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1 Introduction

We consider the following nonlinear hyperbolic system

My Ty

Bt arl(z,ix) = fu(t, z)
(5) e B
Lati + EE‘: + Bz, v) = gt z),

t>0, 0<e<gl, k=1,n
with the boundary condition

(ao.!‘.{t',l[!,ﬂ],-—ilft,l:l, 2 ),
S {eol (wy (1), ..., wi, (£)))
(BC)
col (vy(¢,0),v1(t,1),...,un(t,0), va(t, 1))
E_G( 1 C(JEI[WH:E:I,..-,Wm“:l] )I rev

and the initial data

ﬂc':l ?:k[jﬂ1 $:| = ikﬂ{x}: Uk(ﬂ,:!:j = ykﬂ{zjl b<z<l, k= ]'?_ﬂ’l
w;(0) = wio, j=1,m.

This problem has applications in the theory of integrated circuits and hydralics (see [2,3]).
The existence, uniqueness and some regularity properties of the strong and weak solutions
to the problem (S), (BC), (IC) have been investigated in [2]. In this paper we shall study
the asymptotic behaviour of the solutions under some assumptions on the functions o, Je,
k = T,n and on the operator G. For the basic concepts and results in the theory of monotone
operators and nonlinear evolution equations of monotone type we refer the reader to [1,4].
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2 Results

We introduce the assumptions that we shall use in this paper

({a) The functions x—sa(z, p) and z—F (z, p) are in L2(0, 1) for any
fixed p & IR. Besides the functions p—say (2, p) and p— Belz, 1)
are continuous from IR to IR, for a.a. z € (0,1), ke I,n.

(b) The functions p—rar{z, p) and p— Fe(z, p) are nondecreasing from
IR to R, for a.a. z € (0,1}, k=1,n.

(¢) The functions p—sax(z,p) and p— i (2, p) are (strictly} increasing

(A1) g (cx(z, 1) = anlz, p2))(p1 — p2) > 0,

(862, 21) — Bule,p))pr —p2) >0,
foraa ze{0,1), (VipmmeR, pp#p, k€ln

{d) There exist a;,a; > 0 such that

(ag (@, ) — ox (. pa)) (1 — p2) 2 a 1 m = p2)?,
(Belz,pr) — Br(z,pa)) Em = m}l > ag(pr — p2)*,
for aa 2 e (0,1), (Vip,pe R, kel

((a) & : D{G) ¢ R¥™ —R™™ is a maximal monotone mapping
(possibly multivalued), D{G) # B. Moreover, 7 = (G.u Gia ) with
G Gaz
Gn : D(G) ¢ R —R™, Gy : D(G) € R™—R™,
Gay : D{Ga1) € R*"—=R™, Gaz: D(G2) C R™"—R™.
(A2) q (b) I z,y € D(G), = = col(z*,2°) € R* « R™, y = col(y*,y") €
e R* x R™, with z" # y* and w, € G(z), wy € G(y), then
Cwyp — W, T — Y >preedn = 0
(c) There exists K > 0 such that (V) z,y € D(G), = = col(z*, z"),
y = col(y®, ") and (V) w, € G(z), wy € G(y) we have
< wy — Wy, & — Y Sganem = K28 — piEm

{A3) S = diag(sy,...,5m) with 5 >0, j=1,m.

Remark. Our assumption (A2)a is a technical one and it is automatically satisfied if G is
a matrix.

First, we presente some existence and uniqueness results for the solutions of the problem
(8), (BC), (IC) obtained in [2,3]. We consider the following spaces X = (L3(0, 1)), R™
and ¥ = X x R™ with the corresponding scalar products

in .1
{f1g}x:Z] _fk{mj'?-'-{j‘}d?1 f:m‘r'{,rls"'lfirtjls g:r.-'f-"“:gl.-'t;.gEn}EJYl
—1#0

(1) Ls il Ty ER™,

i=1

((1).(2)), = tras+ @ (1), (5) €
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We define the operator A : D(AI C Y = ¥,

D(A) = { (u) €Y; i, vy € HY(0,1), k=T,7, ("“‘“) € D(G) and
w

Tt € —Gui{yov) - Gt‘z'[w:'}.

where i = col (iy,...,14), v =col(v1,...,v4), w=col (wy,. ..,wm],
i = eol (i (0), —i1(1), ... ,in(0), —in(1)), yov = col (v1(0), 21 (1), ..., vn(0),va(1)),

i eol (v, v5,...,v5)
Al v | = col (i),4,...,14)
w S1Ga1 (yov) + 571 Gaa(w)

We also define the operator B: D(B)CY = Y
i col {ﬂ'l [I!il}\ &3{'|1:2};-"Lﬂ'n{'1:.ﬂ”
"B u = m‘l[ﬁll::ﬁvljls.ﬂﬂ(':wzll'--:En(‘svﬂ-j} 1
w 0
DiBy={ueY, u=col(i,v,uw); Blu)eY}.

Remark. Under the assumptions (Al)ab, (A2)a, (A3) we can show that D{4) =
=X % D{G12) N D(G3z)  and D(A) C D(B), (see [3]).
Lemma 2.1, If {Al)ab, (A2)a and (A3} hold, then the operator A+B is maximal monotone.

For the proof of Lemma 2.1 see [2].
Using the operatars .4 and B our problem (S), (BC), (IC) can be equivalently expressed
as the following Cauchy problem in the space ¥

oo L)) ) () o
(z)-(2)

where f = col (fi,..., fn), 9 = col(g1,...,gn), i’ = col (10, .. ,ina), v° = col (v10, .. ., ¥no),
w? = col (wg, . .., Wmo).
We say that u = col (i,v,w) is a strong (weak) solution for the problem (S}, (BC), (I1C)
if u is a strong (respectively weak) solution for the problem (P); (see [1, Ch.IIT]).

Theorem 2.1. a) Assume that (A1)ab, (A2)a and (A3) hold. If iz, vep € HY0,1), k = 1,1,
w e ™, (%) € DIG), mi® € ~Gua () ~Cua(u?) and i, gx € W (0, TS L0, 1)

=1,n (with T > 0 fixed), then the problem (S), (BC), (IC) has a unique strong solution
U= CO“:T, v,w) € W={0,T;Y). Moreover

ix, vg € L™=(0,T; H'(0,1)), hence ix, vg € L=((0,T) x (0,1)), k=T1,n. (1)
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b) Assume that (Al)ab, (A2)a and (A3) hold. If ira, vio € L*(0,1), k = Tn, w’ €
D(G12) N D(Gaz) and fi, gr € LY0,T;L*(0,1)), k = T,n (with T > 0 fixed), then the
problem (8), (BC}, (IC) has a unique weak solution u = col (i,v,w) € C{[0,T);Y).

For the proof of Theorem 2.1 see [2].

Theorem 2.2. Assume that (Al)ad, (A2)ac and (A4) hold. Then the equation (the sta-
tionary problem)

Afu) + B(u) 30 {(2)

has a unique solution u = col (i,v,w) € D{A)

Lemma 2.2. If (Al)ab, (A2)a and {A3) hold, then for every A > ( the aperator (I + MA+
B))~! is compact in the space .

The first asymptotic result for the solutions of the problem (8), (BG), (IC) is

Theorem 2.3. Assume that (Al)ac, (A2)ab and (A3) hold and iy, vee € L*(0,1), k =1, n,
w® € D(G12) N D{Ga), fr, g € LY{Ry; L*(0,1)), k = T, n. In addition, suppose that there
exists a solution to the stationary problem (2). Then, this selution js unique, denoted by
v = col (p,q,r) and the weak solution {u(t) = col (2(t),v(t),w(t)), t = 0} of the problem
(S), (BC), (IC) satisfies

ul(t) =+, as t <+ oo, in ¥ {3

If col (i, 0% w®) € D{A}, fe, gx € WUY{IRL: L3(0,1)), k =1, n, then the strong solu-
tion {u(t) = col (i(t},v(t),w(t)), t = 0} of the problem (S), (BC), (IC) also satisfies

i’k{tﬁ'}_}.ﬂkl vk{tr'}_}qﬁh k:m* |:"1:,|
for t = oo, strongly in C{[0,1]),

{eventually on some subsequences).
Remark. Suppose the assumptions of Theorem 2.2 hold and w® = col (i% 2%, w") € D(A4).
Let v = col {p, g, r) be the unique solution of the equation {2) and u = eol (i, v, w) the strong

solution of the praoblem (S}, (BC), (IC) with f = g = (. Then, using {{4], Theor.2.6, p.116}
we have

llu(t) —lly < e @ u® —~]|,, t=0,

(see the proof of Theorem 2.2).

Remark. Under the assumptions of Theorem 2.3, using {3) we deduce that the average o,
of the solution u = col (i,v,w), that is

l i
gult) = -Ef uls) ds
0

converges to v, as t — og, in Y.



ASYMPTOTIC BEHAVIOUR OF SOLUTIONS TO A HYPERBOLIC PROBLEM 43

To present the following asymptotic result for the solutions of the problem (S}, {BC),
(IC) we introduce the assumptions

{a) The functions p — ay(z,p), k = 1,n are (strictly) increasing, for a.a.
z e (D,1).
(b) & satisfies the condition
I Gleol (21,82, Z2n~1,%2n0: L2041y - - 2 Z2ngm) | 1
MG {eol (i1, 12, s lEn—1 B2n, Z2ngda e o E2ﬂ+1'nx],l| #0 {5}

then xg; =94, 1 =1,m or mayy 3 =y2i—1, i=1n

(Ad)

x € (0,1).
(b) G~ satisfies (5).

Theorem 2.4. Assume that (Al)ab, (A2)ab, (A3) and [{Ad) or [A5)] hold and ig,
veo € L2(0,1), k=T n, w? € D(G12) N D{(Gz2), fr, gx € LY(R4; L2(0,1)), k =T, n. In ad-
dition, suppose that there exists a solution of the equation (2), Then this solution is unigue,
denoted by v = col (p, g, r) and the weak solution {u(t) = col (i(t), v(t),w()), t = 0} of the
problem (5), (BC), (IC) satisfies

{ {a) The functions p = fx(z,p), &k =1,n are (strictly) increasing, for a.a.
(A5)

u(t) =+, as t = oo, in Y

If col (% v°, w®) € D(A) and fi, g € WU{IRy; L2(0,1)), k = T,n, then occurs also
(.

Remark. If the assumption (3} is replaced by the following weakly condition

I Ceol(T1,22,..., 8001, Tin, Zangdy o - oy Z2ntm}) D

NG (col (¥1,¥2,- - Yan—1,¥2n: Zont 1y -+ s Z2ntm)) # 0 (6)
and Zzi—1 — Yei—1 = Tai — Yo, t=1L,0

then T3; =y, i=1,n of T3] =Yai1, i=1,n

the conclusions of the Theorem 4 remain also true.
3 Proofs
Proof of Theorem 2.2. We suppose without loss of generality that G is single-valued.

Under the assumptions of the theorem, the operator A + 8 is strongly monotone, Indeed,
we have

{(A+ B)(u) - (A + B)(t),u -}y =

(7)o (%) (2

*‘Z[ [ae (2, ik (7)) = an(z, ik(2))] - [ik(z) — dxlz)] dz+t
k=10

n 1
+3 [ etz (e) - Bule. @) bala) ~ (o)) e 2
=170
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n ol _ T 1
> Kljw — g~ + Z/; fik(x) ~ k()P dr + a2y ./.; ok () — Tg ()| dz =
k=1 k=1

> Collu—alld, (Co>0), (V)u=col(i,u,w), i =col(3,7,@) € D{A.
50, the operator A + B is coercive and then R(A + B) = Y. Therefore, we deduce that
the equation (2) has a unigque solution u = col (i, v,w) € D{A4). O

Proof of Lemma 2.2. Suppose again that & is single-valusd. Let be A > 0 and M =
{col (a*,b",c*); i € I} a bounded set in Y. We shall prove that (I + A(A + B))"Y(M) isa
bounded set in the space (H'(0,1))*" x R™. For, because the operator (f + A(A+ B))~*
nonexpansive in ¥, we firstly deduce that the set {col (p',q%,r*); i € I} is bounded in ¥,
where

P @ a! P’ P
g' =T+ AMA+B)™! V'l e |V =|q¢|+MA+B) g |, i€l
rt c ot r T
The last relation is eguivalen_t to the system
ay = pp + A r}k '+ oz, pj (2))] -
bi = '?k +A[(py) + Bil(z,q(z))], k=TLn, 0<z <1
¢y =r1;+ A8 1453'21(’}1:'? Y+ S 1G], i=Tm
Ny —511("‘13%’ Ji— !3{1" i
1. . . 1.
TPk + (gh) + oplz, pi(z)) = Sa;
T0 + @) + Bz a(@) = {0, k=Tm, 0<z<] -
11";, + [5Gy ['Tl?;t}f:l + S_'].Gz:{r'.:l] —]
1p' = =Gulwg') - Gra(rt).

In what follows we shall prove that the sets {(p})’; i € I} and {{q})’; + € I} are
bounded in L'(0,1), k& =1,n. To this purpose we define the functions

]
A

filz) = .-'q'[fi't- M if {gp)'(x) # 0,
O o1
i — (=) ) )], 1 T .

gie) = o, if (p)(x) =0,

D<z<l, k=1I,n, iel
We multiply the equations (Tha by filz) + pi(z) = i%(z) and gi(z) + g (z) — vi(zx)

respectively (col (1%, 0" w) € D{ J}. Then integrating over [0,1], we obtain, after some
computations, that

1 1 '
[] [gi)' ()| dz E-fu [Pk (x) = i} (x)]- [ai(x) —vi(z)]' dx+eonst., k=Tm, (V)iel (8)

f| z)|dr < - f[p" () =% () - [q () — v} (z)) dz+eomst., k=T,n, (V)i l, (9}
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{const. is a positive constant).
Next, we substract the relations

1 _ . T

573 HISTGalng) + 871Gn(r)); = 1o,

1

Ew + (871G (v0r?) + S G (w w?)); }L P 1,m),

we multiply the obtained relation by s;(r} — w{) and then by adding (j = T,m), we obtain

oy .
I”'F'* w2 + (G21(100") + Ca2(r’) — Gar (92°) — Gaa(w®), r* = w®)mm < const., (¥)iel.
(10)

By (8), (9) and (10) we deduce

S| @k 1+ 16D de] + i - w012 < comst, (i e 1

k=1

Therefore, the sets {(p})’; ¢ € I'} and {(g;)"; i € [}, k=T n are bounded in L*(0,1).
Because the sets {p}; i € I} and {q}; i € 1}, k=T1,n are bounded in L*(0,1), if follows
that {p}; i € I} and {q}; i E j’} k = I,n are bounded in C([0,1]). Using (Al)ab we
deduce that the sets {ax(,p}); i € I} and {Bi(".q}); i € I}, k = T,n are bounded
in L%(0, 1). Therefore, by (7); 2 we obtain that the sets {{p,‘} t € It and {(qi); i €
I}, k = 1,7 are bounded in L?(0,1). Hence the set {col (¢*,¢",7'); i € I} is bounded in
(H'(0,1))*" x R™ and so the operator (I + A{A + B))™! is compact in V. o

Proof of Theorem 2.3. Assume that G is single-valued. Using {[4], Theor.1.3, p.77}
and {[4], Propo.2.4, p.107} it is sufficient to prove the theorem for f = ¢ = 0 and v =
col (i%,v%, w?®) € D(A4). Then

u(t) = eol (i(t), v(t), w(t)) = S(t)u’, t >0,

where {S(t); t = 0} is the semigroup generated by —(.4 + B). Because the operator (I +
A{A+B))~! is compact in the space ¥ (Lemma 2.2) and (A+B)~1(0) # 0, by {[4], Propo.2.5,
p.108} we deduce that the set {S(t)u® ¢ >0} is relatively compact in ¥

Using the assumptions of the theorem, we obtain that the operator A + B is strictly
monotone. So, the stationary problem (2) has a unique solution, denoted by v =
= col (p,q,r). Using {{4], Corollary 2.2, p.126} we conclude that

S{tiu® =+, as t w oo, in ¥,

In what follows we suppose that u® = col (i",v%, w") € D{A) and fx, g € WI{R,:
L*{0,1)), k = I, n. We shall prove that the sets

{ie(t,’); t =0} and {we(t,-); t =0} are bounded in H'(0,1), k=T,n. (11
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In this case {u(t,-) = col (i(t,-), v(t, ), w(t)); t = 0} is the strong solution of the problem

8), (BC), (IC) and

|4+

where Fit,-) = col (f{t,-],g{t,-).0).
Therefore the set

{%r— (£,-), 1> I'J} is bounded in Y.

Using now the inequality

g
Wﬁd-ﬂbiﬂﬂ-ﬂh+£HFm}md&fzﬂ

we deduce that the set
{u(t,-); t =0} is bounded in ¥"

By the equation (P); we obtain

T

um&=u+u+3w*@mﬁ—%;wa+ﬂnﬂ,tzu

Because fi, gx € WULIR,; L2(0,1)), k = T,m, by the relations (12), (1
Lemma 2.2, we deduce (11). So, by {3) and (11) we obtain
it ) = pp, weakly in HY0,1),
velt, ) = gi, weakly in H'(0,1),
ig(t,x) = pelz), uniformly in z € [0,1],
ve{t,z) = gelz), uniformly in z €[0,1], k=1,n
w;(t) =+ rj, j=1,m,
as t — oo (eventually on some subseguences).

lﬁujﬂanm+mu} F(0, )], + f” }md“

(12)

(13)

(14

3, {14) and

]

Proof of Theorem 2.4. Suppose again that & is single-valued. As in the proof of
Theorem 2.3, it is sufficient to prove the theorem in the case f = g = 0 and u” = eol(i”,
v?, w") € D(A). Using Lemma 2.2 and {[4], Propo.2.5, p.108} we also deduce that the orbit
thronght +° of the semigroup S(t), v(u®) = {S{t)(u"); t = 0} is relatively compact in
the space V. Denote by I the set of the equilibrium points of the semigroup S(t), that
is F'=(A+ B)7'0)(# #). We shall prove that F consists of a single element. For this

purpose, let be v = eol (p,g,r), % = col (f,§,7) € F. Then we have
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By the definitions of the operators 4 and B, the above relation gives us

‘-’OE {P; poroes 133:-;:' + E':'I [.'H.I |:'s ql}: LIRS .Hn{': li'n:') =
511Gy (va) + S~1Gan(r)

ﬂﬂf I:'E;.J"'!qn}-l- rﬂlt“l{‘lﬁ]}:"'saﬂ['lﬁﬂ)] Oﬂg{ﬂi —_ﬁlr--'lpﬂ‘_ﬁr!}
= |eol (Fry....Bn) +eol (Br(- ;@) s Bals@a)) |5 ] col (@1 — @,y G0 — ) > =0,
¥

< col '{q;!f-'rq:-;}_‘_'cul{al['splj:"'s“ﬂ{HPﬂH

5100 (vwg) + S~ GaalF) col (ry = F1,. ooy o — Fin)
(15)
with mp = —G(vwg) — Gua(r), mf = —Gulved) — Giz(F). (16)
The relation (15} is equivalent to
Zf (x = ) (Px — Ba) d= + Zf (gx — Gu){px — i)' da+
k=1
+(5™ lel':'ffw} + 5 I'Gzz(i"} = "3' 1G21{Tﬂ€} & lcsz '-"]' r—Flt
+3° [ low(@,pu() - an(a, k()] - a) - pu(a)] da+
n r 1
+ Zj [Bk(w, qe(2)) — Belz, @ (2))] - [ (z) — Gelz)]dz =0
or ’
I:G (ﬁfgq) =l (’TF&) . (Tniq__ngj}I&""h"""
+qu loe (2, pi(z)) — cp(z, Pelx))] - [pr(2) — Pr(z)] dz+ (1
k=1

+3 ]ﬂ (B (2, gu (2)) — Bi(, G (2)] - [gw () — Ge(z)] dz = 0

with pe, Pr, ar, @ € H'(0,1); r,re R™, (707, (”“‘?) € D(G) and (16).

Using the monotonicity of the operator G and of the functions oy and 3%, we obtain by
(17)
(e (z, pr(x)) = an(z, Pe(z)))(pe(z) - Palz)) = 0, for aa. z € (0,1), (18)

(Bk (2, g (z)) — Belz, g lx)) g lz) — qu(z)) =0, for aa z € (0,1) (19)

and by {A2)b if follows that r = 7,
Suppose firstly that (A4) hold. Then, by (18) we deduce that py = fx, k¥ = I,n and
using the relations

'-?j:"‘ﬂ'kl: k) =0 L @i + ol Pe) =0 o

Py + G- qk}—ﬂ k=1n Bl + Bk Gc) =0, k=T,n
S-1G1(0q) + S-1Gn(r) =0 23 | 57160 (r0q) + S-1Cn(F) = (20)

np = —Gulvog) — Giz(r} 1P = —Gu(Nd) — G1a(F)

we obtain
I,n (21)

=
[

8
-
I
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and G (’T"q) =G ("‘”‘f) . (22)
T T
Using the condition (5) and (22) we deduce
ae(0) = G (0), k=1mn (23)

or ql) = q@(1), k=1,n (24)
By {(21) and (23)} or {(21) and (24)} it follows that g = §. S0 col (p,q,7) = col (5,4, 7),
that is F' iz a singleton.

Now suppose {A5) hold. By (19) we deduce that g = gk, k = 1,n and by the relations
{20) we obtain

Py =i k=Tn (25)
and G (“Elp n G- ("g”ﬁ) # (26)
Using the condition (5) for the operator G~ and (26) we deduce
pi(0) = px(0), k=T,n {27)
or pe(l) =pe(l), k=1 n (28)

By {(25) and {27)} or {(25) and (28)} if follows that py = px, k = 1,n. So, col(p,q,r) =
col (fF, §,7), that is F is a singleton.

Therefore we proved that under the assumptions (Ad) or (A5), F = {7}, 7 = eol (p,q,7).

In what follows, let us denote by

w(u?) = {7z €¥; (It — oo such that S(t,,)u® = o, as m — oo, strongly in Y}

By {[4], Theor.2.8, p.121} we deduce that the set w(u®) € D(A). Let be o = col (a,b,c) €
w(u?) arbitrary, but fixed for the time being. Then S{t)e satisfies the equation

%SH}U + (A +B)(5(t)o) =0, t € R, (29)

On the other hand, {[4], Theor.2.7, p.118} gives us
I5{t)e = lly = lie = lly = const., t € Ry. (30)
We multiply the equation (29) by S{t)e — v in the space ¥ and using (30) we obtain
{{(A+ B)(S(t)e),S(t)e — )y =0, ¢ € Ry. (31)

We denote by #(t,-) = col (i(t,-),9(t,-),W(t)) = S(t)o, t € Ry. Then the relation (31)
is equivalent to

(A + B)(u(t,-)) = (A+ B)(7),ult,-) —v)y =0, teRy. (32)
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By the same arguments used above, (32) gives us that @t} = r, (¥)t € R, 50, in
particular, ¢ = r and for any t € Ry

(eer(z, ix(t, ) — ap(z, pa(z))) 3k (¢, T) —pe(z)) =0, for a.a. z € (0,1), {33)

(Bel(z, ve(t, x)) = Bulz, qr(2)))(Tx(t, ) — gr(z)) =0, for a.a. z € (0,1). (34)

Suppose the assumption (A4) hold. Then, by (33) we obtain i,(t,) = p, (V)¢ € R,
k = 1,n; in particular a; = px, k = 1,1, 50 a = p and using {29) we deduce that for any

tElR+

Pt ) = b k=Tom (35)
and G (""’ﬁf"}) =G ("’fg) . (36)

Using the condition (3), by the above relations we deduce that U(t,-) = g, (¥}t € Ry,
in particular b = g. So, col (a,b,¢) = col (p,g,7) = ¢ = . The case (A5} is treated in a
similar manner. Therefore in the both situations we obtain that w = {7}, that is

w(t) =+, as t—+oo, in Y.

The last part of the theorem results using a similar reasoning as used in the proof of
Theorem 2.3. =
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