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ABSTRACT

This study reinitiates the 1941 inquiry of E.F. Canaday, the first Ph.D. student of L.
Carlitz, which was restricted to F3[z] = GF[2,z]|. Since 1974 one of us has focused on
perfect, unitary perfect, bi-unitary perfect, and non-unitary perfect polynomials. Here,
F,[z| is partitioned using maximal set-theoretic unions of directed (n, k)-bracelets 49 —
Ay = ... = Apin = Ap where the monic polynomials Ag,..., Agpn—y are distinet,
n2l, k=0; with A; = Aiy, denoting o(4;) = Ai4, and o(A;) the sum of the distinct
monic divisors in Fy[z| of the polynomial 4;. New constructions for perfect polynomials
(A — A), disproof of the 1977 conjecture that z divides each perfect polynomial in Fy[z],
the existence of infinitely many pairs A # B of amicable polynomials (A — B — A), and
digraph structures of computed maximal unions of non-disjoint bracelets are obtained.

1. INTRODUCTION. E.F. Canaday studied [10] the sum o(A) of the distinct
divisors in Fy[z| of polynomials A = A(z) € Fy(z|. Later studies [1)-[9], [13], [17] of
various polynomial analogs over Fy, ¢ = p%, d > 1, of number-theoretic phenomena have
yielded numerous results and raised a variety of open questions. Here, Canaday’s broad
inquiry is reinitiated for p > 2. We use his notation and Harary's language [13].

As usual, F, is represented by the ring of integers modulo p. Unless noted otherwise,
our discussion is restricted to monic polynomials A = A(z) in the integral domain Fy[z],
for which o(4) denotes the sum of the distinct monic polynomials B € Fy[z] which are
divisors of 4. We write 4 — C whenever o{4) = C. Easily, the arithmetic function
mapping Fy(z] into the feld Fy(z) defined by o(cA) = co(A), c € F7, is multiplicative; i.e.,
#(AB) = g(A)e(B) whenever (4, 8) = 1. Thus ¢ is completely determined by its values
on the non-negative integral powers P® of the prime (monic irreducible) polynomials:
g(P*)y=P*+ Pl 4...41= %L_ Since A is the unique monic divisor of A having
maximum degree, then ¢ is both monicicity and degree preserving on the g3e8(A) such
monic polynomials A. Taking o°(A4) = A, the sequence o|4 = {o*(4)}izo is eventually
perodic. In §2 we study a natural equivalence relation induced on Fy[z] by these orbits
7| 4. Those basic examples and elementary results establish (§3) the infinitude of amicable
polynomials 4 # B, A = B — A over Fifz], ¢ = p?, for infinitely many primes p and
infinitely many integers d = 1. In §4 we exhibit perfect polynomials over Fy;, Fi; which
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are not divisible by z, refuting a conjecture [2| of the first author.

2. RING-EQUIVALENCE ON F[z]. Clearly, Fy|z] is partitioned by the scalar
multiples over F of the monic polynomials F,[z]a, and the latter are partitioned according
to their degrees ¢, say Fy(z]y = U.>0F,,.[z]. Refine these partitions further:

Definition 1. The sequence of monic polynomials B(n,k, A) given by 4 = 4 —
Ay = ... = Apyn = Ap, where Hy, Ay, ..oy Akbn-1 € Fy[z] are distinct, is called
the eyelic (n, k)-bracelet generated by A over F;. The subsequence R(A) = R(n, 4) =
{Aks--- s Akgn=1}, is called the n-ring determined by 4 if ¥ > 0; otherwise, the n-ring
generated by A. A bracelet in Fy[z] is an arbitrary nonempty set-theoretic union of non-
disjoint cyclic bracelets generated by monic polynomials A € Fy[z]. W

Deflnition 2. Polynomials A, B € F,[z] are called ring-equivalent provided R(4) =
R(B) set-theoretically, in which case we write ARE. R
Evidently, R-equivalence is an equivalence relation on Fy[z]as and on each Fy.[z],e > L.
The R-equivalence classes are the maximal bracelets given by the set-theoretic unions of
the non-disjoint iterates of ¢ “acting” on Fy .[(z]. Le., F,.[z] is partioned by the maximal
unions B of non-disjoint orbits o|4, 4 & Fy e[z], determined by the finite cyclic semi-
group < o >. Graph-theoretically: The (obvious) o-digraph F7[z] has infinitely many
components, each of which is finite, simple (no multiple edges), and unicyclic with loops,
the deletion of whose cycle-edges results in a forest of in-trees having the cycle-vertices
as sinks. The structure of finite cyclic semigroups (such as < ¢ >) has been understood
since Frobenius [11; p. 20|, but it seems the orbits under their “action” on sets have been
studied only probabilisticly [14], and even Carlitz’ classroom lecture notes “The Arth-
metic of Polynomials™ do not contain applicable arithmetic-function theory. We proceed
accordingly.

Theorem 1. If A € F,(z],q = p*,d = 1, then the cyclic bracelet B(A) is a p-ring.
Proof. Since A is prime, B(A) = A + F,, (the additive left coset of F, in F[z]).R

An earlier argument [4; Theorem 7] establishes:

Theorem 2. Let A(z),B(z) € F,[z] be monic polynomials, ¢ = p*,d > 1. Then
o(A(z)) = o(B(z)) if and only if o(A(z +¢)) =o(B(z +¢)) for allc€ F,. W
Note: Distinct translates of polynomials are not necessarily distinct: consider P(z) =
? + 2z + 1€ Fifz].

If o(A) is a prime then A is a prime-power; this is “best possible”: #((z +1)*) € F3(z)
is prime, 0 < i < 4. Examination of F; j[z] establishes: If #{A) is a prime-power then “all
possibilities” for A are realized. One may apply Theorem 2 to the following “root-results”
and translate them across Fj[z] or lift them to Fy[z].

Theorem 3. Let z € Fy(z| and a = 1. Then zle{(z+1)%] if and only if @ = —1(mod p).

Proof. Clearly, o{(z + 1) = Y inys(z + 1) hasvalueQat z =0 ifand only if a +1 =
0(mod p). B

Corollary 4. [Let P € Fy[z] be prime, P £ 1 but P(j) = 1 for some j € F,. Then
(z = i)le(P?) if and only if a = —1(mod p).W
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Theorem 5. Let P € Fyz] be prime with 1 < P(j) < p for some j € F,. Then
(z = j}|o(P®) whenever @ = —=1(mod (p—1}).

Proof. Let a,j € F), satisfy 1 < P(j) = a < p, and consider
(=) (e[Po(z))la=j = Lio a'-
Since a € F, has multiplicative order dividing p—1, and P-4 a' = 0(med p) from Euler’s .
Theorem, then the number o + 1 = rh(p — 1) of terms in () is sufficient for the claim. Bl

In the course of exhibiting the o-digraphs which complete this section, we have benefited
from discussions with Ann D. Dorris. (Using his personalized /programmable GALOIS IT)
Rex Matthews has amicably provided us with o(A) for A € Fs4[z] and calculations to
double-check our examples. We espedally appreciate the dedication of Vickie Mayberry,
who has produced our digraphs (using Windows' Paintbrush and TEX). The 600-vertex
F¢ [z] remains under construction (using Maple V). For conciseness represent A(z) =
z" + gz + ... + a, by (lay ---a.), and its digraph vertex by the base 10 integer k
determined by the base ¢ integer ai1a2...d,. Le., £ = A(g) — ¢™ for the rational integral
polynomial A(z). The distribution of the prime polynomials is exhibited appropriately.

Example 1. Fj;[z] = B, U By as follows:

B (12)? B, : '11121'
N
- (10)(11)
(11)% — (10)? PN
(11)(12) = (10)(12)
e .
(101) (122)

Ff,[z] is given by:

E[: 4 E':: s
&N l

N

2 —+ 0

Va ~
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Example 2.. F;3[z] = By U Bz U B3 U By where

(1201) — (11)(112)

(1211) —  (12)(101)

(1222) — (10)(122) - (1{1)(11](12}5
(1021) — (1022)

Ej i
(1112) (10)%(12)

NS N
(10)(112) (12)(122)

SN S
(11y(122)  (11)®

(1102) (10)(11)?
A "
(10)3(11) (11)*(12)
SN S
(12)(112)  (12)?

(1121) (10)(11)?
NN
(10)11)*  (11)*(12)
AN S

(10)(101)  (10)°
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Example 3. F{,[z] = By U B, where

B, 21 polynomials; 6/18 primes.

|
9 34
35
12\ /3]
43
\ / \
44 36—
& /N
5347 55 J9—54—18—56
r
B |_su polynomials; 12/18 primes. |:
52
\."IT
\ 57
sa ]l
a5y
62 _ 4_,..-'3['
U, 2 2? 17—16
21—50 32
78—1
dﬂ f H
30
[
?ff’"gu/ [ Vrz.ﬁ_z“
74
/2 g
3 74 \
171 73 43

g1
/ |
76 70 45 22
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Example 4. FJ,(zl = _El U By where
3, |Eipol}'nnmials; 0/10 primes.

7 20

=12

B, [20 polynomials; 10/10 primes.

I I = T o ==

11 - 18 — 19 — 15 We—22=21—16

b2
—
L ]

24 9
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Example 5. F7,[z] = B, U B; where

B, [24 polynomials; 4/40 primes. |:

105, 0 T
HFQ
n 70—32
1—109 85—73

517—"9 60—20—117—116
;] /\ \ \
3 42 12 a6

21 41

B ml poelynomials; 36/40 primes.

103 13 102
i

I
04 34

~
100
\

/
55 51
16 =
48 . 55_ qg
L Bd__ 9
57—113-15—49—90—114—5 5

-93—68—12—101—92—25
~ ™, .,
116 \ 113

1 9
&
77—78  96-97——40—§—123—50—36—24—83—62—81
45 6611 44 2 22 14 33
a4 3 £ % \
3 L 57 11 22
106—107—108 120 467 12) 4
55 124 94 28 29,
59 64 1
56 637 19 B0
62" |
\

117
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. CYCLIC (p,k)-BRACELETS AND p-RINGS. We now determine the cyclie
bracelets generated by specific polynomials of “low” degrees, but hrve not improved the
trivial bounds on cyclic (n, k)-bracelets generated by polynomials of degree e > 2 over Fy:
n21l, k>0, n+k <q" First, a general construction technique.

Theorem 6. The polynomial A(z) € Fy(z] generates an (n, k)-bracelet if and only if
B.(z) = A(z + ¢) generates an (n, k]-ﬁruui:t for each c € F,.
Proof. By finite induction using Theorem 2.0

QOur next results extend Theorem 1.

Theorem 7. Letc€ Fy, q=p%d>1,anddC A C Fy. Then A = Mgz +c—i)
generates a p-ring.

Proof. From Theorem 6, set ¢ = 0 wlo.g. By Theorem 1, each polynomial (z — i)
generates a p-ring. Since (r —i,r —j) = 1 for i # j, and & is multiplicative, then
A = Migao(z—1) = H;ea(z—1+1). By finite induction, o?[[I;ep(z—=1)] = Diealz—-t) = A
Since A # Fy, p is the smallest positive [ satisfying ¢'(4) = A.B

Corollary 8. Let 4 = [aea(z —a) € Fylz],q = p*.d 2 1, and let A C F, have a
non-empty proper intersection with at least one of the additive cosets in Fy/F,. Then A
generates a p-ring. M

Theorem 9. [fc€ Fy and n 20, then (z + c)?" =1 generates a p-ring.

Proof. Set ¢ = 0 and note that "' — (z —1)»"~! so0 gP(z? ") = 2z#"~! and p is
the smallest such power of o.

Corollary 10. Let A = Haealz —a)?" ~' € Fyfz], ¢ =p%d 2 1, n(a) > 0. If
A € F, has a non-empty proper intersection with at least one additive coset in F,/F,, then
A generates a p-ring over F,. B

Corollary 11. Wﬁmer:rc [ F,,, q p?,d>1 and n(0),... ,n(p=1) > 0 are not all
equal, then A =172}z +¢c— :}F W ! generates a p-ring.

i=0 :
Proof. Note that (z —1)? M, (z=i=- 1}"(']-' =z=(i+1)} '

Hereafter, we restrict our attention lo the case ¢ = p > 2, and appeal to Legendre
symbols (%) and the distribution of quadratic residues. ,

Theorem 12. [fp=1,7(mod 12), then ¥ € F,(z] generates a (p, 1)-bracelet.

Proof. For p = 1,7(mod 12), the discriminant of #(z?) =22 + z + 1 is d = 3. Since

(31) = Lthen 22 4241 = (z+j)(z +i) for distinct i, j € F. By Theorem 7, (z+5)(z +i)
generates a p-ring as p > 3. Thus z? generates a (p, 1)-bracelet.®

Theorem 13. [f p = 11,23,29,53,65, T1{mod 84), then 22 € F,[z] generates a (p,2)-
bracelet,
Proof. Since p = 11,23,29,53,65,T1(mod 34), then p = 5,11(mod 12), #(z?) has

discriminant d = -3, and (z}) = -1. Thus o(z?) is a prime. The discriminant of
73(s?) =22 + 2+ 2is d = —T and p = 1,9, 11,15, 23, 25(mod 28), thus ( ) = 1. Hence

o?(z?) = (z +1)(z + ;) for distinet i,j € F,. By Theorem 7 (z + j)}(z + 1) generates a
p-ring, hence z? generates a (p, 2)-bracelet. B

alal

i}
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Theorem 14. If p = 1(mod 4), then 23 € F,[z] generates a (p,1)-bracelet. W

Theorem 15. If p = 3(mod 8) and p > 11, then z° € F,[z] generates a (p, 2)-bracelet.

Proof. Note that o(z}) =z + 2z +z+1 = (z + 1)(z? + 1) and the discriminant of
z? +1isd = —4. Since p = 3(mod 4) then (?) = -1, hence z? + 1 is prime. Thus
o?(z%) = (z + 2)(* + 2). The discriminant of z* + 2 is d = -8, and (-“-’3) = 1. Hence
o*(z?) = (z + 2)(z + v=2)(z = +/-2). Since its roots are distinct and p > 3, then ¢?(z?)
generates a p-ring. M

Theorem 168. If p > 2 and z* € F,[z] generates an (n, k)-bracelet, then n = p and
k<t

Proof. The n-ring of the bracelet is generated by the quadratic z? + z + ¢ which “first
factors” for ¢ € Fy under the “ordering” 1 <2< ... < p. If p > 2 then n = p by Theorem

7, and 2 + z + ¢ factors if and only if (%) # —1. Since there are (p — 1)/2 nonzero

quadratic residues in F},, then there are at most (p—1)/2 “consecutive” primes of the form
z? + z +¢. Hence o'#*1/3(z?) i3 in the p-ring determined by z>. M

4, PERFECT POLYNOMIALS NOT DIVISIBLE BY z. Canaday [10] did not
find any perfect polynomials over F; not divisible by z, and found it plausible that oone
exist. The exceptional condition proved by him was generalized [2|:

Fact 1. Euvery perfect polynomial over GF(2) ia either divisible by z{z — 1) or elae is
g perfect square. M .

Fact 2. If the polynomial A = Hf_,me is perfect over Fy for n(i) > 0 and distinct
primes P; having conatant terms c;, then z|A unless all of the following are satisfied:

(1) (Ms(z—-i)A) =1,

(i) n(i) = 0(mod 2) wheneverc; =p—1,

(#11) n(1) £ —1(mod p) whenever ¢; =1,

(tv) n(i) £ —2(mod p— 2) whenever l <c; <p—-1. N
The conjecture [2] “If A is perfect over Fj then z|A" of Beard is false as shown by Link
(15]. Her three counter-examples follow in reverse historical order of their constructions
(with (1,ay,- ,@p) =" + a2z + - + a,).

Example 6. For B=(1,0,1){1,3,6)(1,8,5)(1,1,4X1,4,5)(1,7,5)(1,2,2) (1,6,10)(1,9,2)-
(1,5,10)(1,10,4)€ Fi1(z], A = B? is perfect over F;. 0
She also found a perfect polynomial not divisible by z and not a square, but first:

Definition 3. The monic polynomials 4, B € F,[z] are k-amicable over F; provided
a%(A) = B and ¢%(B) = A. Whenever 4, B are k-amicable and A # B, then we call 4, B
a k-amicable pair and write (A4, B)i—am. For k = 1 we merely say amicable. B

Example 7. Let A = B*C € Fi;{z| where B=(1,4,1)(1,13,1)(1,6,6)(1,15,15)(1,8,13)-
(1,14)(1,2,15)(1,10,5)(1,14,12)(1,12,16)(1,16,10)(1,1,10)(1,3,12)(1,5,16)(1,7,5)(1,9,13)-
(1,11,16) and C=(1,8,2,12,3)(1,9,2,5,3)(1,12,15,10,9)(1,13,1,6,3)(1,16,6,12,13)(1,12,7)-
(1,4,1,11,3)(1,3.9.8,14)(1,11,10,4)(1,7,7.5,1)(1,15,5,13,9)(1,2,5,4,9)(1,6,7,4)-
(1,10,7,12,1)(1,14,9,9,14)(1,1,6,5,14)(1,5,15,7,10). B* = C — B* and (B*,C) =1,50 A is
perfect.ll
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Finally, Link’s Monster (of degree 476):

Example 8. Let A = B*C € Fi7[z] where B=(1,1,1)(1,3,3)(1,16,1)(1,7,13)(1,9,4)-
(1,11,14)(1,13,9)(1,15,6)(1,0,3)(1,2,6)(1,4,9)(1,6,14)(1,8,4)(1,10,13)(1,12,7)(1,14,3)(1,3,7):
(1,15,13)(1,4,16)(1,6,4)(1,12)(1,13,16)(1,2,13)(1,10,3)(1,12,14)(1,8,11)(1,14,10)(1,16,8)-
(1,1,8)(1.3,10)(1,5,14)(1,7,3)(1,9,11)(1,11,4)(1,7,11)(1,6,12)(1,13,7)(1,12,5)(1,15,4)-
(1,14,1)(1,9,2)(1,8,2)(1,5,5)(1,4,7)(1,11,12)(1,10,11)(1,1,16)(1,2,4)(1,3,1)(1,16,16)(1,0,3)-
(1,10,1)(1,4,14)(1,9,9)(1,3,8)(1,16,6)(1,15,11)(1,12,12)(1,1,6)(1,11,2)(1,10)(1,6,2)(1,5,12)-
(1,8,9)(1,2,11)(1,7,1)(1,13,14)(1,14,8)(1,4,15)(1,16,7)(1,10,2)(1,15,12)(1,3,9)(1,14,9)-
(1,9,10)(1,5,13)(1,6,3)(1,1,7)(1,7,2)(1,12,13)(1,11)(1,11,3)(1,2,12)(1,13,15)(1,8,10) and
C=(1,2,4,3,3)(1,6,16,4,13)(1,15,4,14,3)(1,14,8,2,13)(1,1,5,13,4)(1,5,14,13,7)(1,9,1,9,6)-
(1,13,8,9)(1,11,14)(1,4,9,9)(1,8,1,8,6)(1,12,14,4,7)(1,16,5,4,4)(1,3,8,15,13)(1,7,6,10,6)-
(1,11,16,13,13)(1,10,6,7,6)(1,8,13,5,13)(1,15,16,2,6)(1,3,3,16,7)(1,13,12,1,4)(1,6,11,6,6)-
(1,11,11,11,6)(1,1,2,9)(1,10,1,16,13)(1,12,9,8,13)(1,2,16,15,6)(1,14,3,1,73(1,7,1,1,13)-
[1,5.14}(1,5,9,9,13}{1,4,12,15,4}(1,9,13,12,3){1,16,15,9}, Then O!&,((z +1) +5)* —

M ((z+i) +11(z +4)* +14) — n::n{(x +i)2 + 1202 = M, ((z +1)2 +3)* —
111‘[,{[:. +i)2+10P =M ((z+ ) + 112 =8, ((z+1)* +6(z +1)® + 14) —
ISz +:)* +3572. 1

Example 7 shows a new technique for constructing perfect polynomials:

Theorem 17. Let A, B € Fy[z] and (4,B) = 1. If(A, B)am then AB is perfect.®

Corollary. If A € F,[z] generates an n-ring of pairwise relatively prime A;, then
M7, A; is perfect B
The converse of Theorem 17 is false:

Example 9. Let A = B*C(z!" - z) € Fy7[z| with B,C from Example 8. Since B*C
and z}7 — r = [!%,(z — i) are perfect, and (B*C,z'" — 1) = 1, then A is perfect. No
factorization 4 = DE with (D, E) = 1 yields (D, E),m .1

5. Amicable Pairs and Other even-Rings. The amicable pairs (4, o(A4))am over
F, given in Table I for 3 < p < 17 were obtained by hand using (9] or on a PC using
the GALOIS package of Lidl, Matthews, and Wells. For brevity, the five amicable pairs
and infinite class over GF(2) which Canady discovered [10] are not included, and those
constructible from our theoretical results are omitted. For conciseness, let z; = z + 1.

TABLE 1
(4, B)am
A=(z? =z, B=(z* - )0, (z? +1) _
A=(z- z)*u=_,,(z +22% +1),B = (2% - 2)2 (7 + NIy T 2
A= (: - z)" 2o (z} + 227 +2), B = (2 — 2 M, (z} +1)°
O o(=} +‘> T4zi 422 +1)

3 A= {1 -z gﬂj_ufr + "‘Iz + O _(z? + 22 +2),B=(2* - z)8

M g(2? + g o 2 Mieg(z! + 227 +27 +22: + 1)

&3 L3 €2 "o
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p (4, B)am
3 A= i= }“’H‘_ﬂi: +1)(z} + 27 +2),B = (z* —z)®
Mp(z} + 28 + 22, + 1]1'[,..'1,{:.:5i + 2:,+ + 2z} + 27, 4+ 1)

3 —[z -I}NH,_“(: +z? +‘2]{:: +2z2 +1), B =(z* - z)8

m2_,(z? + 1}9(.-:4 +z2 425+ I (2 +2d o+ D)zt + 2+ 2)

M2_o(z} +22, +2) . )
3 = {z - )T (22 + 1P, :_l{:c + M (22 42t 4223 4+ 22, + 1)

= {.r = )T, (=2 + 1)IIE, J_,ﬂ o]l (zf +2f + 2] +1)
,=.,{:. +2zf 42z} + 20 + V(2 + 228 + 2 4222 + 22 4 22 + 1)

5 A=(zb— 2P, (z! +1),B = (z° - -o)ltzo(ad +2) 2(z; +3)
5  A=(z%-—z)PIL (2 +2)%(zf +3)10 .;.E_l{x +2)I4_ (2% + 322 + 2t +4z, +3),
B =(z% - z)°II,(z! + 2]{;1: + i +4}H,_of_z +4r; +4)IE, J=n{z;’}
T o(2? + 32 + 28 + 42, 4+ 2)
3 -(z —z)5 I, (=3 +3}’{$ +3} B =(z%—z)"I}_, (22 +2)(<3 +3]|[:n +2)(z}+3)
T - {3 - z)* 115, =1{'~' +2),B = (2" - z)* o (=? + 4}Hmu —n IJ
11 = {I” -z)*,B= Hlﬂn(z +Tz + bz; + 10)I12, (=) + 522 + 4z, + 10)
13 —{:c -z M2, (22 + 1101112, .r=1 1 +2),B= (¥ -z)
M20(z3 + Tz + Tz + T, Ticy z{

13 A= (2" - z)fmiZ (22 -l‘-ﬁ}{r +8),B=(z!* - z)?
2, (2? + 2)(z? + 5)(z? +T]|:I +11)
13 = (2 - I}Tﬂ.sn(I +6)(z} +8), B = (z'* — z)*M2y(] + 5)(z} + 7)(z? +8)
13 = l[:l:13 — P2, (2} +11), B = (2 — 2)°M!2,(2? + 4)(z? + 10)
17 A =8 (e} + 14, B=M!E,(z* +12z2+7)

To construct amicable pairs, recall Exa.mple 9, Theorem 17, and from (2],(8]:
Fact 3. The polynomial A = II'Z (z — 1)V € F,[z] is perfect if and only if n(0) =
w=n{p—1)=Np" — | where N{{p-—l} and n > (0.0

Theorem 18. Let A, B,C € Fy[z] be pairwise relatively prime. Then A is perfect and
(B,Clam if and only if (AB, AC)am.

Proof. The necessity of (AB, AC)sm is evident. Conversely, we have o(A)e(B) =
AC and o(A)e(C) = AB, from which a(A)a(B)o(C) = ACo(C) = ABo(B). So Co(C) =
Ba(B), C|o(B), and B|e(C'). Since (AB, AC)am and o is degree-preserving, then deg B =
deg C. Since #{ B) is the unique monic divisor of itself having maximum degree then C =
o(B). By symmetry, B = o(C). Since B # C then (B,C)ym. Finally, o{Alo(B) = AC =
Ao(B)soo(A) =

Example 10. There exist infinitely many amicable pairs of polynomials over F; for
g = 17%, d odd, by Fact 3 and Theorem 18: B? C of Example 8 are relatively prime to
z'7 — z; n = 0 is arbitrary in Fact 3; and the prime factors of B?, C remain prime over
F, [12].m

From Dirichlet's theorem on the infinitude of primes in an arithmetic progression, the
next three results each establish that (A, o(A))sm exist for infinitely many odd primes p.
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Lemma 1. Ifp>3 andc,i,j € Fp with i # j, the translates (z +i)* +(z +i) + ¢ and
(z+7)% +(z+j)+c are distinct.H

Theorem 19. The polynomials A = (2P — z)*, o(Ad) € F,(z] are amicable if and only
if p=11,23,29,33, 65, T1(mod 84).

Proof. fp=2then A= (z* -z > z* +2+1 — z(z +1)® so that A and o(A)
are not amicable. If p = 3, then (2* — z)? = (2? = 2)? and 4 = (z* - z)? is perfect.
Thus let p = 5 hereafter. Note that the discriminant of o(z?) = 2 +z+1isd = -3
and {%} # 0. If (3}) = 1, then o(z?) = (z +1)(z + j) for distinct i,j € F,. Thus from
Lemma 1, o((2? ~ £)?) = (z” — £)* so A is perfect, hence A and #(4) are not an amicable
pair over F,. Hence assume {=;~] = =1, which occurs if and only if p = 3,11(meod 12).
Then z* + z + 1 is prime over F,. Thus (2P — z)* — I?Z}((z + i) + (z +1i) + 1) by
Theorem 2 and is in canonical form by Lemma 1. Assume A and o(A) are amicable over
Fy. Then o%(22)|(z? — z)*, s0 ¢?(2?) = o(2* + £ + 1) = z* + £ + 2 factors. Since the
discriminant of 2 + £ +2 is d = —7, then 2% + z + 2 factors if and only if () = 1 or
p=1T7. Since p = 5,11(mod 12), then p # 7. Hence ['TT} = 1, which occurs if and only if
p=1,3,9,19,25,27(mod 28). Solving the system of congruences

= 5,11(mod 1 _
{p =5 {gmlg 2:}97{“;& ) vields p = 11,23, 29, 33, 65, 71(mod 84).

Conversely, assume p = 11,23, 29,53, 65, T1{mod 84). Then p = 5,11(meod 12),( =Pi} =
-1, and 22 4+ z 4 1 is prime, so that (zf — z)? — M2} ((z +i)* + (z + i) + 1). By

Theorem 2 and Lemma 1, o(TII?2, ((z +i)® +(z +1) +1)) :uﬂf:;[a[{z +i)2 +(z+i)+1)).

Since the discriminant of z* +z 4+ 1lisd = =7 and p = 1,3,9,19,25,27(mod 28), then
['TT} = 1, so that o(z? + 2 + 1) = (z + j)(z + {) for distinct [,j € F,. By Theorem
2 and Lemma 1, o[l (z + i) +(z+ i)+ 1] = P e((z + i +(z+1) +1)] =
22 (z +j +i)(z +1+1) = (z? - z)* and we are done. B

Lemma 2. For p > 3, the translates of 22 + 1 € F,[z] are distinct. B

Theorem 20. The polynomials 4 = (zf — 1)%, o(A) € F,[z] form an amicable pawr
over Fy if and only if p = I(mod 8).K

Theorem 21. For A = (z? — z)?, the polynomials B = Ac*(A) and o(B) are an
amicable pair over F,, if and only +f p =17,83,167,173,227,293,437,503,563,593,677,857 887,
923,1007,1097,1217,1223,1403,1427,1487,1517,1553,1613,1823,1847,2063,2147,2243,2273,
2327,2393,2477,2483,2537,2603,2747,2813,2873,2903,2987,3167,3197,3233,3317,3407,3527,
3533,3713,3737,3797,3827,3863,3923,4133,4157,4373,4457,4553,4583 (mod 4620).

Proof. The result will follow from Theorem 22 and Theorem 23, as we now argue. The
displayed polynomial A generates a 4-ring over F}, if and only if p satisfies the above con-
gruence. [n the proof of Theorem 23, the elements of the 4-ring generated by 4 are shown
to be pairwise relatively prime. Hence by Theorem 22, the polynomials B = Ag*(A) and
o(B) are amicable.l
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Theorem 22. Let Ag € Fy[z] generate the even n-ring dg — 4; — ... = Ay —
A, = Ag. If A, Aipq relatively prime for 0 < i < nand B = HLlAg;_i and C =
M2 Ag, then (B,C)am B

Example 10. For dg = (z!" —z)? € Fiz[z], forz; = z +i: 4 = (2T - 2)? =
M2p(z} +zi+1) = Ay = OE(z} + 20 +2) = 43 —» MS(e? + 2. +3) = 43 -
MSe(z} +zi +4) =Mi&[(z + 6+ i)z +12+1)] = 4. W

Theorem 23. The polynomial A = (2? —z)* € F,[z] generates a 4-ring over F, if and
only if p =17,83,167,173,227,293,437,503,563,593,677,857,387,923,1007,1097,1217,1223,
1403,1427,1487,1517,1553,1613,1823,1847,2063,2147,2243,2273,2327,2393,2477,2483,2537,
2603,2747,2813,2873,2903,2987,3167,3197,3233,3317,3407,3527,3533,3713,3737,3797,3827,
3863,3923,4133,4157,4373,4457,4553,4583 (mod 4620).

Proof. ip=2,then(z? -z)? = z' +z+1 =¥z +1) = z{z +1)*. Thus (22 - z)?
generates a (1, 2)-bracelet rather than a 4-ring. Hence assume p > 3. The discriminant
of o(z?) = +z+1isd = =3. If p =3, then (2 = 2)* — (2* = ), 50 A is perfect
over Fy. Hence assume p > 5. If {1’1} = 1, then z? + r 4+ 1 has distinct roots over
F, and factors as 2 +1+1 = (r+ )z +j) By Theorem 2 and Lemma 2, we have
o((z? = z)?) = M ((z +iP +(z+1)+1) =M (z + 1 +i)(z +j +1) = (22 — ),
so that A is perfect over Fj,. Hence assume p > 5 and ('Ta} = —1, which occurs if and
only if p = 5,11(mod 12). Then z* + z + 1 is prime over F,. By Theorem 2 and Lemma
1, we have the canonical factorization o(z? — z)? = I?2)((z +1)* + (z + i) + 1). The
discriminant of z* + 4+ 2 is d = =7. Since p = 5, 11(mod 12), then p # 7 so p > 11. By
the proof of Theorem 19, if [:;1] =1 then (A, 5(4))am so that A does not generate a 4
ring. Hence assume {"TT} = —1, which oceurs if and only if p = 3,5,13,17, 19, 27(med 28).
Then z* + z + 2 is prime over F,. By Theorem 2 and Lemma 1, #%(A) has the canonical
factorization ¢?(A) = "2} ((z+1)* +(z+1)+2), and 3(A) = P25 (a((z +1)* +(z +1)+2)).
Note that the discriminant of z?+z+3isd = —11. If p = 11, then (A, #(A))am by Theorem
19, and A does not generate a 4-ring. If {%‘r}l =1, then 7 + z + 3 has distinct roots over
F, and factors as ¢%(2?) =22 + 2 +3 = (2 + [)(z + ;). Thus by Theorem 2 and Lemma
2, eNA) =P ((z+iP +(z+i)+3) =P (z+ [ +i)(z+j+1i) =(z® —z)? so that 4
generates a J-ring over F,. Hence assume {::-L} = —1, so that % + z + 3 is prime aver F,,
which occurs if and only if p = 7,13, 17, 19, 21, 29, 35, 39, 41, 43(mod 44). By Theorem 2 and
Lemma 1, 0*(4) = O} ((z+1)? +(z+1)+3) and o*(A) = T (o((z +1)? +(z+i)+3)) =

IP= ((z +)* + (z +1) + 4), and the discriminant of z* + z + 4 is d = —15. Assume that

1=0

A generates a 4-ring over F,. Then o*(z?)|(z? — z)*. Thus z? + z + 4 factors. Hence
{1;321 = 1, which occurs if and only if p = 5,7, 11, 13,29, 37, 43, 59(med 60). Solving

p =35, 11(mod 12)
p=3,5,13,17,19,27(mod 28)
p=T,13,17,19,21,29,35, 39,41, 42(mod 44)
p=35,7,11,13,29,37,43, 539(med 60)

yields the desired congruence.
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Conversely, let p satisfy the congruence. From earlier arguments:
A = S (2 +i +(z+i)+1) = M5 (2 +6) +(z+i)+2) — T3 ((z+i)P +(z+i)+3) -
0225 ((z + 1) + (z + 1) +4). Since p = 5,7,11,13,29,37, 43, 39(mod 60) then (=38) =1
Hence o*(z?) has distinct roots in F,, say o*(z?) = (z + I)(z + j). By Theorem 2 and
Lemma 1, o*(A) =P ((z + i)} + (z+ ) +4) =2 (z+ 1 +i)(z+j+i)=A. W

Corollary 24. There ezist 2-amicable pairs of polynomials over F, for infinitely many
primes p.B

On mimicing Example 12 using amicable pairs from Table I, Theorems 19,20,21 and
perfect polynomials displayed in or constructible from [2],{4],[8], there is evidence for this

Conjecture. For all primes p and integers k,d > 1, there ezist infinitely many
(A, Ble—am over Fy, ¢ = ol |
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