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1. Introduction

Let g be a complex function in the unit disk U = {z € C : |z] < 1}. For 2 = & + iy we put
u(zr,y) = Reg(z) and v (z,y) = Img(z). The function g belongs to the class O (U) if
the functions u = u (x,y) and v = v (z,y) are continuous and have continuous first order
partial derivatives in U.If g £ O (I/) we denote
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In 1980, P.T. Mocanu [1], introduced the class of nonanalytic starlike functions in U and
obtained sufficient conditions for complex nonanalytic functions in [ to be starlike.

A continuous function f : 7 — C, f (0} = 0 is starlike in I/ il it is univalent and the
range [ (U7} is starlike with respect to the origin.

Theorem 1 [1] If the function g belongs to the class C' (U) and satisfies the following

conditions:

(i) g(0) =0and g(z) #£0, for all z € U7\ {0}
(ii) Jg(z) > 0, forall z e U

(iti) Re 225 > 0, for all 2 € U\ {0}

then g is starlike in LV,
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2. Starlikeness conditions

An analytic function f : £ — C, f (0) = 0 is called starlike in E if it is univalent in E and
f(E) is a starlike domain with respect to the origin.
The following theorems provide sufficient conditions of starlikeness,

Theorem 1 If the function { i5 an analytic function from E into C and satisfles the
conditions:

(1) F(0)=0,f(z)#£0,forall z€ E\ {0} and f'(2) #0,forall z€ E
(it) For any 2 € E, the following inequality, holds

. #f'(z) B 2f'(2)
(1) [a?+b"‘}R.\a-—Hz:| (a® szRn—”z) >0

then f is a starlike function in E.
Proof. Let h be the function from IJ inte E given by

b a—b
(2) h.{z]:ﬂ;_ z+“2 E.

Then h € C' (U}, h is injective in 7 and h(U) = E. We consider the function g : U —
C,g = foh . We shall prove that if the function f satisfies the conditions (i) — (i} of
Theorem 2, then the lunction g satisfies the conditions of Theorem 1. Hence g is a starlike
function in I/ and since f (E) = g (U) we obtain that f is a starlike function in E.

We have g(z) = f (%22 +2522) € C*(U),g(0) = f(0) = 0 and g(z) # O, for all
z € U7\ {0}. We also have

ag|* |og|* ,
Jg{ﬂ:‘a_i _l"g =ab|f" (w)* > 0,

az

where u = h(z} € E.
By using the definition of the operator D, we obtain

Dg(z) _ (22— 23%2) f'(u)

® 02 Flw)

From u = h(z) =#z+%bfandﬁ=%bz+%ﬁiit results

(4) z=ﬁ[{a+b}u-—{u—b]ﬁ]
From (1),{3) and {4), we obtain

Dg(z) ;2 .2 uf'{u) 3 g @)’ (u)
_g[z} = (a® + b*) Re T ) (a® — b*) Re Flw) =0,
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Remark. For a = b, we have £ = UV and we obtain the well known condition of
starlikeness for analytic funetions in U7,

Theorem 2 Let f be an analytic funciion from E inte C. [f § salisfies the following
condilions:
(1) f(0)=0,f(z)#£0forall z € E\ {0} and f'(2) #0, forallz: e E
(i1} For any z € &
zf'(2) a? — b?
{5) ‘arg 10 \ < arccos T

then f is a starlike Minction in .
Proof. In order to prove that [ is a starlike function in E, we shall show that the inequality

(1) holds. Since

—fa? —p? Eﬁf’{z] — (a® — b® ELEZ} or all z € B
( b*) R 15 > b) 1) , forallz 2 B

we obtaln

[:12 + bg} Re f-‘-;-}-é? = [:rJ,2 —b*) Re 2

el ) g ) _
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z2f'(2) zf'(z) a® — b*
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Hence, [ is a starlike function in F.
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