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Abstract. In this paper we consider the Cauchy- Ionescu Problem for hyperbolic
inclusions with modified argument. An existence theorem for a local solution of this
problem is proved and some properties of the set of its sclutions are established.
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1 Introduction

In his PhD Thesis (1927) [10], D.V. Ionescu studied — for the first time in mathematical
literature — boundary value problems of Darboux, Picard, Cauchy and Goursat types for
second order partial differential equations with modified argument.

More recently, a series of authors studied the same problems for second order hyperbolic

equations of various forms.
In this paper we consider the Cauchy-lonescu Problem for hyperbolic inclusions with

modified arpument of the form

E!“zl:n:, v)

Ea:—n?y = F[z,y,z[g{z,y},h{r,y}}], EI.!J':' eD= [ﬂ!ﬂ] x [l];b],, {11}

{ z(z,p(z)) = R(z), 0<z<aq,

2 (@, p(a)) = Plz), 0<z<a, a2

where the curve v : y = w(z), p € C'([0,a]; [0, 8]) is given, with ' absolutely continuous
and
(0} =0, wla)=b, ¢'(z)>0, 0Lz<aq, (1.3)

F: Dx? — 2™ is a multifunction with compact, convex and non-empty values, /2 is an open
subset of R", g € C(D;[0,a]), h € C(D;[0,8]), R € AC([0,a; R"), P € AC([0,b]; IR").

Under suitable assumptions, we prove an existence theorem for a local solution of this
problem, and that the set of solutions is compact in Banach space C(Dg;IR™), Dy =
[0, z0) % [0, 50] € I, moreover, as a function of the initial values, this set defines an upper-
semicontinuous multifunction,

This study was sugpested by papers which deal with the Cauchy-Ionescu Problem for
hyperbolic equations [6], [7] and [15].
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Hemarks,
1. The conditions (1.3) can be changed by

pl0)=b, la)=0, ¢(z)<0, D<zr<a (1.4)
2. The relation ¢'(z) > 0 (or ¢'(z) < 0), for 0 € & < a, shows that the curve v is not

tangent to any of the “characteristics” 2 =0, y = 0.

3. In view of relation '(r) > 0, if  satisfies conditions (1.3}, the equation of curve  can
written as

yiz=uly), 0Sy<h P=¢ ', el 0,b];0,a]),
' is absolutely continuous on [0, b], with the conditions

Y(0) =0, P(B)=a, ¢ >0, 0<y<h.

a
4. From conditions (1.2), it follows that the values of the derivative a—; on curve 7 are known.
Indeed, differentiating the first of equations (1.2} with respect to x, under hypotheses

allowing this operation, we obtain

> (e 0lo) + gl P @) = R(@), 0<as<a,
whence it results
0z 1 i _B_z _....l_ J — Pix
5 00(E) = S |F@) = 5@ p(e)| = IR @) - P, 0szs<e
We denote
@{mn=;,-%;5m*{z} ~P()], 0<z<a (1.5)

From our hypotheses on the functions ¢, R, P, it results that function @ is absolutely
continuous, @ € AC([0, a];IR").

Taking into account this remark, the following conditions can be taken instead of con-
ditions (1.2):

z(z,(z)) = R(z), 0<z<a,
g—;tz,w{zn ~Qu), 0<z<a, s
or
2(z,p(z)) = R(z), 0<z<a,
22 (z,0(x)) = Pla), 0%z <o, an
2 (z,0(z)) = Q(z), 0<z<a

dy
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5. The Cauchy-Ionescu Problem may be also restated under other conditions, namely

8z (1.8)

z(z,p(z)) =R(z), 0<zr<La,
o, Eplz)) =S(z), O0sz<a,

F
ani

iz ’ .
Indeed, the knowledge of the functions z and an on curve v is equivalent to knowing
T
dz

the functions z and B (Gr g—;) on -, due to equations [16, p. 78 and p. 268]

where is the derivative along the normal direction to curve v, and § € AC([0,a]; R").

i oy ' — 1
cos{it, £) = . cos(R,y) = — .

V1+ ()2

‘ ?T;[*”*’{I” ’ g";{xﬂﬂir}) @(r)=Riz), 0<r<a,
c?z ) (F,n' i

TN .. [ R S

2  Preliminaries

The definitions and Theorem 2.1 in this section are taken from [1], [4], [5], [11]-{14].

Definition 2.1. Let X and ¥ be two non-empty sets, A multifunction ® - X — 2Y isa
function from X into the family of all non-empty subsets of 7,

Toeach x € X, a subset &) of ¥V is associated by the multifunction €, The set [ &(x)
reX
is the range of &,

Definition 2.2. Let us consider & : X — 27V,
a) If A C X, the image of 4 by & is #(A) = | €(=);
TEA

b) If B C Y, the counterimage of B by @ is # (B) = {z € X|2(z) N B £ 0};
¢ The graph of &, denoted graph & is the set

graph & = {(z,y) € X x ¥y € $(z)}.

Definition 2.3. Let now take & : X — 2%, An element x € X with the property z € &{x)
is called a fived point of the multifunction €.

Definition 2.4, A univalued function ¢ - X — Y is said to be a selection of §: X — 2V
ifplr) e &(x) forallz e X,

Definition 2.5. Let X and ¥ be two topological spaces. The multifunction
@ : X —+ 2Y is upper-semicontinuous if, for any closed subset B C Y, €7 (B) is closed in X
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Definition 2.6. If [X ,F) is a measurable space and ¥ is a topological space, the multi-
function @ : X — 2% is measurable if ¢ (B) € F for every closed subset B C Y, F being
the o-algebra of the measurable sets of X, i.e. §(B) is measurable.

Theorem 2.1, [14] Let X and ¥ be two compact metric spaces and # : X -+ 2V a multi-
function with the property that &(z) is a closed subset of ¥ for any x € X, The following
assertions are equivalent:

(1) the multifunction & is upper-semicontinuous;
(i1) the graph of & is a closed subset of X = Y;
(iii) any would be the sequences (2p)new, (Yn)nem, from z, = z, yn € B(x,), yn = y it
follows y € #{x).

Definition 2.7. [4], [5] The function u : D) — IR" is absolutely continuous in Carathéodory's
sense [1,§565-§570) iff w(z,y) is continuous on [}, absolutely continuous in x (for any y),
abso}utef} continuous in y (for any x), u.(x,y) is (possibly after a suitable definition on
a two-dimensional set of zero measure) absolutely continuous in y (for any =) and uzy is
Lebesgue-integrable on D.

We denote the class of absclutely continuous functions in Carathéodory’s sense by
C=(D;IR") [4], [5].

We denote by AC([t:,%2]; IR™) the space of absolutely continuous functions f : [t;,t] =
R", endowed with the norm

= sue 171+ | 1 )1at.

LE([t; ,Lg]

3 Results

In a similar way as in [2] and [15], we define the notion of a local selution for the Cauchy-
Ionescu Problem (1.1)—(1.2) and we prove an existence theorem for a local solution of this
problem, together with some properties of the set of solutions, namely that this is a compact
subset in Banach space C(Dy: IR") and, as a function of initial values, it defines an upper-
semicontinuous multifunction.

Let the following hypotheses be satisfied:

(Hp) The curve y:y = (), 0 < ¢ < a, is defined by the function € C([0,a; [0, b]) with
@' € AC([0,a); R) and properties (1.3);

(H,) F: D x 2= 28" is a multifunction with compact, convex, non-empty values in R",
D =[0,a] % [0,b] € R? and 2 C R™ is an open subset;

(Hi) For any (z,y) € D the mapping z —+ F(z,y, 2) is upper-semicontinuous on f2;

{H3) For any z € £2 the mapping (z,¥) =+ F(z,y, z) is Lebesgue measurable on I}

(Hy) g € C(D;[0,a]) and h € C(D;[0,b]); '

(H;) There exists a function k: D = Ry, k € £4(D; R, ) such that

ich < k(z,y) for Y€ Flzy,2), Y(z,y)eD, Vzel]
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(Hg) There exists a convex, compact set M C 2 and a point (Zo,yo) €]0,a]x]0,b], yo =
wlzry), such that

Eg p0
f klu, vidu dv < d{M, Cg),
o Jo

where d{ M, Cp) is the distance from M to Cp = R® - §2;
(H7) P,R,R' € AC([0,a]; R™);
(Hg) The values of function o : D — IR"™, defined by

wiz)
a(z,y) = R(z) - Qy(v))dv, (3.1)
¥
belong to the set M for (x,y) € Do = [0,zq] % [0,y0], where @ : [0,a] —+ IR" is the
function defined by {1.5).

Remarks.

6. It follows from hypotheses (Hp), namely ' € AC([0,a];[0,8]), and (H;) stating that
R, P e AC([0, a};R"™), in view of operations with absolutely continuous functions, that
the function @ € AC(|0, a]; R").

7. It follows from hypotheses (Hp), namely ' € AC([0,a];[0,b]), and (H7), stating that
R € AC{[D,a];R™), and also from the previous Remark, that the function o defined by
{3.1) is absolutely continuous in Carathéodory’s sense [1], & € C*{D;IR"™).

Definition 3.1. The Cauchy-fonescu Problem for the hyperbolic inclusion with modified
argument (1.1) means to determine a solution of this inclusion which satisfies the initial
conditions (1.2).

Definition 3.2. It is defined a local solution of the Cauchy-Ionescu Problem (1.1)+(1.2) as
a function £ : Dy — 17, £ € C*(Dy; R"™), which is absolutely continuous is Carathéodory's
sense (1] and satisfies (1.1) a.e. for (z,y) € Dy, and also conditions (1.2) for all x € [0, zq].

Theorem 3.1. Let the hypotheses { Hy)-(Hy) be satisfied. Then:

(i) there exists at least a local solution Z of the Cauchy-Ionescu Problem (1.1} 4 (1.2);
{#1) the set S, of local solutions Z is compact in the Banach space C(Dy; IR™);
(4if) the multifunction o — 5, is vpper-semicontinuous on C*{Dy; ") taking values in
C{Dg; TR™).

Proor. (i) Let C*{Dg; IR™) be the set of absolutely continuous functions in Carathéodory’s
sense defined on Dy with values in IR™ [1]. We denote by Zps the set of functions Z : Dy —
IR", Z € C*(Dp;R™), which satisfy the inequality

8*Z(z,y)
dxdy

[ < k(z,y), ae. for (z,y)€ Dy, (3.2)

and also conditions {1.2). The notation Z,r is suitable because, by hypothesis (Hg), ez, y) €
M for (z,y) € Dy. We remark that the absolute continuity in Carathéodory’s sense of Z

2
O Z(2.Y) . ¢ for (z,y) € Dy [1, §565-§570].

assures the existence of the derivative ————
drdy
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We have 2y C C‘{DQ;IB.“}. Then, by hypothesis (Hg) and inequality (3.2), for any
Z € Zpy, it follows that Z(z,y) € 12.

Indeed, let N(z,y), N'(z = ¥(y),y), N"(z,(z)), with y < @(z) be three points in D
and consider the triangle

T{x!y] = {{ﬂ.?ﬂ'l_‘ﬁ’(’“) Sufrysvie } C Da, (m,y} €D.

We have
[ T iuto= [ [" Tt
=zmywn-ﬂaw—£ﬂﬂMMwmﬂ=
=mﬂnzmm%-:mawwmw (33)
It results

s =ate - [owonar- [ CE i
z.Y
& z{u. v}
= a(z,y) fﬁ[x , 2 dudy. (3.4)

It follows that

8z elz) 5t 7 (3
REV=FE@-Q@ v@- [ oz (35)

v
From (3.4) and (3.5), it results that the function Z defined by (3.4) satisfies conditions

(1.2).
Using hypothesis (Hg), inequality (3.2) and (3.4) we obtain

N2z, 1) — alz.v)|| < /[T( }k(u, vidu de < f/;} klu,vidudv < d(M,Cg). (3.6)
TN o

From the hypotheses (Hg), a(z,y) € M for (z,y) € Dy and we have
dl:ZI:z,-_a,.l:l. l’k:l:I,y” = “zl[.l.‘,‘y} - -:t(:;,y]ll = d[M- Gﬂ:ll (3?}

which shows that Z(z,y) € £2.

The set of functions Zps is convezr and compact in C'(Dy; R™). The convexity results
by the definition of this set, and its compactness from the Arzeld-Ascoli theorem, using
hypotheses (Hy), (Hg), (Hy), (Hg).

We denote by G the set of the triples (o, Z,U) € C*(Dy;R"™)} x Zjr % Zp with the
property that Z and U7 satisfy the membership relation

*U(z,y)

B2y € Fiz,y, Z(glz,y), h(z,y))), ae for (z,y) € Dy. (3.8)
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We prove that, for each a € C*(Dg;R") with a(z,y) € M for (z,y) € Dy, the set of
(Z,U) such that (e, Z,U/} € G is non-empty and the set G is closed.

Indeed, let us take Z € Zpy. From Theorem 1 E, there exists a p-measurable (under
the p-Lebesgue measure) multifunction I' - Dy —+ 27 with compact, non-empty values in
IR"™ such that

INz,y) € Flz,y, Z(glz, u), bz, 1)), ¥iz.y) € De. (3.9

Then, by Theorem 2 or Theorem 3 [3], there exists a measurable selection fof I', i.e. a
measurable univalued function 8 : Dy — R™ with 8(z,y) € Nz, y) for (z,y) € Dy.
Let the function U7 : Dy — IR" be defined by

Uiz, y) = alz.y) — ff Blu, v)dudy, (z,y) € Dy {(3.10)
Tiz.)
Then, the set of those pairs {2, U7) such that (o, Z,U7) € G is non-emply because

B(x,y) € MNz,y) C Flz,y, Z(g(z,y), hiz,v))), ae for (z,y) € Dy, (3.11)

27T
T2 = h(a,y) € Mas) € Fla 2o(@0). ha,), ae. @)€Do, (312

ZrT

SLe) ) )l < ke, (@) € Do (313)

by hypotheses (Hs) for { = f{z,y), and

UI:I,%P{:I.‘)} = R{T:l, 0<x =z,
au 3.14
O (2,0(a)) = Pla), 0<z<a0 (3.149)
dx
For the proof that G is closed, we consider a sequence of elements in G, {{an, Zn, Un) bremw,
convergent to (e, Z, ) in the space C*(Dg; R") x C(Dg; R") x L' (Dp; IR™). We must check
that (o, Z,[7) € G, what implies, by the definition of set &, that conditions (1.2} and (3.12)
are satisfied by £ and [/.

'BzL'rn [J:, y] , , . 1 LT
The set § —————— is relatively weakly compact in L'(Dy; IR™) by the Dunford-
xdy nEN
8*Un(z,y)
Sedy

V € LY Dg; IR™). For each (z,y) € Dy, we have

Pettis Criterion [8]. It follows that { } is weakly convergent to a function
nElN

. . 82U, (u, v)
iy r —_— e A= —_— =
Uz, y)=w— lim Uy(z,y)=w- lim [antx,y] ffm.y] Bty dudu]
= alz,y) *ff V(u, v)du du. (3.15)
T{x.v)

g Unlz,y) .
dxdy
Mazur's Theorem [9], it follows that there exists a sequence of convex combinations {W:lrem

From the weak convergence Viz,u), (z,y) € Dy, using the Corollary of
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2 2
of the set {gﬁ;,%, .}, strongly convergent to V in L'{Dg;IR™). Then, we can
extract a subsequence from the sequence {W,},cw which converges a.e. to V : Wy, = V
a.e. for (z,y) € Dy.

Since F{x,y, Z) is convex and compact for all (z,y) € D and for all Z € 2, we obtain
from the previous results and from Lemma 2 [2] that

- ® FUq(z,y)
V{I,y} - rglﬂmv (ngr ﬁﬂ?ay ) -

ks ﬁmu ﬁ Flz,y, Za.(g(z, y},h{zy]l}}) -

r=1 fl=7

C F(z,y, Z(g{z,y), h{z,y))), a.e. for (z,y) € Dy, (3.16)

from which it follows that G is closed.
Indeed, (3.16) shows that V{z,y) € Flz,y, Z{g{z,v), h(z,y))) a.e. for (x,y) € Dy, and

2
we obtain 5;2—;:& = V(z,y) from {3.15); then, using (3.8) and (3.16) we have
Vi) = Tp el € Plag, 2o i) ), vty €D 67

and also (3.14); hence U/ satisfies initial conditions (1.2) for 0 € = < .
Let us take o € C*(Dp; R") with a(z,y) € M for (z,y) € Dy. To each Z € Zp we
associate the set $(2) C 2y as follows:

2
Ued(Z)eUeZy, %EF{m,y,E[g{z,y},h{m, y))), ae. (z,y)€Dg. {3.18)

We thus define a multifunction & : Zy; — 22M. The set $(Z) is eonver, compact and
non-empty. It can be seen that #(Z) is convex since F(z,y, Z(z,y)) is convex by hypothesis
(Hy). We have ${Z) C Zyr but Zyy is compact. The multifunction & has a closed graph
because graph @ is the set G for each fixed o and G is closed. It follows that &(Z) is compact
in C{Dg; IR™) as a closed subset of the compact set Zyr. The set $(Z) is non-empty since
there exists [/, defined by {3.10), with the property U € $(Z).

The multifunction @ : 23y = 2% having a closed graph, is upper-semicontinuous by
Theorem 2.1. Taking into account all the properties of @, the Kakutani-Ky Fan fixed point
Theorem (8], [14] can be applied.

Indeed, & : Zp; —+ 224 is defined on Zy; which is a convex, compact and non-empty set;
it is also upper-semicontinuous and its set-values $(Z) are convex, closed and non-empty
in Zps. From Kakutani-Ky Fan fixed point Theorem it follows that the multifunction @ has
at least a fixed point, ie. there exists at least an element Z € Zyy such that Z € #(2),
hence Z = U; but ' is of the form (3.10), therefore this fixed point £ is a solution of
Cauchy-Ionescu Problem (1.1) + (1.2).

{ii) We denote by 5, the set of solutions to Problem (1.1)+(1.2), a notation showing that
any solution Z depends on the function o defined by (3.1). The set S, contains at least an
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element. The set §, is compact, non-empty in the Banach space C{Dg; IR“] being the set
of the fixed points of multifunction @,

{na. ) The graph #H of the multifunction @ — S,, defined on C'{Dg,lﬁ,ﬂ} with values in
2% 5. C $(Zy) © 27 is closed in C*(Dg;R") x 2y since H is the image of the
cumpa:t set H; of the triples (o, Z,U) € § with £ = [/ through the projection mapping
(e, 2,7} = (o, £). The mapping & —+ S, is — in general — a multifunction because
several solutions of the Problem (1.1)4(1.2) can exist, which are fixed points of mapping
# corresponding to the same function e, Because the mapping o« —+ 5, has a closed graph
H by Thecrem 2.1, it follows that @ —+ S, is upper-semicontinuous on C*(Dy; IR"™}, what
completes the proof

Remarks.

a) The proof is similar to the case y > w(z}, 0 < < a.

b) We have not considered the case when the curve « is tangent to one of the “character-
istics” xr = 0 or y = 0 at one of its points, at least.

c) If v is a curve segment of a “characteristic”, Cauchy-Ionescu's problem is impossible or
non-determinate.
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