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Abstract.Some results on the oscillalor group are reported.  Specifically: some of
their properties as o cousal homogeneous spacetime; the oscillator group as a symunel-
ric Lorentzian space whick is selution of sourceless Einstein-Yang-Mills equations; the
Lorentrian homogeneous structures and their associaled groups of isometries on the oscil-
lator group with lefi-invariant Lovenlzian metrics; the Lovenlzian homogeneous strucfures
associated to o bi-invariant metric; and then the vscillator group as selwtion of Binstein-
Yang-Mills equations with sources,

1. INTRODUCTION

The oscillator group can be described as a semidirect product of the three-dimensional
Heisenberg group H; and K under certain action of K on /. 1t was named in this way
when introduced by Streater in , as its [15] Lie algebra is isomorphic to the one generated
by the differential operators associated to the harmonic oscillator problem. This group
is interesting from the pointa of view of both physics and dilferential geometry (see, e.g.,
[3,5,6,9,10,11,12,13,15]). For instance, the oscillator group is the only pon-commmtative
four-dimensional simply connecied solvable Lie gronp which has a bi-invariant Lorentzinn
metric (see [12,13]).

Moreover, it is [10,11] an example of homogeneous spacetine, which as s causal space
gatisfies the so-called cansal continuity, which is a relatively strong property among the hi-
erarchy of causal spacetimes. Levichev studicd in [9] the oscillator group with the usual bi-
inveriant Lorentzian metric, proving that Lhis group {which geometrically s a Loventzian
symmetric space and physically is related to an isotropic electromagnetic field) provides a
solution of the sourceless Einstein-Yang-Mills eguations (see k1),

On the other hand, the oscillator group can be represented as a (non-necessarily sym-
metric) homogeneous Lorentzian space in different manners, which can e oltained from
reductive pairs associated to Lorentzian homogeneons stroctures (see B0 Tlins Che gues-
tion arises of whelher such reduetive paivs provide pew solutions of Che Finstein- Yoaog-Mills
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10 THE OSCILLATOR GROUP

equations., We consider the family of left-invariant metrics {g. : —1 < & < 1} defined by
Levichev [11] on the oscillator group, which are not bi-invariant except for € = 0, and we
show that only the metric go (the case considered in [3]) yields new solutions, all of them
with sources.

2, THE OSCIILLATOR GROUP AS A HOMOGENEOUS SPACETIME

Let g be the Lie algebra with generators P, X, ¥, (), and brackets
(X, ¥]=pr, [@QX]=Y, [QY]=-X

The corresponding simply connected Lie group (7 is called the oscillator group. It may be
considered as a semidirect product iy = R, where H; = R x T is the three-dimensional
Heisenberg group.

(P, Z q} ’ [P;! z‘rqi} = (P + Pr + % Im{éﬂlqzlL 24 €V, q+ q']-

Une considers on G the family {g. : —1 < € < 1} of left-invariant Lorentzian metrics
given at the identity, with respect to the basis {P, X,¥,Q} of g, by (see [11] )
e 00 1 B
0 1 00
=1o o1 0| (1
Il 0O 0 e

If £ = 0, the corresponding Lorentzian metric is also right-invariant and hence (G, go) is
a symmetric space. In the olher cases, g is not bi-invariant. With respect to the global
coordinate system (p,x, y,q) on (7, where x{p, 2. q) = Relz), ylp, 2. q) = Im{=z), the metric
gc is given by

3 - |
£ =1 -
'j"f
r_'i & 2 b E I .
—y = —iry .y
2! 1!! 1 3 i/
[3 £ £ - I
e ==L =F €L
2 -;I 1 ] 2
| '._f'” - E.J' £

The Levi-Civita connection is delined by
29 (Vo V, W) = g (U, V], W) — g (V, W], 0) + g (W, U}, V),

for all U V. W £ g. So, the covariant derividivis between generatons nre given by

‘?p}i’ - ._IEﬂvx_f'1?:,‘-(l} .;—%",TQJ’&: = %Y;
£ | |

. —_ - = T Jr e = - X F "= -—_-.

vPY = EX_TI..‘ |?]Q 2.-"‘ Iv“?.r 2‘;‘

VxY = %P= -y X

The nontrivial components of the enrvatlure tensor field, with
RwoV = "\_’r|wl|5.rj'|r' = ViVl 4 VoVl
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are given by

52 g2
IRpx P = TX, Rpy P = EY'
E €
R X == _"‘P R = =
PX ik pyvY 4.""".
£ £
Rpx() = Ex1 Rpy() = IV'
de 3e
RxyX = —=Y, Rxv¥==X,
RygP = _%X__ Ryob =- E}I'
1 1
RJ{QX = E.P._ ”-“_;.i-' = -ifjl
L o ]
RxoQ = ]x . Ry ol - v

The Ricci Lensor is given by
T{Ur V)= I_.r[H-’ v M 1"] :

and, with respect to the basis { P, X, ¥, (¢}, we have
2

£ E
~ 0 0 =
2, 2
B —~= I i
r= 2 E
0 0 -= 0
2
TR
2 2

If we put B = (2—2¢) V3P~ @), F' = (2+2¢) VAP 4 Q) then { 1 XY, I} isan

orthonormal basis of (g, g.). The scalar corvature is

g=tr(ry=—r{FE, EY 4 (X X)) oYV e 8 1) = -

I

and the Finstein tensor is given by
200 e
L A (R
g " T oo : T
KPR { I | B B

Now, il U 2 0 is a null vector in (g, gn) then it is either Hmelike or spacelike in (@, . )
according to € < 0 or £ = 0, respectively. 10 -1 < ¢ < O then o{U 1) = 0 for every
timelike vecltor U {and #1707} = 0l = < 0, that is, the timelike convergenee condition s
satisfied (it holds strictly il e < 0. Uhe weak energy condition on (G ), Lo g = 0,0
aleo salisfied, that is |[r' %3 g T =0 for ey Bimelile vertor T Moreover, (£0, 4]

i pesoclesiendly complete [mee Levie haew f1 Fl i
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3. THE SYMMETRIC LORENTZIAN OSCILLATOR GROUP AS A
SOLUTION OF SOURCELESS EINSTEIN-YANG-MILLS
EQUATIONS

Levichev studied in [9] the spaces called GC M-spaces (G for group, C for causality,
M for metric), which are n-dimensional Lie groups with a left-invariant Lorentz metric
satisfying the following condition: In a neighbourhood of the identity, the union of all
non-spacelike future directed 1-parameter subgroups coincides with the union of all non-
spacelike future directed geodesics starting from the identily, and this set is a subgroup.

So, in the GCM-spaces, the group, causal and metric structures are closely related,
comparatively with other spaces of general relativity. Moreover, all GCM-spaces are
conformally flat. On the other hand, if M is a GCM-space, then either the metric on M
is bi-invariant or its Lie algebra is a lundamental affine algebra (a Lie algebra isomorphic
to that of a subgroup of the group of affine transformations of a finite-dimensional real
linear space). For n = 4 (see [7] ) there exist exactly four Lie algebras corresponding to
the case of bi-invariant metric:

abelian (it corresponds to Minkowski space),

the algebra of the oscillator group (it corresponds to the case of the isotropic electro-
magnetic field (see [10] ),

o(3) @& R (which corresponds to the cosmological model of Segal, i.e., the static closed
universe of Einstein), and

Rsl(2, R) (the meaning of the corresponding space is not ellucidated; on it the energy
conditions are not satisfied).

One knows that each Lie group with a bi-invariant metric is a symmetric space. Then,
by the simple connectedness one builds uniquely a symmetrie pair (G, /) with canonical
decomposition g = h@m and a bration GG/ H, H) on the homogeneous space M = G/H.
The following result, due to Harnad, Tafel and Shuider (see |8, 16] ) is known:

Theorem 1 [fm admits a nondegenerate ad( H )-invariant bilinear form B, then the bun-
dle G(G/H,H), with the canonical conneclion and metric induced by B, satisfies the
sourceless gauge field equations. '

In [9] , Levichev studied the GCM spaces as solutions of the sourceless Einstein-Yang-
Mills equations. The Einstein-Yang-Mills equations are given by (see, e.g.,[2, p. 134] ):

1
r-Esg+hg=wT‘, (3)

where g denotes the metric tensor, » the Ricei tensor and s the scalar curvature of g, A
and & the cosmological and gravitational constants, respectively, and T Lhe stress-energy
tensor of the gauge field with field strength F, given by

g . 1 :
T(X,Y) =g (ix Fiiv F) - 20(X, V)| FI", ()

i denoting the inlerior product.
In [9] it is proved, in particular,
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Theorem 2 The symmelric oscillator group (G, go) is a solution of the sourceless Fin-
stein- Yang- Mills equations. The cosmological constant is A = 0 and the gravitational
constant is Kk = 4. The gauge algebra b is two-dimensional and abelian.

4. LORENTZIAN HOMOGENEOUS STRUCTURES AND
ASSOCIATED EINSTEIN-Y ANG-MILLS EQUATIONS

Let (M,g) be a connected '™ psendo-Riemannian manifold, ¥ the Levi-Civita con-
nection and R the curvature tensor field. In [1] it is defined a pseudo- Riemanuian ho-
mogeneous structure on (M, g) as a tensor field 5 of type (1,2) such that the connection

V =V — § satisfies the Amibrose-Singer equations (see [1] )

Vg=0, VR=0, V§=0 (1)
If g is & Lorentzian metric, a pseudo-Riemannian homogeneons strncture (A g) will be
called a Lorentzian homogeneows struelure,

On the other hand, (M, g) is said to be a reductive homogeneons psendo-Riemannian
manifold if M = G/ H, where (7 is a connecled Lie group acting transitively and effectively
on M as a group of isometries, H is the sotropy group at a point o € M, and the Lie
algebra g of & may be decompuosed into a vector space direct sum g = h b m, where b is
the Lie algebra of H and Ad{H)m C m. Il (7 is connecterd and A is simply connected
then H is connected, and the condition Ad{H)m C m is equivalent to [h,m] C m,

In [4] it is proved that il (M, g) is connected, simply connected and geodesically
complete then it admils a pseudo-Riecmanoian homogeneons structure if and ouly il it
is a reductive homogeneons pseudo-Ricmanninn manifold.  In 5] the psendo-Rieman-
nian’ homogeneous structures are classilied wsing the representation theory of the psendo-
orthogonal groups, finding, as in Tricerri-Vanhoke's Ricimannian cise, cight classes: the
null one and the seven classes obidaived by direct som of some of three primitive classes
Si (1 =1,2,3). For instance, the null elass cortesponds (o pseudo-Ricnannian sy mmetvic
spaces and the primitive class S corresponds to natarally reductive homogeneons psendo-
Riemannian spaces.

Let 8§ be a pseudo-Hicmanninn homogenoous stracture on g connected, simply con-
nected and geodesically complete pseudo-Rienannion manifold (M g). We pul m =
To(M), where 0 € M. Let R be the curvature tensor of the conneetion © = ¥ — §.
We can consider the holonomy algebra hof © as the Lie subwlgelen (of 1he Lie nlg._i'hru
ol antisymmeltric endomorphisins soq q(m) of (m, g, ) ) generated by the operators By,
where Z, W € m. Then, a Lie leacket is defined (see [L1]) in the vector spaee direct s
B= b @ m by

[0, V)= UV — v, (\ €h,
17, 2] = (Z), ['eh, ZEm, (2)
[H,H’] = Rgw + SaW" — Sy 2, ZM Em

We say that (g, h) is the reductive pair associaled to Lhe pseudo- Riemannian homogeneons
structure 5. Let (7 he the connected simply connected Lie gronp whose Lie algebra is g
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and H the connected Lie subgroup of G whose Lie algebra is h. Then G acts transitively
on M es a group of isometries and M is diffcomorphic to G/H. If K is the set of the
elements of G which act trivially on M, then K is a discrete normal subgroup of ﬁ, and
the Lie group G = G/K acts transitively and effectively on M as a group of isometries,
with isotropy group H = H/K. Then M is diffeomorphic to the reductive homogeneous
pseudo-Riemannian manifold G/H.

41 THE NON-BI-INVARIANT LORENTZIAN OSCILLATOR GROUP

Let g, be the left-invariant metric in 1, and {n, e, 3,£} the basis dual to {P, X,Y,Q}.
In [6] it is proved

Theorem 3 All the Lorentzian homogeneous structures on the oscillator group (G, g:),
—-l<e<1,e#0, are given by

So=38® (1A0) - Sa@(1AD) - 6@ (@AE)+ ;0@ (FAO+0® (@A), (3)
where § = an+bE, a,beR.

As a consequence, we note that if € # 0, (G, g,) does not admit the Lorentzian homo-
geneous structure S = 0 and thus it is not a symmetric Lorentzian space. If @ = §n+ 3£
then Sy is of type S3 and hence (G, g.), € # 0, is a naturally reductive Lorentzian space.

Consider now the reductive pair (§g, hg) associated to S5, where hy is the holonomy
algebra of the connection Vs = ¥ — S5. With respect to the basis {P,X,Y,Q} of g, the
connection ¥ = Uy is given by the non-trivial values

VeX =—(5+a)Y, VpY=(§+0a)X, VoX=(}-b)Y, VoY =(b-})X,
where # = an+ b£. The holonomy algebra i],ﬂ of ﬁg is generated by
" £
U=fxy=(5+a)BoX-aeY),

and, if a # —/2, g is one-dimensional; in this case the reductive decomposition associated
to the Lorentzian homogeneous structure Sy is fg = hg @ g = {({UV, P, X,Y,Q}) and the
structure equations, given by (2), where h = hg and m = g, are

[P, X]=[X,U]=(§ +a)Y, [PY]=[V,U]=—(£+a)}X,

4

[X.Y]=U+P, @, X] = (b+})Y, [@Y]=-(b+4)X. {}

Since the manifolds (G, g.) are geodesically complete, with each Lorentzian homoge-
neous structure Sp on (G, ge), € # 0, given by (3), there are associaled a group of isometries
Gy acting transitively and effectively on G. In [6] it is proved that if ## = —£ 9 ;} £, Gpls
the direct product of the three-dimensional Heisenberg group and R and, if § = —§ n+-b&,
b#—1/2, Gp is isomorphic to G. Il # =a n+bE, a# —g/2, the corresponding group of
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isometries is Gp = C x B2 x §' with the operation defined by
(z,p,0, ")z, p . q e )= (2 +exp (#(5 +a)p+ (b+ 3)g+u)) 2,

3 .y 1 i f
P+p + % Im{zexp (3{(§ +a)p+{b+ E}q +u}|) z), g+q,

exXp (:’{u fu - ":h Im{Zexp (il[{% +a)p+ b+ %}q 4+ u}) z‘}]) ,

which acts transitively and effectively on 7 by

(22,0, ¢,2,0) = (P47 +51m (Z'EXP (?{{g Falp+ b+ 5)a+ u]) zr) ;

1 1 ¥ r r [ i
z+exr>(=[{§+R}P+{b+§}q+ul) . q+q)zz: €C pap,qg ueR

As we noted above, if @ # —§ then hg is non-trivial. In this case, we consider the
canonical connection « defined on g, which is the hg-component of the canonical 1-form
on gg. Since the only nenvanishing he-component of a bracket in (4) is [X,Y]; = U, the
curvature F = Dw is determined by F(X.Y) = -U, s0 F = —(a A @) @ U/, Then, if
denotes the Hodge operator with respect to the Lorentzian metric g.,

wF =1 -2 ygallal.
From the second Yang-Mills equation J = D+ F, where J denotes the current, one obtains
J=V1-etangnrgol.

We consider the metric on gg which is the direct product of the metric g. on g and the
metric of § for which the basic vector [/ is unitary. Then ||[F|* = 2 and the stress-energy
tensor T', given by (4), is expressed in terms of the basis { P, X, Y, Q} of g by

£ l
- 0 —=
2 : 2
1] - {) {l
I'= 2
] i = 1]
2
! £
[ | R | J—
2 2

Fromn (1), (2) and the above exprossion for 1, it follows that eguation (3) is not satisfied
for any values of A and x.

Then, for each £ £ 0, —1 < = < |, the non-bi-invarion oscillator group (€7, 4, ) does
not provide solutions of the Binstein-Yang-Mills coquat ions.

4.2 THE BLIINVARIANT CASE

If e = 0in (1), we have the bi-invariant Loventzian metric ¢ = gy on the oscillator
group (7. Given the dual basis {0, 38} o { P, XV, Q) we have (sec |3, 6] )

Proposition 1 {he Loventzian homogeneous stractares on (0, g) aee given by

S=fa{oand)+poalnAl) Lo (AL, (5)
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where p, ¢ and § are left-invariant 1-forms on G satisfying the conditions

Ve=0,
Vp=onb-Llawb+itoo, (6)
Vo=-pno-iBel-Ltep,
withV=vV-8§.

After some long but straightforward calculations, one obtains several families of solu-
tions of equations (6). Among them, the following four families are those which yield the
homogeneous structures on ({7, g) with associated reductive decompositions j = hém
where the holonomy algebra b is non-trivial (see [3] ).

(1) P=xn+aeyo+zzf+ (w+ i),
p=—z2n—zYyza— (x2* + %33— 2wk,
o =xyn+ (ry* + Fla+ayz f + ywé,

where z,y,z,w € R, = # 0, and y, 2, w are not all mull,

(1) 0=14¢, p=-13, o=qa+cE,
where g,c € R, g # %.
(I11) ﬂ=%{ p=ka+(t—3)3+bE,

o= (- (K2/t))a— k3 — (kbJL)E,
where k, t,be R, { £ 0.

(TV) B=af, p=-af, o=aa,
where a € R, a # 3,—3.

Each Lorentzian homogeneous structure 5 given by (5) defines a connection V= V-85,
and the curvature operators Rz, (Z, W € g), generale the holonomy algebra b of 'E",,
which is one-dimensional in cases (1), (H) and (1) and twordimensional and abelian in
case (IV). We consider the gencrators ol b delinal by

0 = -y N
(L] | -
o -1 0 i
0 0o n i

A=

in case (1}1 B= I:r,-'— %_:! IﬁQT i ense (1), 0" = ’;‘t‘_-x i case (), and 17 = {n?— %} If-‘l;.fm:-x
and V = (a? — “'_]RQV in case (1V). 1

One has (see [3] ) the reductive pair (g, h) sssociated to cach homogencons structure,
where the Lie bracket of g is defined by (2), with m = g, In particalar, il @ = 0 in
case (IV), one obtains S = (0 and the associated reductivie parc (g, h) is a symmetric
pair, which defines the oscillator group as o symmetrie Lorentsian space; o Lhis case,

f=haog= {({U,V, P,X, Y, Q)), with structure eguations

AU X] = P, [U.Ql=-X, \¥|=r [V,Q]=-Y,
(@, X] -1 QY] =3V
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For each reductive decomposition § = h @& m corresponding to each one of the four
cases above, we can consider the canonical connection w defined on g. So we obtain the
curvature form F = Dw, and the current S = 1+ F in each case, which vanishes only in
case (1V) for a = 0 (the symmetric case).

On the other hand, we consider & metric on § which is the direct product of the metric
go on g and the metric on k for which the basic vectors generating Lhe holonomny are
unitary. Then the stress-energy tensor T can be computed, and expressed in terms of the
basis {P, X, Y, @} of g. Tt is then a matter of calenlation to see that the field equations 3
are satisfied in cases (11}, (111} and (IV), and in ease (1) if w = 0 and y? + 22 # 0, and (o
obtain the corresponding cosmological and gravitational constants. One has ([3] )

Theorem 4 The Lorentzian reductive pairs (ﬁ,l-'ﬁl deternuned by the Lorentzian homo-
geneous structures on the oscillator group, i cases (1) (with w = 0 and ye + 28 £ 0),
(1), (1) and {IV) above, provide solutions of the Estein- Yang-Mills equations Jor an
electromagnetic gauge field with cosmedogeend constand A = 0, o graetational vonstant &
given, respectively, by
1 I i t
2z2(y® + 2%) ' 2q - §)* A2 4 12) " A(a? ~ 1)

The gauge algebm b is abelian and two-dimensional i case (1V) and one-dinensional in
the other three cases. The currents are gven by

J

(| (wzpranf—aypadnf+wanidrf)oi

(1) [q—é]{.‘r}ﬂj'}h{i-r:n!\ﬂh.ﬁ}ﬂ-h“
(111} (pran€ = (kftgad Al + b1+ (AEJaAndag) ol

(1} 2uf{a® — :IH{F;.-'\ e AEY el (g af)aal’)
They are nonvanishing except in case (V) for a =0,

Remark 1 [fa = 0 in case (IV), the associated sgronefrie pair (g, hj Jurnishes a solution
of the Einstein- Yang- Mills vquations for a sewvecloss guuge fichd with cosimologicel constant
A =0 and grawtational constant & = A {see Theorem 2)
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