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TIME PERIODIC SOLUTIONS FOR A HIGHER ORDER
NONLINEAR HYPERBOLIC SYSTEM

RODICA LUCA

Abstract. We study the existence of time periodic solutions to a class of hyperbolic
partial differential systems.

1. INTRODUCTION

In this paper we shall investigate the existence of time periodic solutions for the fol-
lowing nonlinear system:
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where Lji = Z{—!}"'-’ larlxh), J= Lo, (ne IN®), B(t) = col(by (1), ba(t), ...,

ey
h?n-d-m['t”-
This problem has applications in the theory of mtegrated circuits and hydraulies {lor

n = 1) and in the elastic beam theory (for n = 2), (see [F:,E},Iﬂ] for futher references). The
existence, unigqueness and some regularity properties of the strong and weal solutions Lo
the problem (S), (BC) with the initial data:
. 0 x) =dg(r), o(0,x)=ugle), O o<1,
(1) A
w;(0) = wy,, j=1,mn
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have been investigated in [5,7]. This problem is a generalization of the one who we studied
in [6] (where n = 1) and it also generalizes the problem studied in [L1] { where no function
w;(t) appears, j = 1,m and B(t) = 0 in (BC)). For the basic concepts and results in
the theory of monotone operators and nonlinear evolution equations of monotone type we
refer the reader to [1].

We introduce the assumptions that we shall use in this paper:

(H1) The functions ax € W*>(0,1), k=0,n, as(z) #0, (¥)z € [0,1].

(H2) a) The functions z — a(z,p) and  — B(z,p) are in L2(0,1), for any p € K. Besides,
the functions p — a(z,p) and p — F(z, p) are continuous and nondecreasing from R
into IR, for a.a. x € (0,1).
b) There exist the constants a, b > 0 and the functions ¢,d € L*(0, 1; B,.) such that:

lee(2,p)| = alp| — e(z), |8(z,p)| = blp| — d(x), (V)pe R, an xe(0,1).

(H3) a) G : D(G) C REH™ R G womaximal monotone mapping (possibly multi-
valued), D{C7) # @. Moreover, (7 can be split in:

. i Gz
=
( P TI £ )
where Gy, : D(G,) € R*™ — IR*", G,y : D(Ghg) € R™ — R,
Gy : D(Gy) € R*™ = R™, Qg D(Cm)C R™ — R™.

b) There exists £ > 0 such that for all z,y € D((7), = = col (2", 2"), y = col (y*, y")
and all wy € Gz), we € Qy):

(wy — wa, &~ yhgreim 2 K- [l = gP )l
¢) There exists Ko = 0such that for all v, y € D) and for all iy € Ga), wy € Gy)

(e — tig, T = g gganrem = by - |l - _u||;":|,_,,_.,,.
(H4) S =diag(s,, s, ..., 3,,) with s, =0, T,
(H5) The functions f, g € L] (88 L0, 1)) and f, g aee Ty periodic in time, that s

f{tf+zj’}_|,;|:'i = f(t.x), glt+1g, &)= glt, ), aa (f.0)E it = (0, 1}

_ Remark 1. Our assumption (11 is a teclinical ane amd it is stont ieally sntishied
if (7 is & matrix.

2. THE CASE B(t) = by (A CONSTANT VECTOR)

We can replace ¢ by O delined by e = Gl - by which s also, in the assumpion
(H3)a, & maximal monotone operator.  Thecelore, we canassmme i this case, withont boss
of generality, that B{t) = 0.

First, we present some existence aml nnigueness results Tor the solutions of the probilem
(), (BC), (1C) obtained in [5] (see also [7]). We consider (he spaees X = (L300 1)%, 1™
and ¥ = X » B™ with the corvesponding scalae produci=
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1 1
{f1y}x=fufuyzfifﬂ+_/;fayadff.f=(ﬁ ).y=(;'; )ex.

m
(z,9)s =) siziyi, z,y€ R,

(L) (8 Iw=vamsea. (L) (4 )er

v
We define the operator A: D(A)CY =Y,

D(A) = {u=mi{i,u,w}€ Y; i,v€ H"(0,1), we R™, ( "::_I“ ) e D(C),

7,1 € —=Gra(vv) —Gm{ﬂ']}.

where v = ol (v(0),u(1), ..., vt V(0), o™ (1)), 4,i = eol ((L1i){0), —(Ly1)(1),
(Lni)(0), ~(Lni)(1)) and (Lyi)(x) = 3 (~1)* Ffar)* 9, =T,

k=j
. iakulk]
Al v | = b v | e [{.A).
=Y (—1)*(agi)*! ' -
w ; k

S 1Ga(1v) + 5 'Caa(w)

b
If we denote by Pv = Euku“"} then the operator 4 can be
k=0

i Pu [
Al v | = . — P , v | e DA),
W S 'Wa () + 5 1Cas(w) w

where P* is the adjoint operator of P.
We also define the operator B D(B)C Y — Y,

t o+, 1) i i
B(v):(ﬁ{-,u}),D{H}z{(U)EY;E(v)EY}.
w 0 w w

Remark 2. Under the assumptions (H1), (H2)a, (13)a and (H4} we can easily show
that D(A) # 0, D(A) = X x D((712) N D{Ga2) and D(A) C D(B).

Lemma 1. If (H1), (H2)a, (H3)a and (H4) hold, then the operator A + B is mazunal
monoetone,

wrillen ns:

—

For the proof of Lemma 1 see |3 {see also [7]).

Using the operators A and B the problem (5), (BC), (1) can be cguivalently expressed
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as the following Cauchy problem in the space ¥:

) { “:{—;‘{:} + Afu(t) + B(u(t) 3 F(t,), ¢>0
u(0) = ug,
whereu = col(1,v,w), F(t,-) = col(f(t,-),g(t.-),0), np = col(ip,v,, wo), wn = col{wg, ...,

W)
We say that col(i,v,w) is a strong (weak) solution for the problem (S), (BC) if
col(i,v,w) is a strong (respectively weak) solution for the equation (P),, (see [1,Ch.III]}.

Theorem 1 a) Assume that (1), (H2)u, (H3)a and (H4) held. If in, va € H"(0, 1),
wy € K™, ”’E;‘“ € D(G), 7,00 € —Chilvovo) — Gralwy) and f, g € WY, T;

L%(0,1)) (with T > 0 fized), then the problem (S), (BC), (IC) has a unique strong solution
u= col(i,v,w) € W'>(0,T,Y). Moreover:

i, v € L=(0,T; H"(0,1)), hence &ijdxd, dufox’ € L=((0,T) x {0, 1)),
j=0n-1

b) Assume that (H1), (H2)a, (H3)a and (H{) hold. If ig, vy € L2(0,1), wp €
D(Gy3) N D(Gas) and f, g € L0, T; L*(0,1)), (with T' = 0 fized), then the problem (S),
(BC), (IC) has a unique weak solution u = col(i,v,w}) e C{[0,T]; ¥).

Proof. Using Lemma 1, the operator A + B D{A) C YV — ¥ is maximal monotone.
Then, by the general theory of evolution equations of monotone Lype in Hilbert spaces,
we deduce the conclusions a) and b) of the theorem. I remains Lo prove (1), For, let us
consider the equation (P); in the interval [0, T +¢], ¢ = 0 {by extending correspondingly
the functions f and g). Then w(T) = col([i(T), [T}, w(1)) € 1A} and we have:

+
1A+ By < [y + ||‘—‘3;—’m 0SSt
.

By the above relation and by the fact that dufdl € L2007 Y), we dedoce that:

(1)

sup {J}(A+ B){u(t))|ly; 0=t =T} < const. (2)

(comast. is a positive constant).

By (2) and [10, Lemma B|, using a similar argument as that used in the prool of
Lemma 1 (see [5]), we obtain that &i/de!, dufae’ € L0100, 1)), j=0n-1
and & fdx™, & v/dx™ € L=(0,T; L'(0,1)). By (H2)a we deduce that af-,i), #{(-,v) €
L>=(0,T; L*(0,1)) and by the equations of (S) we obtain 9" 1/de™, v foa" € L™=(0,7 LE(0, 1)),
Hence ¢, v € L*(0, T; H"(0,1)) and by the Sobolev's imbedding thoorem we gel é94/de?,
dufoz’ € L=((0,T) = (0,1)), j=0n -1, Q.ED.

Lemma 2. Assume that (H1), (H2)ab, (H3)ab and (IL1) hold. Then the opernfo
A+ B is eoercive with respect to any up = col{ig. va. ) € D{A), that s

. {[A+ B)(u),u — ughy
lim Ll e o . L
flully — o fleelly:
we .A)

= 0o, {3)
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Proof. We suppose without loss of generality that & is single-valued. Let up =
col(ig, v, wp) be arbitrary, but fixed in D(A). Using the assumption (H3)b, for every
u = col(i,v,w) € D(A), we have:

(A + B)(u), v — ug)y = (Alu) — Alug),u — ug)y + (Blu),u — ug)y + (Aluo), u — up)y =
s .

40( To¥ ) c:( Tov )( Yo = vo) )}HW. +fﬂl&{;r,:'[;1.‘]}- (i(z) — io(z)) dz+
! '

wp w - wp
Bla,v(e) - (0(2) ~ (@) da + Bo = K - = wlfen + [ afz,it@)) - ((2)-

~io(z)) dz + f B(z,v(z)) - (v(z) — vo(z)) dz + Eo.

Therefore, for u &0, we obtain:
(A + B)u,u — up)y K - ||w = woll%- E,h
flully = Nillezoay + lllao,oy + lfells ||"“5

f ofz,i(z)) - (i(z) — io(z)) dz + f Bleofo) (o) ~wle) s
Il £ago,1y + vlleago,1y + llwlls
f a(z,i(2) - (i(z)  io(x)) da f B(z,0(2)) - (v(a) - volz)) dz
}min{ 0

+

|"||L={u 1) ' Hl’”-‘ ERD]
Kljw - w[;.@l} L L

[l [luelly-
To prove (3) it is sufficient to show that:

1

n[i ilx)) - {1{3} E{pfl]}{l'l,

; J0 LA
Jell 1..'-"I|I|.-“|.II| ~0 ttillf Jﬂl i) o td:
I*'[f f{ r)) - (efx) - iul:ill}*“
i SO p— 5
||1’I|¢.2I.II|:_1|]1I ] ”””Hmu - (%)

and

_ K-l = wollg
Iy  ————
flwfs fleer]|
For the relation (4), nsing the assnmptions (H2}ab we have:

afz,i(x)) - (i(x) — wlx)) = |ele, dx)) o, tp(r))] - Jelx) — wlx))-

—la(z, io(x))] - [i(z) - to(x)] 2 (Jolz, ia))] = o, il )]} - i) = dolx)]-
—|a(z, io(x))] - li(z) — in(2)| = (ali{x)] — ex)) - [1{a) — tola)] = 2Jalr,tole))] - (Jile)]+
+F=ﬂ{ﬂ=H)3’ﬂl*{TH {Itiﬂl—lmfﬂl = efx) - (i) ()]} - 2ale,inla))] - (Jele)]+
+lin(x)]) = ai® I[!J—f" ) — Cylulio@r)] + elr) + 2jale, mlx)))? "[r} i)~

—da?(z,ig(x)) - i3(x) = ai(x) — Cyli(x) + 2e) + o (e plx))), V< v |,

= o0 (i)
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(we choose 'y, Oz > 0 such that Oy < a; d=a—-C, =0, C3 = 0).
We integrate the above inequality over [0, 1] and we get:
1

1 1
[ atei@) - ()~ @) dz 2 [ FHo)de-Cs [ 6§a) + o)+
+a®(z,ig(z))) dz = f‘”*'&ﬂm.x; -0y, Cy >0,

{iﬂu y ﬂ{':iﬂ} € Lg{ﬂ! 1)).

From the obtained inequality we deduce (4). In the same manner we deduce the relation
(5). The last relation (6) is a simple consequence of the equivalence between the norma
Il and | - |ls. Q.E.D. -

Theorem 2. Assume that (H1), (H2)ab, (H3)ab, (H4) and (H5) held. Then the
problem (S), (BC) has ot least one Ty-periodic weak solution.

Proof. Let uy = col(ig,vg, wp) € D{A) be fixed. We define the operator _-l + B by:
D{A+H} ={ue¥, utug e DA+ B)}, (.4 + H}{u = (A + B)(u + ug).

By Lemma 2 the operator ﬂ_!_'i is coercive with respect to 0 € ¥. We make a change
of functions: i(t,z) = 1(t, z) — wolx), O(t,2) = v(t,z) — volx), @(t) = w(t) — wy. Then
the prohlem (S), (BC) becomes:

(E) %m + (A + B)(a() > F(t,-).

Using the assumption (H5) and [3, Corollary 1, p.207] we deduce that the solutions
of the equation (E) are bounded on the positive half-axis. Hence, all the solutions of the
equation (P); are also bounded.

Now, we define the aperator £ : D{A) — D(A), £{ug) = u(Ty; ue), where u(t; up), t =
0 is the weak solution of the problem (5), (BC) with the initial date ug. The operator £
is nonexpansive and for ug € D{A), the sequence {L£™(ug)}n- s bounded in ¥. By F.
Browder and W.V. Petryshyn’s theorem (see [2]) we deduce that the operator £ has at
least one fixed point. Therelore the problem (S), (BC) has at least one Lime periodic weak
solution with the period T, Q.E.T.

Remark 3. Il oo(x,-) and #x, ) are strongly monotone, that is the operator A + B
is strongly monotone, then, under the assmnptions of the Theorem 2, Lhe problem (S),
(BC) has a unique Ty-periodic strong solution, as soon as f, g € WHHD, Ty; L2(0,1)) are
To-periodic functions in .

3. THE CASE B(t) Aconst.

We suppose here, without loss of generality that [ = g = 0. Then, we shall study
the existence ol periodic weak solutions, under the assumplion that b are periodie une-
tions. Some existence, uniquencss amd regularity properties of the solutions of the prob-
lem (S}, (BC), {1C) were obtained in [5] by the change of foction ¢ = § + i, with
it,z) = A (O '+ Au()a®™ 2+ + Ag (O + Az (1), where Ag(t), & = 1,2n,
are uniguely determined by the system: 50 = By(t), (B(2) = col{ B0}, Be(0). Bot) =
col(by(t), . . banl(t)), Balt) = col{bauir (i), . by ran (L)),

Then the problem (S), (BC), (1C) can be writben as:
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= + ak{a:] alz,i+1) = f(t,z)
R
(5)
B Z{ 1] [ﬁ.kl::l]t] + B(z,v) = git, ),
=Y dcz<nt>n,

w}!.__h the boundary condition:
(BC)

( col((LyD)(t,0), —(LD)(L, 1), .. {L,.,;}{.'. 0y, —(Lat)(t, 1)) )

col (syug (t), ..., &, (£))

L J " - I
E""'[::' ﬂﬂi{v{t,ﬂ},vit,l],.._ _: = I[ ' } a __“.l“ 4_( i )1 e
col (wy(t},.. ul.,,“j} - Haft)

and the initial data:

(IC)

wi(0) = wy, j=1,m.

{ 0, z) = ipfx), {0, r) = =agfx), 0= o<1,

where f(t,z) = "%“J?J. alt,x) = Y (-1 —Tl"n i, 0w < 1, 1= 0, dplr) =
. S .

iofz) —i(0,z}, D=z < ]
Using once again the operators A and B, the problem (5), (BC), (107) lewds us to
consider in the space ¥ Lhe following time dependent Canchy problem, eguivalent o (1)

w ;) i 'rmn) ( e, )
e v+ Al v B " =] ald, |
of i " ( " S VL)
i(0) iy
( v} 2 ( Iy )
H‘{”" iy

Theorem 3. al Asswnie tad (W) 002 b (13 e anad (D1 Rold, (F by & B 5501,
k=T1.2n+m (1" =~ 0 fired), tg. vy ¢ M1}, 1wy € B ( 'I':_:I” ) o ING) and
B0} € 500 FCy Urptn) + Ohulag )y e the proddears (55, (HRCT) 0107 has et sErong
solution u = cof(, o w) & WV UV L Areoecr oo e L7000 HM 0, 1

b) Asswne that (1), (H2Zja, (1 ae and (FEE) hodd. 1f by« LAOTY, k= 1,20 4 n
(T = 0 fized), o, vo € L2010}, wy o DU b0V NG ), then the problem (S), (B,

(IC) has a unigue weak solution o = col{i, ooy e (00 Y)
. Proof. We suppose again thiat € s singleovadiesd . As o |8 T L] we ssswioe Dhal
b € W20, T), k=T1,2n, b € WhL0), &k =20+ 1,20+ ool alr, -} is Lipsehitz
continmous with Lipschitz constant independent on o Using Wato's theorein (see [1]) i




90 HIGHER ORDER NONLINEAR HYPERBOLIC SYSTEM

follows that the problem (P) has a unique strong solution 4 = col(f,v,w) € W'*°(0,T;Y).
Moreover i is differentiable from the right on ', T) and the function u = col(i,v,w)
satisfies:

+
EE ) + Au(0) + Blu(t)) = c0l(0,0,57 By(0)),
(118)(t) = =Gu((vev)(t)) — Gra(w(t)) + Bi(t), 0<t<T (7)
w(0) = ug,
that is u is & solution of the problem (S), (BC), (IC).

Now, we suppose that o is not a Lipschitz continuous function and we replace « by the
Yosida approximate @, (x,-), A > 0. From the ahove reasoning we deduce that the problem
(P) with e, instead of & has & unique strong solution uy = col(iy, vy, wy) € Wh=(0,T; Y).
Then u, verifies the lollowing problem:

i (t) + Alua(t)) + Balua(t)) = col(0,0,5 ' By(t))
(m1)(8) = =Cui((002)(0) — Gaz(ws(t)) + Bi(t), 0t <T (8)
uy(0) = ug _

with By(u) = col{ay(-, 1), 8(-,v),0), A>0

Using (8) and the assumptions ol the theorem, alter some computations we deduce
that:
dﬂ;,.
dt

(t)
1

f H(Pua)(t, )| + [(P*ia)(t, x)|] dz < const., t >0, A>0.
(1]

' < conat., |Jlus(t)|ly < comst.,, 0<t<T, A>0 and
Y

By [10, Lemma B| we obtain:
iy o), Puy/8x) are bounded in L=((0,1) = (0,1)), j=0n-1
Ay f82", 8™, /0x™ are bounded in L%(0,T; L'(0,1)) and
Biy(uy) is boundal in L7507 Y.

Next, by (8) we have:
lur(t) — uu(t)]) < const.(A+p)"/?, 0L ST, A p>0,

that is the sequence (u,) converges to some u = col(i,v,w) in C(|0,T);¥), as A — 0.
By Lebesgue's Dominated Convergence Theorem we can prove that:

By(uy) — B(u), as A —= 0, strongly in L*(0,T;Y).

Since A and & are closed, by letting A — 0 in (B), we conclude that u is a strong
solution of the problem (S}, (BC), (1C).

For the general case by € W'2(0,T), k = 1,2n + m, the regularity properties of the
solution and for the part b) of the theorem we use standard arguments (see [5,8]). Q.E.D.

We give now some sufficient conditions for the boundedness of the solutions of the
problem (S8}, (BC):

Theorem 4. Assume that (H1), (H2)ab, (H3)ac, (H4) hold and by € L™(H,), k =
1,2n + m. Then every weak solution of the problem (8), (BC) is bounded on IR, .

Proof. By Lemma 1 and Lemma 2 Lhe operalor A + B is maximal monotone and
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coercive and then R(A+ B) = Y, hence F = (A + B)~!(0) ~0. We suppose that G is
single-valued.

We use a similar idea as that we used in [6] (see also [5]). First, we shall show that if
by € W; }(R.)N L (IR, ) then the strong solution of the problem (5), (BC) is bounded
on IR;. To prove this, let us consider T > 0 arbitrary, but fixed for the moment, by €

W30, T) N L=(R,), k = T,2n + m, io, vo € H™(0,1), wp € R™, ( "'3:“ ) € D(G)

and B(0) € 7,10 + Gui(vgvo) + Gia(we). Therefore, the corresponding strong solution
u(t) = col(i(t), v(t), w(t)) of the problem (8), (BC), (IC) satisfies (7).
Using an element v = col(p,q,r) € F, that is (A + B)(7) = 0, by (7) we have:

1 d (o)) (v(6) ~ 0
E%Ilu[t}—'ﬂﬁfﬂc( e )_c(’fgq),('fnw*;”_ D Yognint
+ [ late,itt,2)) ~ oz )] - t,2) — pl) de + [ 18(z,v(t,2)) - Ao (@)

it 2) - gla)] da = (By(£), (100)(t) — 04 gae + (Balt), w(t) ~ r)gem, 0 L<T.
By the assumption (H3)c, the above relation give us:

d
%a—Jum—-f||f+csuwm-r||nm+ [ late. 6620~ ate, s e, 2)-

9
—p{:r:]]d:cirf [B(z,v(t,x)) - ﬂ{m.q{x]}]-lu{t,m} — glz)|dz < @)
E Gﬂll-Bﬂ[t}Hﬂ'lntin E (:Tr 1] i: i< JII-
where Cs, Ca, C7 > 0 are independent of T'.
By the assumptions (H2)ab, we have:

[z, i(t, 2)) — a(z, p(x))] - i [1,:} - plz)] 2 [afi(t, )| — elz)) - J1(t, x) — plz)|-
—la(z, p(x))] - [i(t, ) — p(z)] = alilt, z) - p(x)* - (alplx)|+ c(x) + |alz, p(x))])
it x) = p(x)] 2 ali(t,x) — pz)]? - Cyla®p?(2) + A(x) + o, p(x))]*),

O<z<l, 0<t<T, (where a, Cg > 0 are independent of 1)

We integrate the above inequality over [0, 1] amd we obtain:

1
e il x r, e} - L) = plile 2o

/1: [ev(, e(t,x]) ﬂl:ll pla))] - il x) :{J]j] i (10)

=X ” 1“] = ”f,lru.” "(Iil- h=1= l

In the same manner, we have:

f (B, o, 2)) - Al gD olt, ) - gtz 2 -

"J-h”J“;I =y “L (0,1 (I‘H 0 ‘.-l‘-::_ Illl
with EJ, Cy, Cho = 0 independent of 1.
From the it!ﬁ:lllﬂ“tit“‘i (9), (10} and {11) we deduce:
IIH{*-]'- Y+ Cs [ w(e) = v fgen +a )l ale) = p llgag) +
+h‘“t-‘[t}—-{l‘“t_‘,[“l]‘-‘(?‘{-{rg-l (“! 1] -‘[f T.
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So:
1d 2 2
22 u(t) =l + Curllu(®) =1y < Cua, Ot <T,

where the constants Oy, Cyg > 0 are independent of T
Integrating over [0,t] the above inequality, we get:

C
() = < 2 o~ + 2 (1- %), 0T (12)
11
Therefore:
llu(t) = vlly < const., 0<t<T,

where const. ia a positive constant independent of T. Because T' is arbitrary we conclude
that the solution col(i,v, w) is bounded on F,.

Because the inequality (12) remains also true for the weak solutions, we deduce the
conclusion of the theorem. Q.E.D.

Theorem 5. Asswme that (H1), (H2)a, (HS)ac, (H{) hold and by € L} _(R.), k =
1,2n+m are Ty-periodic functions. Then, if the problem (5), (BC) has at least one
bounded solution on IR, then the problem hos also a weak Ty-periodic solution,

Proof. Let u = col(i,v, w) a bounded solution of the problem (5), (BC). Then, by the
inequality:

Nu(t) - w(edlly < lluo = wlly, t >0
we deduce that all the solutions of {S), (BC) are bounded on . Using now the operalor
L, defined as in the prool of Theorem 2 (for this case) and the same fixed point theorem we
conclude that the problem (S), (HC) has at least one Ty-periodic weak solution. Q.E.D.
By Theorem 4 and Theorem 5 we deduce:

Corollary. Assume that (I1), (H2)ab, (H3)ac, (1]) hold and by € L (R ), k =

1,2n 4+ m, To-periodic functions. Then the problem (S}, (BC) has at least o time periodic

weak solution with period T,

Remark 4. If ao{z,p) = Cypp|* Y, Ble,p) = Cuplp|® ', 0u,b 2 1, O, Cy = 1), then an
easy verification shows that o and 3 satisfy the conditions (H2)ab. For other examples,
see [11].
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