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SAMPLE CONTROLLABILITY OF GENERAL
NONLINEAR STOCHASTIC SYSTEMS

J.P.Dauer K.Balachandran

1. Introduction

Stochastic control theory is a stochastic generalization of classsical control theory. The
problem of controllability of nonlinear stochastic systems has been discussed by many
authors (e.g., see (2, 8]). For contm[la'lb'lllty of classical nonlinear system, among other
methods, fixed point techniques are widely used as a tool [9). Anichini [1], Balachandran [3],
Dauer [5], and Yamamoto [9], respectively, studied the controllability of classical nonlinear
systems by means of Schaefer’s theorem, Darba's theorem, and Fan’s theorem (see also
[4]).

The purpose of this paper is to consider the controllability of nonlinear stochastic sys-
tems. The variation of parameters formula for stochastic differential equations [7] and

random fixed point theorem [6] are used to get suitable controllability conditions. Further

comparision theorems for controllability of nonlinear stochastic systems are obtained.
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2. Preliminaries

Consider the process described by the differential equation

z'(t,w) = A(z,u, t,w) + Bz, u, t,wu(t,w) + f(z,u,t,w) (1)

where B(z,u,t,w) is the product measurable random matrix function defined on R™ x
R™x J % Qinto R™*™, Assume that A, f € M[R™ x R™ x J, R[ﬂ,R"[] and A(z,u,t,w),
B(z,u,t,w) and f(z,u,t,w) are almost surely (a. s.) sample continuous where J = [tg, t)].
Here the notations and definitions are adopted from reference 7] and it is assumed that
all inequalities and relations involving random quantities are valid with probability one.

The following two hypothesis are also assumed:

| Az, u, b, w) | < ka(tw), || Blz, u,t,w) [| < kslt,w), (2)

| flzutw) gzl lultw), (3)

where ka, ks € IB[J, R, Ry]], g € IB[RT x RT x J,R[Q, Ry]], g(e, 8, t,w) is sample
continuous and nondecreasing for any @ > 0, 3 > 0, Az, u,t,w) be twice continuously
(randomly) differentiable in z(t,w), and u(t,w) be sample continuous random function.
Here || - || is a norm on Banach space and | - | is the Euclidean norm. In this paper
a set of sufficient conditions is developed to ensure that the system state z(t,w) can be

transformed from z(tg,w) = zp(w) to z;(w) in the alloted time t; — tp.
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Definition. The stochastic system (1) is sample controllable from (zo(w),to) to
{z1{w),t1) if for some random control u(t,w) on J, the sample solution of (1) with
T(to,w) = zo(w) is such that z{t|,w) = z;(w). If the system (1) is sample control-
lable for all zg(w) at ¢ = tp and for all z;(w) at t = ¢;, it is called completely sample

controllable on J.

Choaose zg{w), 71 (w) and consider how to determine an appropriate control u(t,w) which

steers the solution of the system (1) with z(tp,w) to z(t1,w) = z1(w). Since the system
(1) is nonlingar, it is not known whether such a control exists. Therefore, we consider the
system (4), instead of the system (1).

z'(t,w) = Ay, v, t,w)+ By, v, t,wu(t,w) + fly, v, t,w) (4)
where y,v are continuous functions with appropriate dimensions. Then the system (4)

is a linear control system with time functions A(y, v, ¢,w), B{y,v,t,w) and f(y,v,t,w); a

sufficient condition for the system (4) to be completely sample controllable is that
det Gltg, t,y,v,w) > ¢, for some positive constant ¢, where (5)
Ly
Gite, ty, 0, vw) = f H{t,E,y,u,u]HT{t,rTy,u,w]dr
to

Hit, 7y, v,w) =8t 7y, 0,w) By, v, 7,w)

Ay (t, s, zo(w), w)
Azy

Plt, s,y v, w) =
ai@“rtch o, w]ullrat - iaA{!L u,t,u},"&y]@

®(t, ¢, y, v,w) = I, the identity matrix.



146 Stochastic Systems

Here the T denotes the matrix transpose. The solution of the system (4} with z(tp,w) =

To(w) is given by [7]
z(t,w) = y(t, to, To(w)) +f $(t, r,y, v, ) Bly, v, 7, w)ulr,w)dr

+f &(t, ry, v,w) fly, v, 7, w)dr (6)

ta

where y(t,to, zo(w)) is the unique solution of the equation y'(t,w) = Ay, v, t,w) with

y{s, s5,zo(w)) = zo(w). If the system (4) satisfies the condition (5) then one of the controls

which steers the state (6) to a given r;(w) at time ¢, is given by

u(t,w) = HTG™(to, t1, v, v,w) (71 () - y(t1, o 70(w))

¢
- fill Pt m v, v w) fly, v, tw)dr (7)
[ ]

o
Substituting equation (7) into (6) it follows that z(t1,w) = z,(w). If appropriately selected
vectors y, v agree with x, u which result from equations (6) and (7) respectively, then these
vectors are also solutions of the original problem for system (1) and the controllability
problem for system (1) becomes an existence problem of a fixed point for equations (6)
and (7). But if there is at least one set of fixed points for equations (6) and (7), then this

solution is also obtained from equations (7) and (8)

z(t,w) = y(t, to, Tolw)) + f &(t, 7,9, v,w) By, v, 7, $)v(r)dr

o

t
+f! @t 7y, v,w) fly, v, mw)dr (8)
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Equations (7) and (8) are also considered as nonlinear operator equations which assign
(v,v) € C[J,R™™] to (z,u) € C[J, R**™] where C[J, R**™] is the collection of con-
tinuous functions defined on J with values in R™*™. Thus, the original controllability

problem becomes a fixed point problem for the operator F
(z(t, w), uit,w)) = F(y(t), v(t),w).

This nonlinear operator F is obviously continuous on C [J, R"*‘"‘]. Furthermore, if there

exists a closed bounded convex subset 5 of C [J’, R“"‘"‘] such that the operator F is invari-
ant for S, ie.,

(z(t,w), ult,w)) = F(y(t),v(t),w) € § for any y(t), v(t) € S.

Then, as derived from equations (7} and (8), the operator F is bounded and equicontinuous.
Hence by Schauder's theorem, there exists at least one fixed point for F. Thus, we have

the following thearem.

Theorem 1. If there exists a closed bounded convex subset S of C[J, R**™] such that
the random operator F satisfies F(w, §) C S, for each w € 1, then the nonlinear stochastic
system (1) which satisfies condition {5) is completely sample controllable.

3. Comparison Theorems for Sample Controllability

Now we examine the conditions such that there exists a subset S which satizfies Theorem
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1. Define S(w) to be a set
S(w) = {(v) € C[L R 4() | < altw), | v(®) | < Bltw)} Q
where a, 3 € IB[J, R(Q, Ry)]. Then it follows that

[
| 2(tw) | < | y(t, toszo(w)) | + f: 19, 7,3, v, @)l 1B v, )l [ v(r) | dr
[
" [ 132, 7,y v )L (), u(r), T dr

< | zolw) | +kalw) + exp k(w) ./!'E ky(r,w) | vir) | dr

+ ezp ko) [ o(1500) LIu( m)ir
< | zo(w) | +halw) + ezp K(w) [ b(r,) | u(r) | dr
+ cxp k) [ a13(0) L1 ot0) L)
< aglw) + a1 (w) f ka(r, )87, w)dr + a1(w) [ o(alr,w), B(r,w), T,w)dr

(10)

where

by
| y(t, ta, Tolw) | < | zolw) | + ! | Aly, v, 5,w)llds
by
< |zolw) |+ [ kals,w)ds

ta
=| Iﬂ'f.w} | +kn[w]r

ag(w) = ka(w)+ | zalw) |,

Ly
@t to, v, w)ll < I +/ 18A(y, v, s,w)/Byll 19(s, to, y, v, w)|lds
Lo
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£
gerpf K(s, w)ds.
ta
= ezp k(w), where |8A(y, v,5,w)/8y| = k(s,w).

ay(w) = exp k(w).
Analogously from equation (7), we obtain

lu(t,w) | <1 HTG™ (to,t1,4,3,0) [21(w) - y(t1, o, Z0(w))

—ft fb{h,t,y,v,u}f[y,v,r.w}d'r] |

< HTG"{Eu.t:.y,u.w}[m(w} - yftlkfo.rn{w}}] l

by
+ ” HTG*I{inJi.y.UM} "j H @'“lrfsyrvle || |f{y,u,f,w} | dr
ta

b

ie., | u(t,w)| <bolw)+bi(w) [ glalrw) Brw),rw)dr (11)

to

where

bolw) = || HTG~ (to, t1,y, v, w) [z1(w) = y(t1,t0, zo(w))] |

bi(w) =|| HTG~(tg, tr, y, v,w) || Btr,t,y,v,w) ||

Here ag(w) depends on the initial value zo(w), and by(w) depends on both the initial an;:l
terminal values rg(w), z1(w). But aj(w), az(w),bi(w) are constants defined only by the
system parameters k. (¢, w), kp(t,w) and the control interval J.

Therefore, in order that a subset § defined from equation (9) satisfies the theorem, it is

sufficient that the right hand side of equations (10) and (11) be smaller than a(t,w) and
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B, w).

Theorem 2. Assume that the system (1) satisfies assumptions (2), (3) and condition (5).
Then for system (1) to be completely sample controllable on J = [tg,t;], it is sufficient

that the inequality relations

t
aglw) + all[w}/: k(7 w)@(r w)dr

+a@) [ glarw), frw), ne)dr < attw) (12)
ty
balw) + blfw}f g(a(r,w), B(r,w), 7,w)dr < 3(t,w) (13)

have at least one non-negative solution (a(t,w), 8(t,w)) for any aq,bo € R[?, R1] and for

some ay, by € R[N, Ry | defined by the system equations. Here R} = {z € R: z > 0}.

This theorem can be simplified when the nonlinear function does not depend on z or u.

In equation (1) , if f does not contain u,i.e., f(-) = flz,t,w), and the assumption (3) is

changed to

| flztw) | < g(lz ] tiw), (14)

then (12) and (13) are respectively converted to

t

aglw) + a1{w]|f ky(r, w)B(r, w)dr

Iy

]
+a|{w]f gla(r,w), r,w)dr <a(t,w) (15)

a

ty
bo(w) + by (w) f olalrw), nw)dr < Blhw). (16)
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Then, from those inequalities we have

a'(tw) = ar(w)ks(t,w)B(t,w) + a1 (w)g(alt,w),t,w)
> n1(w}f=a(hw[bo{w} +ﬁt(w}£l y(ﬂ(sru}.&u}dﬂ + ay(w)g(a(t, w), t,w)
= co(t,w) + e1(t,w) f‘t 9(als,w), 5,w)ds + az(w)g(alt,w), t,w),
where colt,w) = ay (w)ks(t, w)bo(w)
c1(t, w) = a1 (w)ky(t, whb (w)

and a(tp,w) > ao(w).
Theorem 3. Consider the nonlinear sample control system of the form

'(t,w) = Alz,u,t,w) + B(z,u, t,wult,w) + f(z,t,w) (17}

which satisfies assumptions (2) and ( IM} and condition (5). If there exists at least one

non-negative solution a(t,w) of the inequalities

a'(t,w) = colt,w) + ¢ (t,w) ftl g{a(r,w)r,w)dr + a1 (w)g (a(r,w)r,w)

alty,w) 2 aglw) (18)

for any co € IB[J, R, R3)], a0 € R[N, RY), a1 € RIQ, Ry and ¢1 € IB[J, B[, 4],

then the system (17) is complctely sample controllable on J = [tg, t1].

In case that f in (1) does not contain r,i.e.f(-) = f(u,t,w), and if assumption (3)
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changes to

| flut,w) | € 9wl tw), (19)

then (12) and (13) are respectively altered to

¢ ¢
aolw) + al{w}j: ko(r,w)@(r,w)dr + ag{w}f 9(A(r,w), rw)dr < aft,w),

bo) + bu(o) | ? 9(Brw) mw)dr < Blesw).

But if the second inequality has a solution 3(t,w), then the first inequality always has a

solution. Therefore, we have the following,
Theorem 4. Consider the non-linear sample control system of the form
'(t,w) = A(z,u, t,w) + Bz, t, u,whu(t,w) + f(u,t,w) (20)

which satisfies assumptions (2) and (19) and condition (5). If there exists at least one

non-negative solution (¢, w) of the inequality
131 .
Alt,w) = balw) + bjl:u}/ g[ﬁ{t,w],r,u:}ldf-
ty

for any by € R[Q, | and by € R, Ry], then system (20) is completely sample control-

lable on J = [to, t1].
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