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A NEW PROOF FOR THE TUTTE'S EXCLUDED
CRITERION FOR A MATROID TO BE BINARY

GABRIELA ALEXE

Abstract./n this note, we give o new proof for the Tutte's Ercluded Criterion
for a matroid to be binary, namely: A matreid is btuary of and only of # condains
e maner isomerphic to U5 4 The origina proof is due o Tulte. Other proofs are
presented in [Orlf, [Ty and [Welsh),

In this note, all the delinitions and notations for matroids are similar 1o Uhose given in
Welsh, [Welsh).

The aim of this paper is to give a pew prool for the following basic Criterion due Lo
Tutte, namely:

Tutte’s Excluded Criterlon for a matroid Lo be binary. A wmatrod A is biary
if and only if il has no miner isamorphoe fo g

As Welsh mentioned, the original proul of the Tutte’s Excluded Criterion for a mat roid
to be binary appeared in W, ' 'Intte: Lectures om matroids. 1. Res. Nat, Bar. Stand.

G698 (1965), 1-48 and the prool prosented in [Welsh], po 167, appeared in M. Pl
Some problems in combinatorial theory. (1), Phil. thesis) Oxford (1972). Another proof
appeared in J. G.. Oxley: Matroul Theory, Oxford University Press (1992), [Oxl]. 1n
[Sey] it is presented a proof of Tulte’s criterion, due essentinlly to k. Troemper. Also,
it is mentioned Chat Tatte’s criterion appeared o the papers WO TS Tatte: A homotopy
theorem for matroids, 1, 1, Trans. Amer. Math. Soc. 88, 11T, [Tutie].

1. THE NEW PROOF FOR THE TUTTES EXCLUDED CRITERION
FOR A MATROID TO BBF, BINARY.

The: main reanlt used in Che wew prool of the Fxeladed Oriterion s Uhe nest chovaeber-
ization theorem for binary matoids, [Welsh|, . 162

Theorem 1 The fellowing stateviends abowl o wibrowd A ave cquoade il

(a) For any corewd O and cococad €7 [C 00" s coen,

{b) The symetric difference of any collection of distinet cocuids of AL s the wiion of
distinct civewits of M;
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(e) If Oy, Cy are distinel circwts of M, the spounetrie difference (A0 contains
a eirewit of M; :

(d) For any base B and circwit (' of M, if €~ B = {ey, ., e}, and if Cle;) is
the fundamental cirewit of e dn the base H, then = Cle ) )8 008y );

(e) M is binary.

We give now the prool lor the Dol 5 Ereeludvd vl ion:

Proof. First, we will prove using induction on [5), that any mslroid on the finite sel S
which contains no mwinor somorphic to T4y is Dinary. Sioee it s konown that D bs the
amallest matroid whicl is not binary, we will consider only Lhe ease |5 = 40 Suppose thal
|5] = 4 and that the theorem is trae for all matroids on scts having less elements than
I15]. We will prove that M is hinary.

The plan of the prool i the following:

1. We suppose on the contrary, that Chere are bwo ditferent cireanits Oy and O of M sach
that Oy ACY is an independent set ol A and we prove that €35 s 0 base of AL

2. We prove that max([C7y — Ca], [ O sk JO° 000 %] are 2= 2

A, For an ﬂrl}i[.rur:,,' element @« € C MO0y, we fed wococivewin ©°° ul AL(S - &) such that
[ () = 2| and OO0 )] e not both even, which, by theorem 1, s s
comtradiction with the fact that AL (5 — @) @5 1 Dinary mindroid

MNaow, we present Che proof in detadl. 10 s sallicienr o prove that the sy aonetric differ-
ence of any two dilferenl cireuits O and O of AL s acdependent st of AL

Suppose on the contrary that there are Swo diflerent civenits of M denoted by € and
'y, such that €3 ACY Bs an iudependent set of A Let Oy = Jug. g, ey, ) and

€y = {by, . bry, o ap ), where k0 L poare mnral wnnbsers, € O fay, g,
O — Oy o= {y,., I} and O 0007 L., rpb Fow simplivity, Ter 1 T T B
Ho= by, B oand X o= g, ol

It is obvious that p = ] (fotherwise O 007 ey wonhd be oo dependent sel

of M, contradicting the hypothesis) and nlso & 10 o 1 fotherwise, Bor & oo f = 1),
the circuits wonld e ecual, contrasbiction, else o cirenit ol propen v contain ot her
cirenit, conl radicling the fiest axiom of virenilsg

We remark Chal if € el € qoe twooditferent cienits of M el tlea 7000 2 S Hen
MI(S — (€U ™)) s binry madeoidaned By Dheorenn 20 s adisjoint upion of
cirenits of AL In particalar, €250 is a0 depemdent set of 3

We iy suppose in Uhe follow g than €75 10007 -0 5

Lot i e an mebiteaey jnedes, 1 o g Consider the contraction M o) which, Tw
Lhe induetion hypot lesis, = o bivies oedeoid Sioee e, o O b 'yl 8%y
mre circnils of AN - ) Conscouient by, psiog again Dheen | (07 F N ) e
i dependent set of M(S o), e B0 s depemlent st ol WS e b Pl e
that AU e, is aodependent sec ol A Ceg dsoan independent set ol 3 B a0 progae
sulmet of €7 and also it is the amigue masined ndepemden soral S5 08 0 be T follows
Chad, AW s a0 s imad independent <ot ol W e a0 iea biee of A

Moreover, becamse O = L0 ad Joi] 10 JA0B ] we oliado e g 1 min [y
[} and we sy sapprese that po 1< 4
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If p = 1, then, according to the second circuits’ axiom (Cz), () UCy) —xy =
{ay, -, 2k, by, .., b0y} contains a circuit of M, contradiction. Therefore, we may consider
p=2 If k=1, then { =1 and because | = p— 1, we deduce that p = 2. But in this case,
any 2-subset of 5 is a base of M. This means that M is isomorphic to Uy 4, contradiction.

So, we may suppose that & > 2, 1 > 1 and p = 2. Let 1, T3 be two different elements
of the set X. Because {z,,z3} is an independent set of A/ and AU B is a base of M, we
deduce from the augmentation theorem that there are two different elements o, § € AUR,
such that By := {z,z2} U({AU B) — {a, 3}) is a base of M. Since k = 2 and [ = 1,
AUB — {e, 3} is non-empty. Let b be an arbitrary element from AUB - {a,}. Without
any loss of generality, we may suppose Lhat & € B. By the induction hypothesis, the
matroid M.(8 — b) is binary and this implies that its dual (M.(S - b))* = M*|(8 —b) is
binary, too. Because § — (AU H) = X is a base for the matroid M* and X € S—b, X is
also a base for the matroid M°|(S — b).

Let C*(a) and ' () be the lundamental circuils of M, corresponding to the elements
o and 3, relative to the base X of M*. Since C*(a) CaUX C S-band C"(F) C fUX C
8 —b, C*(a) and C*(F) are also circuits of the binary matroid M*|(S — b). Theorem 1
assures that C*(a)AC*(8) is a dependent set of M*|(S = b). This is equivalent to the fact
that C* (&) A0 (F) intersects all the bases of (M*|(S —b))* = M.(5 --b). Because b is the
only maximal independent set of M contained in 5 — {5 - b) and (Bp —b)ub = By is a base
of M, it follows thal Bg — b is a base of AM.(S — b), too. Consequently, (" {a)AC* (B)) N
(Bo—b) # 0. Since C*(a)AC*(F) C {o, AfUX and By —bC ({AUB) - {a, 8} )U{x), z2},
we deduce that (C*(a)AC*(3)) N {x, 2z} # O. Without any loss of generality, we may
suppaose that £, € C* () — C*(a). Consider now the matroid M*|(S - ;). Clearly, C* (a)
is a circuit of M* contained in § — x, so, it is also a circuit of M*|(5 - ;). Equivalently,
() is a cocirenit of (M*|(S —x,))* = M5 - x)). Since 7y € (', NCy, we deduce that
both € = x; and Cp — 2 are circuits of the matroid M5 — &), which, by the induction
hypothesis, is & binary matroid,

From theorem 1 it follows that both [(Cy — o) 0O ()] and [{C — 2y) NC* ()| are
even. Since |((C — x) NC (o)) A — 1)) N {a))] = |a] = 1 is wdd, we obtain a
contradiction.

Therefore, the assumption Chat A% is nnindependent set of M is false and conse-
quently, M is a binary matroid,

The converse implication of the Criterion is obvious, becanse any minor of a binary
matroid is also binary and [7; 4 is not binary. W
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