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METHODS FOR THE AERODYNAMICS APPROXIMATION
IN THE LAPLACE DOMAIN FOR THE
AEROSERVOELASTIC INTERACTIONS STUDIES

RUXANDRA MIHAELA BOTEZ and PASCAL BIGRAS

Abstract. This paper presents o comparison of three inethods of approrimation
for the unsteady generlized aerodynamic forces acling on o flerthle arerafl. These
methods are: the Least Square LS, the Mintrmwn Stale MS and the Matrix Padé MI?
approrimations. These approrimations are used for the aeroservoelustic interachions
studies on a fly-by-wire atreraft, where the aerodynamie forees in the redueed fregrency
k dowmain (dynamics and loads) have fo be approrimated w the Laplace s domuin
{flight contrel). The ain is, i this case, to study the effects of the control laws on
the flexible aireraft structure.

In addition, the convergence of minimum state approzimation method M5 of un-
steady generulised aerodynamic forces in the equation of motion of flerible aircraft s
shown by means of an original feature. At each ilernlion, an oplimal compromise
chosen between the present and the last ieralion.

1. INTRODUCTION

The aeroservoelastic interactions concern mainly Uhe interaction between the: three main
following disciplines: aerodynamics, aeroelasticity and servo-controls. Progress in this mal-
tidisciplinary area has demanded optimisation of acrodynamic methods i their capability
Lo generate s-domain aerodynamics lrom k-domain aerodynamics,

Aeroservoelasticity establishes the s-domain as a base, which can be obtainel froan the
k-domain serodynamics by means of several rational approximation methods 1,2, 13, 4.

such na:

® The convenlional Least Sgyuwre LS
® The Modified Matrix Padé M
® 'I'he Minimm State MS
The conventional Lenst Synare LS method has been sed in the neroservorlastic cong-

puter program called ADAM[IHE, ], where its enpability is Lo determine ol mpproximations
of any order such that the sum of mmerntor and denominator terms does not exeerd 15,
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The state space equations include augmented states that represent the aerodynamic
lags; their number is dependent on the number of denominator roots in the rational ap-
proximation, The aerodynamic entire matrix has been approximated by a ratio of matrix
polynomials [4]. In the Matrix Padé MP approximation method [5], each term of the sero-
dynamic matrix may be approximated by & polynomial ratio in 8. However, it has been
found also that common denominator roots in defining the corresponding polynomials are
also effective. Other modifications of the MP method were suggested in [6,7)].

A higher number of denominator roots is required in the minimum state MS apprax-
imation method [8]. In this method, the Number of augmented states is equal to the
number of the denominator roots.

In [9,10,11] the capabilities for enforcing or relaxing equality constraints were included
in the LS, MP and MS methods. These capabilities were abbreviated ELS, EMP and EMS,
and they were introduced in the aeroservoelastic computer program called Interaction
of Structures, Aerodynamics and Controls (ISAC) [17). The minimum state approach
(MIST) is selected recently in the ASTROS computer program [12]. This method offers
savings in the number of added states with little or no penalty in the accuracy of modelling
the aerodynamic forces. However, its applicability to the unsteady aerodynamics in the
transonic and hypersonic regimes remains to be established.

Comparisons are given between the existing acrodynamic optimisation methods MP,
LS, MS aerodynamic optimisation methods. As the Minimum-State MS approach gives
an ill-conditioned system, in this paper an additional new leature is presented to solve this
problem. This mechanism consists of choosing, at each iteration, an optimal compromise
hetween the present and the last iteration.

2. EQUATIONS OF MOTION

For this reason, one should approximate the aerodynamic forces Q(k, M) by a rational
polynomial Q{a). The equations of motion for a flexible aircralt under the infuence of
unsteady acrodynamic loads is described by the lollowing matrix equation

Mg +Cq +Kq+ gaynAc (k) g=P(t) (1)
where M, K, C are the generalised mass, elastic stiffness and damping matrices, gayn
is the dynamic pressure, gy, = 0,59V 2, where p i3 the air density and V' is the true

airspeed, k = wb/V is the reduced frequency where w is the natural frequency, b is the
wing semichord length, A.(k) is the acrodynamic influence coefficient matrix for a given
Mach number M and a set of k; values, q is the displacement vector, P(t) is the external
forcing function, a is the Laplace variable (=jw).

A solution of the related [ree-vibration problem

M q +Kq=0 (2)
yields the desired roots w and vectors ¢b. By applying the transformation

q =y (3)
to equation (1) and pre-multiplying both sides by &7 and @, the generalised equation of
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motion is derived by

Mi) + Ci+Kin+qayn QK )y = P(t) (4)
in which M = &7 M &, and so forth. The modal matrix ¢ = [@, ¢, d,] and Lhe
generalised coordinates n = [, 7, ;] Incorporate rigid body, elastic, and control surface
motions, respectively.

The order of each generalised matrix is equal Lo the number of retained modes. For
the aeroservoelastic analysis, the aerostructural problem is recast in the Laplace domain,
by calculating the Laplace transform representation of equation (4) :

[Ms" + éx+R-+-q,,f.q(s}J n(s) = P(s) (5)
where & = sb/V is the normalised Laplace variable. In this context, the matrix Q{4) can
be represented by a ratio of polynomials in 4. In this paper, the genceralised serodynamic
forces Q(3) are curve fitted using Least Squares (1.5), Matrix Padé (MP), and Minimum-

State (MS) approximations,
Mext, we are going Lo explain the three theories of aerodynamic approximation:

2.1 LEAST SQUARE LS APPROXIMATION

Least-Square Approximation is based on the following model

- _ . i a
Q(3) = Ay + Ays + Ags®y E;A“'“”ﬁﬁ; (6)
which can be rewritlen in the frequency dommin as follow
- - . T
k) = Ao+ Ay gk - Ask®*+ ) Apa s — (7
Qlik) 0 1l 2 Z L ‘]jk Y 7)

where Q is approximation of matrix €, k is redoced frogquency sariable, A, ave Lhe coelli-
cients matrices and by, are lag coeflicients of the approximation medel. With this model,
the approximation can be found by minimising the Illowing objective Tunetion

J =578 WhIQu k) — Qu Uk (8)
i ]
where ks the Ith normalised requency and Wois the weighting table which is nsnally
clhiosen as

Wit = - e ©

) max(1, Qi (ki)
If lag coefficients b, are fixed, the objective function with weighting table given by eq,
{9) ia linear quadratic so that it can be easily minimised, The solution of this minimisation

problem is given by the [ollowing equation
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-1
Auj = {Z Wg;; {BEHR} + BEI]BH}} {Z wi_fr (Blﬂ.'QR-jl + BTEQHH]}
: r *

(10)

where Qrij = Hﬂ{Qg(ih}}1 Quiji = hn{Ql_r{;kfj}r
Br=|-10k AL ,T-E?-, 1
e KR KT (11)

and
—kyby —k g

By=1|0 -k 0 !
" S By ] [

This solution depends of Axed lag coefficients bi so that it can be replaced in oljective
function (8) to form a new objective function according to bn variables. This non-linear
objective function can then be minimised using non-linear programming technigues. In
this paper, one has chosen to use the Quasi-Newton method from the Matlab Optimisation

Toolbox,
2.2 MATRIX PADE MP APPROXIMATION

Padé is similar to the Least-Square Approxiimation but there are dilferent by, for each
column so that it use the following Model [11]

]

Aogs ST T — .
Qj(4) = Ag; + Ay;i + Ays +Zn‘ Ar,,,mé_“h” (13)
which can be rewritten in the fregquency domain ws follows
" g i . . -|‘¢
Q_it.]"ll'} h A“]j +AI_|.I"‘. A'JJ""‘L+ l A-I'nr!:u --h':’ 5 {I'i]
n g 1 mny

where f_,!j i approximation of the jth colmmn of metris Q, A,y are the coellicionts ma
trices ol jth column of the matric A, wod By owre lag coefficients of the jth columm of
approximeation model. With this wodel, Uhe approsinstion can be Toond by mdoimising
the following objective Tunction

Jy =22 Wailky k) - Quy skl (15)

where &y is the lth normalised reguency and Wois the weighting table which is vsanlly
chosen as Fq (9). The minimisation of the objective function (151 s very similar to
minindsation of Fog (8). 'The only dilTerence Detween Che solution of Lesst-Sogunre i Lo
and Padé method is matrices By and By which ave dillerent for saeli colomun
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2.3 MINIMUM STATE MS APPROXIMATION

Minimuin State MS approximation is relatively different of Matrix Padé MP and Least
Square LS approximations. This approximation is based on the following model:

Q(5)= Ao+ A5+ Aga® + D[3l - R] 'Es (16)
which can be rewritten in the frequency domain as lollows

Q(ik) = Ag + A, jk - Agk® + D[4l - R| 'Es (17)
where R is diagonal matrix of lags. As for the Least Square LS and Matrix Padé MP
approximation, the objective is to minimise the cost function (8). Usually, the following
constraints are applied before to minimise objective function [13],

Re {fg{u}] = Re [ Q)
e { QUi ) ) = e {QUik)) )

IIn{QLFJu_,,J} = Imn {Q{}L-_,,:}
where ky # 0 and k; # 0. By using the following equalicy

(k1 - R) Lo (K1 MY Y-k oR) (18)

These constrainls transform Che mwdel as Tollow

QUiki) = By + DCE | j(By 1+ DCyE) (19)
where )
k.l
B =Qu(0) - 3 [Qul0) - Qulky)]
L]
Om =ulu—fu r) (ki RY) ’;f
By = f:-l-lr{ﬁ‘p]'
iy =Dl[kf_.l 1 RY) (k) Rk
with - _
Qulk) = Hn{ql[_-j.l.:j!nnd Qi (k) Im{ﬂ{jﬁ.'b}
Then the ohjeetive fi
linear secording Lo Foand I matriees Uhe sobation ean thea be olitained using iberative
linear quadratic solution. Do fact 1 metris s fxed woed the linear gquadeatic problem is

solved aceording to B onatrix, Mext, Foomiris is Gixed sod the linear guadeatic problem s
golved necording to T muteis . This sclene s repeatedd antil the convergenee is alinined

mction can b wipdmised, However, the abijective s now non

Tor mobve: Ll linesr quadralic probden secondiog to By imtvis with 1) madvix fixed, The
ohjective Iunction s rewritten by colunm s follows

! L g, (20)

where colunmmn error i
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Iy =) e (k) Whie; (k) (21)
]
with
e, (ki) = Q;(7k) ~ Qj(7k) (22)
The objective function (20) can then be minimised by minimising objective function

(21) for each column. According to eq. (19), solve minimisation problem (21) is equivalent
to solve the following equation for each column of E [14]

AeE; = Be (23)
where
Ae =2 CrD"W;DCg + C;,D"W}DCy
'}

Be =) | CuD"Wj, (Qm;(ki) — Brj1) + C D" W3, (Qus (ki) = Bryi)
i

Similarly, the error can be rewritten as row error and the linear qu.adrht'm problem
according to D Matrix is equivalent to solve the lollowing equation for each row of D :

D;Ad = Bd (24)
where

Ad=) " CyEW}E"CL, + C[EWHE'C],
!

T zz (Qrj(k) - Bﬂi‘}w?iETGE! +(Quj (ki) — Bf_f:}wfiETCﬁ
i

The MS approximation is generally better than Least Square and Padé approximations,
However, w.ien the number of lags is greater than the number of frequencies, the problem
is usually ill conditioned. To solve this problem, we consider two additional features: 1)
At each iteration, the linear quadratic problems according to E matrix and after that to
D matrix are solved using singular value decomposition [15]. 2) At each iteration, the
optimal compromise between the present and the lasi iteration is chosen to ensure the
convergence of algorithm.

23.1 SINGULAR VALUE DECOMPOSITION SV

Equations (23) and (24) have the following form

Ax=B (25)
where x is unknown vector. When this system is ill conditioned, the least square solution
can be obtained using singular value decomposition of A, lu fet, A can be decomposed
as follows:

A =Usv"

where U and 'V are orthogonal matrices and 8 is disgonal. The diagoual of 8 mntrix
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ccontains, in order, the singular value of A so that, 0 rank(A) = r < a0, the ner last
elements of dingonal are null. Using (his decomposition, e lesst sgquare solution of o
(25) can be obtained as follows:

i

"
-~ u,; Bv,
¥ = e . 96
L. . (26)
=
where v, and v are respectively the columm of mateis U wed W oamd &, b8 Uie E10 element
of diagonal matrix 8. This least square solution can be obtained easily with the standard

function of Matlab software.

232 OP'UIMAL COMPROMISE

Let K,y and B, oy be the optinal solation st present sund last iterabion so that the
opLtimal compromise between present and st tevation is oldained by oinimising e
ubjective funetion (21) according Lo s with

B aBy oyt (1 a)Ey, (27)
Stnilarcly, for D matrix, the obijective Tunction can be minimised aceording Lo a with

D=y, + (1 o)y, [2K)
o 1 leser sealar miniuisation, we hnve used Hhe senlar minimisalion slgorit o ineladed
in the Matlah Oplimisation toolbox

3. APPLICATION

The finite element musdel of Che symmmeteie all of the nircralt (1G] s usedd for e
vibration analysis. Only the aotisymmetric coase s heve presentold

Forty vibration modes were considers] as follows: Che firse three godes arc the Chre:
perfect rigid body meodes $pe (Y -trnnslntion, X-rotation roll, sl Z-rotation yaw abont
Lhee cenbre of gravity OO, Chirty-live Desible Bending soul torsion medes $ 0 nnd two rigid
conbrol modes $c (aileron amd rudder deflctions )

The Doublet Lattice method which is an onstendy sevody pannie g sarface aeet lod
wies nsed to obibain the values for e generadised nerodynamie forces QU M) as funet ions
of reduced frecquency and Mach nomber A1 T caleabute the pressare distribotion on
omcillating g surfivees (wing, horizontad and verteal Gaal) mndergoing simple harmoni
miobions, Lhe lilting surfers sve sulalivided into arvays of teapesoidnl Doses arcanged i
strips paradlel to the mivsteemoe, The Tiling suefives saee ot her repreesented by Inttices of
dlonbilels Jocatedd ae the goarter-chord of coch B Ul downwnsh Tondary condition
is salisfied al the threeguarter clord of eacl bos Ul downansh is compated from the
slope and dellesction of cach stoactneal pusde

For this purpose, STARS (5 Toacturad Aoalysis Boutines) progean prekoge is used to
caleulale the wodes of vilalion sod Ghe aevodymamnie ceecillnbory foreess (A, AT) forr 11
following reduced freguencies & - G010 0002, 00 00200 s AT - 08

The Matlaly software s then ased Tor compatation of oad fnsadion algorithm. LS, M1
uned MS are considered for Bl i of 3 Fignee | show- total cover foe LS, ME and
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MS model of the same order (160). These results shows us clearly the superiority of Lhe
M5 model.

Figures 2 and 3 show the comparison between the unsteady generalised aerodynamie
forces approximation Q(s) and the true unsteady generalised aerodynamic forces Q(k, M)
Figure 2 shows the unsteady serodynamic forces for the vertical fin bending mode FING.
Figure 3 shows the unsteady acrodynamic forces or the wing second bending mode W2H
Figure 4 shows the convergence error versus the number of iterations,

4. CONCLUSIONS

A comparison of these methods shows the superiority of the MS approximations. In
fact, Figure 1 shows that the errors for those 3 approximations are about the same but
the M5 approximation needed only 20 state wariables wherens MP and LS appraximations
needed 120 state variables. However, there is a problem with the Minimum-5tate NS
approach: the system is ill-conditioned when the mumber of approsimation lags is larger
than the number of reduced frequencies. Then, this paper presects an additional new
feature to solve this problem. This mechanism consists of choosing, st each iteration, an
optimal compromise between the present aml the lnst eration.

Figure 1: Approximation errors [or the three methods LS, MP and MS
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Figure 2: Aerodynamics forces representation for the vertical fin bending FINB

0

0.2}
0.4
0.8}
0.8

1l

ImagQ{4 4}]

-1.2f

-1.41

-1.8

-1.81

Asrodynamics for the vertical fin bending due to the alrcraft roll

w - C{k) Trua A-m
o - Cl({s)- Approx Aaro

@ k=1

k=0.2
®

@ k=01

Real[C(4,4)]

Flgure 3: Aerodynamics forces representation for the wing second bending W2B

Imag(Q(7.5))

Aarodynamica for

the wing second bending W2B due to the aircraft plich

T Sas 1 S

o - Qifk) Trua Aaro
o - Qs)} Approx Aero

L i R E—

-2

-1.6

Real(Q(7.5)]

I kFEFDTQ o
k=0.02
® k=01
k=0.2Z=
F —— [ . SSEE——
0.5 0 0.5 1

179



180 AERODYNAMICS APPROXIMATIONS

Figure 4: Convergence error versus the iteration number
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