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GENERALIZED FERMI-WALKER TRANSPORT
G. PRIPOAE

Abstract. We extend the Fermi- Walker parallel transport in General Relativity,
requiring oendy spatial directions conservation. Erxamples of corresponding Thomas-like
precessions in Schuarzschild geometry are given. The constructions are similar to the
extension of Schouten’s and Vianceanu's conneclions from non-holonomic geometriza-
tion.
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1. INTRODUCTION

The choice of an appropriate reference [rame is 8 fundamental and controversial problem
in Astronomy ([1]): one needs a"center” and several "fixed” directions. In a general
relativistic setting, a freely falling observer v may carry gyroscopes to focus toward distant
"fixed" stars (each transported by Levi-Civita parallelism along %). 1f v is not freely falling,
the Levi-Civita parallelism do not preserve - restspaces anymore, In this case, in order
to define "constant” directions, another parallelism is used: the Fermi-Walker transport
(8], [9]). This parallelism is an isometry between tangent spaces along 7.

In this paper we extend the Fermi-Walker transport, by requiring only spatial directions
conservation. In §2 we characterize this family of induced covariant derivatives along
an accelerated observer . I we impose also angle (or norm) conservation, we obtain
another remarquable class of parallel transports; between them, we recover some particular
connections studied in the special relativistic framework (Hehl, Lemke, Mielke [2]). In §3 we
consider the relevance of the new parallel transport for Lhe Schwarzschild geometry, Finally,
we point out several similaritics between the Fermi-Walker transport and Schouten's and
Vranceanu's connections from non-holonomic geometrization.

2. GENERALIZED FERMI-WALKER (INDUCED) CONNECTIONS

Consider a n- dimensional Lorentzian manifold (M, g), with signature convention (-, +,
wat). Let £ € X(M) a fixed temporal vector field, giving a time orientation on M. The
triple (M, ¢,£) is a spacetime (usually, n = d). An observer is a proper Lime parametrized
curve y : I — M, with all its velocity veclors temporal and future oriented, ie.

oy ) =-1 , aléer,7) <0



66 GENERALIZED FERMI-WALKER TRANSPORT

Denote by ¥ the Levi-Civita connection of g and by &, the module of vector fields along
%. The restspace of v in +(t) is the orthogonal complement of 4'(t) in the tangent space
Ty M {and obviously is a spatial subspace).

Consider €, the set of all induced linear connections along +; each such connection
defines a parallel transport between the tangent spaces of M in every pair ol y-points.

Definition 1 We call generalized Fermi- Walker connection along  an induced linear
connection V € C., whose parallel transport conserves the restspaces of y. Such a transport
is called spatial conformal ( or spatial isometric) if moreover it preserves angles between
(resp. norms of ) restspace directions along

Remark 1 (i) The classical Fermi- Walker connection is defined ([8], [9]) by

(1) VX = VX + 97, X)Vpy' = g(Vp?, X)y'

for every vector field X € X,. [t is known that the corresponding parallel lranspori 43 a
spatial isometry and that v is autoparallel with respect to VY.

(ii) If a given non-vanishing vector field X along -, orthogonal to vy, is V-parallel, we
say it has constant direction (in the restspace of ). In the opposite case, the direction
changes: this is the so-called Thomas precession, measured by V. X.

(iii) The Fermi-Walker connection is relevant for accelerating observers only. (Con-
nections V and V° coincide along v if and only if 7 is a freely falling observer, that is y is
o geodesic.) In exchange, the generalized Fermi- Walker connection 18 inleresting for both
COSES.

Propositlon 1 Let V be a generalized Fermi-Walker connection along 5. Then there
exists a unigque (1,2)-tensor field A along vy such that
(2)andg(A(v', X),v') = 0(3) foreveryuvector field

VX = VX + 90, X)V0 7" — 0V, X+ Al X)

Xe X,, orthogonal to .

Proof. Define A = V-V alongy. I X € Ay is orthogoinal to -y, then {7’3- A is orthogonal
to 7y if and only if relation (3) is satisfied. W

Corollary 1 Consider VvV oa generalized Fermi- Walker connection, given by (2)+(3).
Then

(i) v is V-autoparallel if and only if A(v',7') = 0.

(ii} The transport of ¥ is spatinl conforinal if and only if

{0(X, A, X))alY, ¥) + oY, Ay, ¥ ))o( X, X))ol X, ¥) =

(4) = (g(A(Y, X), Y) + alA(Y, Y ), X)) g(X, X)g(Y, ¥)
for every X, ¥ € X, orthogonal to -y,
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(iii) The following statements are equivalent: (a) the transport of V is spatial isometric;
(b) V,g =0 on all restspace directions; (¢) the linear operator A(~',.) is skew-adjoint.

(iv) If the parallel transport of V is an isometry, then each of the previous properties
are salisfied.

Proof. By direct computation, starting with the relation (2) and eliminating ¥V and V.l

Remark 2 (i) Condition ({) is sirictly weaker than the condition reguired for spatial
isometry. Indeed, we may choose A{+',.) as an appropriate linear operalor acling on each
restspace, with real eigenvalues. This operaior is nol skew-adjoint, except for the irivial
CaSe,

The same kind of argument shows that the converse of property (iv) is fulse, in general

(ii) In a special relativistic framework, Hehl, Lemke and Mielke ([2]) also considered
extensions of the Fermi- Walker transport; ab initio, they supposed that the transport was
spatial isometric,

3. APPLICATION TO SCHWARZSCHILD GEOME'T'RY

Consider the exterior Schwarzschild spacetime N = R x (24f,00) x 5% |, where 5% is
the unit sphere and M is the mass of the central star; denote (£, r,0,¢) the canonical
coordinates on N. The line element on N is a warped product:

de® = —hdt® + h"dr? + r*(d0? + cos*0dc?)
where hir) =1 - %.

The time orientation on & is given by the vector field (7 = {l,n"v‘(hjr'i;. whose integral
curves are Lhe Schwareschild observers. These are accelerating ones, due to the fuet Chat

Vill = A—I il
e

Hence, the parallel transport along a Schwarszschild observer o does nol conserve -
reslspaces,
The general form of & generalized Fermi-Walker connection along o is
Vadh = A, 8) , Vb =A@, 8) , VaX = Ao, X)
where X is the lift of a vector field from 5% and A is & (1,2)-lensor field on N satisfying
g(A(a', 8, ), &) = g(A(a’, X),8) = 0

(All expressions are restricled along o). When A vanishes, we recover the classical Fermi-
Walker transport, which -in particular- paralelizates the canonical basis dy., dyg, A,
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Example 1 We may choose A satisfying
A{ﬂ',a},} = A{afla‘ﬂ} =0 ’ A[{l",a,.:] = aﬂ ’ j'l{{.t",ﬂp} = "'hrlzaf

Then, as we may check also directly, the generalized Fermi-Walker transport is a spatia!
isometry. The direction 8, remains parallel, but 8, and &y do not.

4. COMMENTS

(i) We may wonder to what extent the generalized Fermi-Walker transport offers a
better choice of reference systems. In many astrophysical records, distant star positions
are considered "fixed" directions. But are the respective divections parallel with respect
to some connection (eventually a classical Fermi-Walker one) ?

Let v an accelerating observer. Il there exist three independent directions in his
restspaces, parallel with respect to "F'], we may remain in the classical setting.

If not, the observer will choose three (remarquable} independent directions in his
restspace; then, there exists a (non-unique) generalized Fermi-Walker connection ¥ which
parallelizates the respective directions, Three giroscopes put on the three directions will
describe the invariance or the precession of any other direction. In case there exist several
such connections, they may provide data for average measurements.

Consider now another accelerating observer a. The classical setling forces him to use
the same Fermi-Walker connection V°, violating - st least the spirit of - the Principle of
Relativity. It may happen that the three "fixed (i.e. ¥ -parallel) stars” for 4 remain no
longer fixed for a. IF generalized Fermi-Walker connections are considered, the observers
are allowed to use the same lrame directions, but with dilferent tensor Relds A (i.e with
different parallelisms).

(ii) The construction in Proposition 2 is similar 1o Uhe constraction of Schonten’s and
Vranceanu’s connections on arbitrary almost product manifolds ([4], [5], [6]). Consider »
differentiable manifold M endowed with a field of endovmorphisins £ € T (M), e 15
Id. This gives rise to a pair of complementary distributions 7 and 7, with corresponsling
projectors V', resp. V', '

Let ¥ be a linear connection on M. The generalizad Sehouten's and Vieancenim's
connections wrile
' QVEY =2V Y + P(Vx PIY + B{X.Y)
and

AVYY =4V Y 4+ (Vpy P)X + P(Vy PIX 4 2PV )Y 4 CLX,Y)
where B and C are (1,2)-tensor lields satis{ying

B(X,Y)=PB(X,PY) , C(X,Y)-=PCX,LPY)=C(PX, PY)= PCPAY)

These connections contain much information concerning the strucbare of Che ol
fold, and allow to consider various kinds of exotic parallelism. Their inv ants (torsaon
curvature) were studied as an attempl to geometrize non-holonoimic systems

When we have an olserver 5 on s spacetime, Chen Uie two complementary distribations

are replaced - formally - by Uhe Langent direction amd Che rsispace of 50 S0, by analogy,
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we may deline the (generalized) Schouten's and Vranceanu's (induced) connections along
+v; from the (classical) Schouten's connection we derive the (classical) Fermi-Walker con-
nection. It is very plausible that the general (Schouten-Vranceanu) case will provide new
(induced) connections of Fermi-Walker type.
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