a, b] with ¢ < r. We
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intend to show that r = b. Suppose not (hence r €la, b{). For each ¢ in ]r, &,
a relation like r < f is impossible. So,necessarily,

(3.7) Rp(r,t) ¢ (gn(t) = go(r)) MUY (F)+ Z(F)+ V), r<it<bh

Now,three cases are open before us.

i) r is ontside B. Let (t,) be the sequence involved in the definition of
D) F(r) € Y(F). It follows by the very definition of this element that,a
rank n(V) may be found with

Q?(r: ‘ﬂ) = Y{F}+ Vi n> “{V}*
Hence for all sach ranks n,
Rp(r,ta) € (ta = r)l(Y(F)+ V) C (gn(tn) — gn(rD)el (Y (F) + Z(F) + V),

which is contradictory to (3.7).
ii)risin B \ A. Let again () be the sequence involved in the definition
of D+ F(r). It is clear,by Proposition 3 (the second part) that

Qr(r,tn)/Qu(r,82) — 0 28 n = .
Hence,there must be some rank n(V') with
Qr(r,tn)[Qu(r,tn) EnV, n 2> (V).
Baut then,for all these ranks n,
Rp(r,tn) € n(k(tn) — E(r))V C (gn(ta) = gn(r))lY(F) + Z(F) + V),

again in contradiction to (3.7).
iii) r belongs to A. Let (#,) be the sequence involved in the definition of
elt) F(r) € Z(F). By Proposition 3 (the first part),

Rp(r,tn)/ Ru(r, ta) — M F(r) € Z(F).

m
Hence, a rank n(V') may be found with

Rp(r,tn)[Ru(r,40) € Z(F)+qV = p(Z(F)+ V), n2na(V).
Therefore, for all such ranks n,

Rp(r,tn) € n(A(ta)=M(r)NZ(F)+V) C (gn(ta)—go(r))l(Y(F)+ Z(F)+V),
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which is contradictory with respect to (3.7).
Having explored all possibilities,onr claim follows.But then, ¢ < b gives

Qr(4, ) /(1 + nQnya(e, b)) € cl(Y(F) + Z(F)+ V), n>0.
So,passing to limit as  —s 04 ,
Qrlc,b)Ec(Y(F)+ Z(F)+V), Ve
And this,by the representation formula in the preceding section,yields
Qr(e,b)ed(Y(F)+ Z(F)), a<c<h
wherefrom, for all such points ¢,
(3.8)  Rp(c,b) € (b= c)l(Y(F)+ Z(F)) C (b - a)l(Y(F)+ Z(F)).
Let (¢n) be the sequence involved in the definition of
etV F(a)€ Z(F)= (b~ a)Z(F).

Writing (3.8) for this sequence and then,passing to limit as n — oo,
one gets

Rp(a,b) € M F(a) + (b= a)el(Y(F)+ Z(F)) C (b— a)el(Y(F) + Z(F)).

And,from this, (3.4) follows. The proofis thereby complete. g.ed.
By convention, (3.4) is referred to as a mean value property for F' over

[a,b]. Note that,in general,the closure operator cannot be dropped in the

second member of the underlying relation. This is shown from the following

Example. Let X be an infinite dimensional Banach space and Z |, a
cone in X with

there exists a sequence (v,) in Z so that
(3HT) | the series E vn converges and its sum, v, is outside Z.

n

(For example, Z may be taken as the nollspace of some discontinuous linear
functional over X and

Uy =), Un =ZTpny1—Ln, 0 =>2,
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where (zn) is & sequence in Z converging to some point v in X \ Z). Let
the function F : R = X be introduced as

F(t)y = 0 , <0
= n ,0<t<1f2
—

¥

o L E> 1

Take alsc a =0, =1, and
A={1-2"" a=12.} B=A
Clearly, (3H1) is fulfilled here. This is also true for (3H2)+(3H3),becanse

DI F(t) = {0} (hence EF) F(t) = {0}), for t €]0,1[\ A
EHNP(1=-2"")=va41, n=0,1,...

Hence, Theorem 2 applies to these data, in the form

v € cleone{vq, va, ...}

But, in view of (3HT), it is clear that the closure operator cannot be dropped
here; hence the claim.

This fact raises now the question of under which supplementary hypothe-
ges is such a conclusion retainable. Anm appropriate answer may be given
along the following lines. (The general assumptions (3H1)}+{3H3) prevail).

THEOREM 3. Suppose that

Y(F)+ Z(F) has a nonempty interior in the

(3H8) minimal closed linear variely including it.

Then,the mean value property (3.4) holds in the stronger form
(3.4") Qr(a,b)EY(F)+ Z(F).

Hence,in particular, for each conver part Y of X and each cone Z of X
fulfiling (3H4) and (3H5) respectively, one has

(3.5 Qr(a,B)EY + Z.
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Proof. Without loss,one may assume that (3H6)is in use.In this case,
aff(Y(F)+ Z(F))is a closed subspace of X.
Now,again withont any loss we may suppose
(3H9) afi(Y(F)+ Z(F))= X (hence int(Y(F)+ Z(F)) #90);

for,otherwise,we restrict all reasonings to the closed subspace
Xy = aff(Y(F)+ Z(F)). We now claim that Qp(a,b) is interior to
Y(F)+ Z(F). Suppose not; i.e., by combining with (3.4),

(3H10) Qp(a,b)is a boundary point of Y(F)+ Z(F).

By the classical Eidelheit's separation theorem (see, for instance Bourbaki
[4,ch.2,sect.5)) there exists a continuouns linear functional £* and a real num-
ber A, such that

(3.10) '(r) € A £z*(Qp(a, b)), zE€Y(F)+ Z(F)
As a direct consequence,one has,by a standard procedure,

s (DIF() <A, tela b\ B
s*(eVF(1)) <0, tE€[s b

This tells us conditions (3H4)+(3HS) of Theorem 2 are fulfilled, with
Y={reX; z(z)<A}, Z={z€ X; z'(z)<0}.
And then,by the conclusion of that resalt,
Qrir,)Ed(Y +2)=cl(Y)=Y, a<r<s<h
or,in other words,
t*(F(a)=F(r)) < Aas=r), a<r<s<h

We now claim each of these relations holds with equality.Forif a strict in-
equality is admitted over a subinterval [r, s] of [a, b] ,then

*(F(b)= F(a)) = z*(F(b)— F(s))+ z*(F(s) - F(r))+
*(F(r)— F(a)) < (b= a),

absurd by (3.10). Hence the claim. But then,
Y(F)+ Z(F)C {s € X; z*(z) = A} (hence int(Y(F) + Z(F)) = 8).
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This,however, contradicts (3H8) (in the form given by (3H9)).Therefore,
{3H10) is false and the conclusion follows. q.e.d.

In particular,the regulanty conditions (3H1)+(2H2) are falfiled under
(1H1).So,the conple of the results above comprises the (subsumed to Theo-
rem 1) mean valne McLeod's theorem [8] ;see also Averbukh and Smolyanov
(2,ch.1,8ect.3] .For a number of technical aspects we refer to the 1971 sarvey
paper by Nashed [9,ch.1 sect 5]

It remains now to say what happens when (3H8) is no longer acceptable.
In this direction,as a completion of the statement above, we have

THEOREM 4. Suppose that
(3H11) ascc(Y(F))n (=cl(Z(F))) is a linear subspace

(3H12) esther asccl(Y(F)) or cl(Z(F)) ss locally compact

Then, the mean value property (3.4) holds in the simpler form
(3.47) Q@r(a,b) € cl(Y(F))+ cl(Z(F)).

Hence,in particular,for each convezs part Y of X and each cone Z of X
fulfiing (3H4) and (3H5) respectively,one has

(3.5%) Qr(a,b) € cl(Y) + cl(2).

Proof. It will suffice applying Proposition 2 to our data. q.e.d.

Some remarks are in order. The obtained statements cannot be in gene-
ral extended beyond the locally convex setting, as the example in Averbukh
and Smolyanov [op.cit.,ch.1,sect.3] shows. On the other hand, the denume-
rable set A of (3H3) cannot be substituted by a zero Lebesgue measure one;
see in this direction McLeod [op.cit.]. Finally, a left connterpart of these
developments is possible by the substitution

(3DT) F(t)=G(-t), tE€R,

combined with a reversing of the natural order over the real axis. Since the
corresponding versions of these are clear, we do not give details.

4. Some particular aspects

As explicitly stated in Theorem 3 ,a basic regularity condition under which
the closure operator is to be dropped in the mean value property (3.4) is
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(3H8).This,in particular happens when the locally convex space X fulfils the
requirement (2H1). We then have the following practical statement. Let
m > 1 be a fixed natural number, F : R — R™ a function, and a,b € R two
fixed points with a < b. Assume (3H1)+(3H2) are valid,as well as (3H3), for
some denumerable part A of ]a, . Take a couple of selections ¢ I e(+) F(t)
and ¢t F DM F(2) of the multivalued mape ¢ F EH) F(¢) and ¢ F DIV F(1),
respectively. Further, let B stand for a zero Lebesgue measure part of Ja, b
which includes A.

THEOREM 5. Under these assumptions,it is the case thai

m41 m41
(4.1) Qr(a,8)= Y- ADWF(t)+ 3 weMF(s)),
=1 =1

where {A;; 1 <3y < m+1}, {B;;1 < J <m+1} are positive numbers (with,in
m+1
addition, Z Ai=1)and {t;1 <3 <m+1},{s;;1< 5 <m+1} are points

=
inla, b\ B ,1 respectively [a, b[.
The number of terms in the convex combination of the right hand side
cannot be diminished in general,as simple examples show. But, under the
extra condition

(4H1) {DF(t); t €]a, b[ \ B} has at most m connected components ,

this is possible (cf. the remarks in Section 2).

An interesting application of these facts may be given along the lines
below.Let X be a (real) topological vector space, and F : R — X, a fune-
tion.Fix a couple of points a,b € R, a < b, and assume the general conditions
and notations of the preceding section are in use. Letalsop: X — Rbea
mapping with

(4H2) pis sublinear and continuous.
THEOREM 6. Under the precived facts,
(42)  p(Qp(a, b)) < HDHPF(c)) + mp(eF (1)) + pap(el P F(32)),

for some ¢ in Ja,}{ \ B i, 42 > 0 and {51,323} in [a,b[ Hencein
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particular,if

(4H3) pleMF(1)<0, t€ (s,

we necessanily have

(4.3) W Qrls, b)) < p(DPF(e)), for somec in la, B[\ B.

Proof. By the Hahn-Banach theorem, there must be some continuous
linear functional z* with

(4.4) *(Qp(a, b)) = p(Qp(a, b)), z*(z)<p(s) reX.
Define a function f from R to itsell by

f(t)y=z*(F(t)), tER
Clearly, Theorem 4 is applicable to f, because

z*(eMF()) € EN f(1), t€[a b
s (DHIF(1)) € DU f(2), ¢t €la, B[\ A.

So,by the conclusion of that statement,one geta via (4.4) (the firat part)

| HQp(a, b)) = Mz (DWF(t) + daz (DHF(t))+
mz* (e F(81) + paz*(elH F(s2)),

where Ay, Az, p1, g are positive numbers (with Ay + A3 = 1) and "{#4, 3},
{#1, 33} are points in |a, b | B, respectively, [a, b[. It will suffice now taking
into account (4.4) (the second part) to end the argument. q.e.d.

In particular, the extra condition (4H3) holds under (1H1). So,Theorem
6 includes the one in McLeod [8); see also Aziz and Diaz [3]. The number
of terms in the conical combination of the right hand member cannot be
diminished in general, as results from the axample

0, t<-1, t>1
F“)_{l, -1<t <1

and (with p=the identity map of R)

a=-2, b=2 A=RF={-11}
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We finally note that a left counterpart of this result is immediately avai-
lable, by the methodology of the preceding section. Some historical aspects
of the discussed {acts may be found in Flett [T.ch.1,sect.11].
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