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Introduction

This paper is a survey without proofs about submanilolds of both almest Hermitian and
almost para-Hermitian manifolds. We focus on those which are less known or more recent.,
Thus, we avoid a long explanation about holomorphic, totally real and CR-submanifolds
of an almost Hermitian manifold, because they are well known. Our attention will address
the folllowing topics: slant submanifolds (resp. other submanifolds) of almest Hermitian
manifolds, in section 2 {resp. in section 3); submanifolds of indefinite almost Hermitian
manifolds in section 4; in the last section, submanifolds of almost para-Hermitian mani-
folds, which were firstly studied, among others, by Hadu Rosca.

1. BASIC DEFINITIONS

We use the following notation, through the first two sections of the paper: (M, J,4)
is an almost Hermitian manifold and M i a real submanifold of M. Then, the tangeut
space T: M of M al £ € M may be decomposed as the direct and normal sum Te M =
TeM @ TEM, where Te M (resp. T2 M) is the tangent space (resp, Lhe normal space) of
M at . As is well known, many of geometrie propertics of the submanifuld M arise from
Lhal decomposition, such s Gauss and Weingarten lormulas, Lhe induced conneclion on
the submanifold, the relationship between the curvature of the manifold and that of the
submanifold, ete,..

On the other hand, taking into account the almost complex structure J of M one can
define some classes of subimanilolds:

Definitlon 1 M s an almost complex {or holomorphic) submanifold af (M,J.5) if
ST M) =T M, for all x € M.
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Definitlon 2 M is a totally real (or anti-invariant) submanifold of (M,J,7) if
T(TLM) C TEM, for all z € M.

Almost complex and totally real submanifolds have exhaustively been studied (see
eg. [20] and [38] ).

In 1978 Bejancu introduced (see[5] ) a new class of submanifolds, containing the
both above ones:

Definition 3 M is a Cauchy-Riemann submanifold (or CR- submanifold) of (M, J,7)
if there exists a differentiable distribution D : x v D. on M satisfying the following
condilions:

(i) D is holomorphic, i.e., J(D;) = Dy, for allz € A.

(i1) the complementary orthogonal distribution D* : x ~ D} C ToM is anti-
invariant, i.e., J(DY) C T} M, for allx € M.

Obviously, almost complex (resp. totally real) submanifolds are CR- submanifolds
having D; = T: M (resp. D, = 0). One can see [6] for a complete study of this
geometric objects.

Another generalization of holomorphic and totally real submanifolds has been
presented by B. Y. Chen in the eaerlier 90's (see [13] }:

Definition 4 M is a slant submanifold of (M,J,§) if the angle between J(X) and
T M is constant for every vector X € T, M and every x € M. This angle is called
the Wirtinger angle.

If the Wirtinger angle is ¢ # 0, 7, the submanifold is said proper slant. Alnost
complex (resp. totally real) submanifolds are slant submanifulids having the Wirtinger

angle # =0 (resp. ¥ = ).

All the submanifolds given in the above definitions verify that the dimension of
J(T: M)NT M is independent on z € M, i.e., the holomorphic spaces Hy = J(TA1)N
T:M define a differentiable distribution on M. The same avthor, B Y. Chen, gave
the following name to these manifolds (see e.g. [12] )

Definitlon 6 M is a generic submanifold of (M, J,§) if the holomorphiv spaces
H: = T MYNT: M define a difftventiable distribution on AT

But then one can easily find submaunifolds which are nob generic. For exanple, the
cancnical embedding of the 2-sphere 52 C it' = 7 given by {:!"f +J?§+.if§ = Ly =1}
does nol give a generic submanifolil, becanse Laking pr= (0,0, 1,00 and g = (0, 1,0,0)
one observes that disn Hy = 0 whereas dom I, = 2.

Thus one can wonder what properties has the Tonetion o @ x o~ disndd, when
£ € M, M being a real submaifold of (M, J. 7). Obwiously, M being connected,
the following asserls are equivident: o is continnons; o s constant; M s a0 generic
subimanilold.

The general answer is the following:
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Proposition 1 (see [23] ) Let M be a real submanifold of an almost complex man-
ifold (M, J). The functiond: M — R given by d(z) = dim : H, is upper- semicon-
tinuous, i.e., the sets {x € M/ : d(x) < n} are open subsets of M.

Example. Taking into account the above Proposition one can deduce that if
M is an n-dimensional real compact submanifold of C™, for some m, then the set
Bz € M/dim H; < n} is a non-empty open subset of M, and thus the condition

T:M) =T, M fails in more that one point z € M.

2. SLANT SUBMANIFOLDS

As we have said in the above section, slant submanifolds have been introduced by
Chen in 1980. Now, we are going to point out the main results and topics about this
class of submanifolds, which have been developped during this last decade.

As is well known (cfr., e.g., [36] ) a compact maifold cannot be endowed in C™ as
& holomorphic submanifold. This result has been generalizaded by Chen and Tazawa:

Proposition 2 ([16] ) The only slant immersions of a compact manifold into C™
are the totally real ones.

Some results about slant surfaces in a 4-dimensional manifolds have been obtained
by Chen, Tazawa and Ikawa. We have chosen the following ones:

Proposition 3 ([15] ) If M is an oriented surface inte (M,J,§), where M is a 4-
dimensional manifold, and there are no points T € M such that J(T; M) = T: M,
then, for any @ € (0,7) there exists an almost Hermitian structure on (M,g) such
that M is a slant submanifold with Wirtinger angle equal to .

Proposition 4 ([25] ) A slant surface with parallel mean curvature in a {-dimensional
flat Kaehder manifold is either minimal or locally a Riemannian product of twe circles.

And we end with this two related results. First, one of Chen:

Proposition 6 ([14] ) The helical cylinders in C* are flal, proper slant surfoces
with nonzere mean curvalure.

and second, its converse, proved by Yang in 1997

Proposition 6 ([47] ) A flat, proper slant surface with nonzero constant mean cur-
valure in (.?“_ i an open portion of a helical cylinder.

As one can see, many works in this topic study geometric properties of slant
submanifolds of complex Buclidean spaces (™ (cfr the above guotad papers and [35)]
)y of complex space forme (cfe, [17] ) and of Kachler manifolds (efe. [25, 27] ).

In Lhe next section we will see some generalizations of slunt sulnoanifolds.
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3. OTHER SUBMANIFOLDS

In this section we present several kinds of submanifolds defined in last years. The
first definition is & natural generalization of both CR- and slant submanifolds, given
by Papaghiue (cfr. [31] ):

Definitlon 8 The submanifold M is said semi-slant if it is endowed with two or-
thogonal distributions 1) and D*, where D is J-invariant and D" is slant, ie., the
angle 9(X) between J(X) and D} is a constant.

One can easily check that holomorphic and totally real submanifolds are Cauchy-
Riemann and slant submanifolds; these are semi-slant submanifolds and all of them
are generic submanifolds.

‘On the other hand, we have introduced (see [20] )

Definitlon 7 A submanifold M of an almost Hermitian manifold (M, J,§) is said
quasi-slant if, for each z € M, the angle 9(X) between J(X) and Te M is a constant,
Jor all nen-zero vector X € T, M, t.e., it does not depend on the choice of X € Te M,
but it depends on the choice of the poind = € M.

Then, the angle function can be defined on the submanifold A and it will be
denoted as ¥ : M — [0, §|, #(z) = d.. Obviously, a slant submanifold is a quasi-slant
submanifold. Observe that, for each x € M, M being & quasi-slant manifold, the
maximal holomorphic subspace H, = T. M ﬁ]’{?}ﬂd’] is Hy = T.M or H. = {0},
thus proving that quasi-slant submanifolds may be no generic submanifolds.

We will give two results about quasi-slant submanifolds. The first one reveals
that quasi-slant surfaces are quite different of slant sulunanifolds {clr. prop. 2.2-5),
because one has: .

re tlon T ([20] ) Let M be a submanifold of an almost Hermitian manifold
(M,J, ). If M is a surface, then M is a quasi-slant submanifold. Moreover, if M s
nen- orientable, then there exists a point x € M such that ¥, = 1.

On the other hand, M being a quasi-slant submanifold of (A, J,§), one can define
the tensor field F of type (1,1) on M given by Iy = 7o |ra TeM — T M, where
m (resp. ¥) denotes the orthogonal projection over T A (resp. :I{T}ﬂ-f}]. IT M is &
holomorphic (resp. totally real) submanilold, its canonical tensor field is the identity
(resp. the null tensor field). Then one oblains:

Proposition B ([20] ) Let M be a submanifold of an almost Hermitian manifold
(M,J,3). Then M is a quasi-slant submanifold off Fy is a homothety, for allx € M.
Some papers are devoted to Lhe study of submanifolds defined in a way parallel to

that of CR-submanifolds. Thus, Milai gave the following definition in [28] :

Definitlon 8 M s said an almost CR-submanifold if the anti- invarian! spaces
{Df =T MNJ(TIM),x € M} define a differentiable distribution on M.
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4, INDEFINITE ALMOST HERMITIAN MANIFOLDS

Indefinite almost Hermitian manifolds were introduced in [3] . The definition
is similar to that of positive definite case (i.e, the almost Hermitian manifolds),
with the exception of the condition about the metric, which now is semi-Riemannian,
Submanifolds of semi-Riemannian manifolds run well il they are also semi-Riemannian
manifolds (see, e.g., [30] }, but the geometry of degenerate submanifolds (or lightlike
submanifolds) is more difficult {(see [10, 26] ). For this reason, this theory has been
developped later. The first aim of the theory of lightlike submanifolds consists on
obtaining equations of Gauss and Weirgarten kinds. The problem is the non-existence
of & decomposition of T, M as To M @ T M, because TeM N T M # {0}. Then,
there exist two ways to obtain such equations: Kupeli's approach (see [20] ) uses a
Koszul connection on the submanifold, which exists il the submanifold verily some
conditions, and also needs some quotient tangent bundles, On the other hand, the
point of view of Bejancu and Duggal (see [10] ) uses a screen distribution which allows
them to obtain T, M as a direct sum of subspaces. Nevertheless, they have to check
that the results based on that decomposition does not depend on the chosen scereen
distribution.

In [10, ch.6] Bejancu and Duggal study CR-lightlike submanifolds ol indefinite
Kaehler manifolds, following their own papers [7,8,9, 19] . If M is a lightlike subman-
ifold of an indefinite almost Hermitian inanifold (M, J, §), then the metric g = § | 18
degenerate and then T M N T; M is non-trivial when x € M. Thus, definition 1.3 is
not possible. Bejancu and Duggal solve this problem by means of the guote] auxiliar
screen distribution. The definition i5 too complicated to he developped here, and one
can see the details in their book.

On the other hand, a pointwise classification of subanifolds of an indefinite alinost
Hermitian manifold of dimension 4 is obtained by Ftayo amd Fioravanti in [22] |
according Lhe possible values of Lhe following three numbers:

a; = dim (T MO T AL,
b, = signature (§ |ar )

¢z = dim (T M N J(T M)).

Then one obtains:

Proposition 9 ([22] ) Let M be a submanifold of an indefinite abnost Hermitian
manifold (M, J,§) of dimension §. Then, the signature of § is  or 0 and

(a) If signature(g) = 4 at the point x € M, then M belongs to one of the following
classes (dimM,a, b, c.) at the point x € M:

(3,0,3,2),(2,0,2,0),(2,0,2,2),(1,0,1,0)

(b) If signature(g) = 0 at the point x: € M, then M belongs to one of the following
clusses (dimM,az, bz, cp) at the point = € M:
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(3,0,1,2),(3,1,0,2)
(2,0,0,0),(2,0,2,0),(2,0,2,2),(2,1,1,0),(2,2,0,0),(2,2,0,2)
(1,0,1,0),(1,1,0,0)

5. SUBMANIFOLDS OF ALMOST PARA-HERMITIAN
MANIFOLDS

(M,J,3) is said an almost para-Hermitian manifold if J is a (1,1)-tensor field ver-
ifying 7° = Id and F is a semi-Riemannian metric such that (7 X, TY) = —g(X,Y)
for all tangent vectors to M. Then, one can easily prove that § is a neutral metric, i.e.,
its signature is {(n,n) (see [18] for a global view of this topic). Some relevant aspects
of the geometry of paracomplex manilolds are similar to those of the complex ones,
and some of them are very different. In general, complex theory has been studied
before that paracomplex one, but CR-submanifolds of almost para-Hermitian mani-
folds were introduced, by Radu Hosca, before CH-submanifolds of indefinite almost
Hermitian manifolds.

Now, we point out the main steps in the evolution of the theory of CH- submani-
folds of almost para-Hermitian manifolds.

Definitlon 9 M is a CR-submanifold of an almost para- Hermitian manifold (M, J, 3)
if there exist two differentiable distribution I} : =+ D, on M and D* : z — D}
satisfying the following conditions:

(i) TeM=D, @D}, forallz e M.

(ii) D and D* are orthogonal.

(ii) D is J-invariant, i.e., J(D,) = D, forallz € M.

(iv) D+ is anti-invariant, i.e., J(DL)C T} M, forallz € M.

{u) The metric § |a is of constant signature and runk.

This definition was introduced by Rosca in [32) . Oue can observe that it is simpler
than that of a CR-submanifold of an indefivite almost Hermitian manifold (see [10]
and the comments in the above section). The reason is the following: Bejancu and
Duggal, in [10] , want to obtain CR-submanifolds which verify some formulas similar
to Gauss and Weigarten equations, while Rosca's poinl of view is to oblain a theory
similar to that of the almost Hermitinn cose, and he dies not look for equations
similar to those of Riemannian submanifolds,

Some general resulls about some kinds of submanifolds of an almost pars-Hecmitian
manifold have been oblained by Rosca [32, 33, 34] | Amato [1, 2] , Etaye and Fie-
ravanti [21] , and others. Some inportant exsmples have been studied, such as CI-
submanifolds of the paracomplex projoctive space (see [21] ) or the geometry of the
unit tangent bundle as a lightlike hypersurface of the tangent bundle, endowed with
the neutral metric (sec [24] ).

In [11] Bejancu and Etayo begin the study of lightlike hypersurfaces of an alnost
para-Hermitian manifold, showing that there exist two clusses of such hypersurfaces:
invariant ones, which obey J{(1)! M) = T M and non-invaruwnt ones, which ver-
ify J(TPM)NTEM = ¢ Using an auxiliar distribution one can obtain some for-
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mulas similar to those of submanifolds of a Riemannian manifold. This study has
been continued by Bejan in [4] , where she has obtained geometric properties of 2-
codimensional lightlike submanifolds of an almest pars-Hermitian manifold. On the
other hand, some results relating lightlike hypersurfaces and CR-submanifolds have
been obtianed in [21] . In particular it is proved that a lightlike hypersurface is a
CR-submanilold iff it is an invariant hypersurface.

All submanifolds of a 4-dimensional almest para-Hermitian manifold have been
classified in [24] in a similar way to that given in [22] for the indefinte almost
Hermitian case.

Final remark.

In this note, we have showed the definitions of some submanifolds of (indefinite) al-
most Hermitian or para-Hermitian manifolds. The study of submanifolds of manifolds
endowed with a geometric structure is continuely growing. Some potions has been
succesfully translated to other frameworks (e.g., the theory of CR-submanifolds of a
Sasakian manifold) and one can wonder if other notions as the quoted in the present
paper will be interesting and useful when they are applied to other geometries.
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