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MINIMUM PRINCIPLES IN THE LINEAR THEORY
OF MICROPOLAR PIEZOELECTRICITY

DUMITRU VIERU and SILVIA GABRIELA CIUMASU

Abstract. In this paper we will approach the linear theory of micropolar piezo-
electricity with polarization gradient in the case of quasielectrostatic approximation,
Using the reciprocal relation, we derive minimum principles in the considered theory.

1 Introduction

The theory of piezoelectricity in the case of quasielectrostatic felds has been considered in
various papers (see, e.g. [4], [3], [7]). Depending on the degree of finesse imposed by a practi-
cal problem, there are various mathematic models of piezoelectric materials to be considered.
Thus in [2], [3], [6] the piezoelectric model with polarization gradient has been introduced.
In [1], we presented the linear theory of a micropolar piezclectric model with polarization
gradient. This theory was established using a variatiomal principle of the Hamilton type.
By using the method suggested by D. Iegan [4], we proved the reciprocity theorem and the
unigueness theorem. Reiss and Haug [8], have established a general minimum principle for
a wide class of linear initial and mixed boundary—value problems. For the linear theory of
piezoelectricity, the minimum principle was established by D. Iegan [4].

In this paper we extend these results to the quasistatic theory of micropolar piezoelec-
tricity with polarization gradient. Assuming a solution does exist, we seel a functional that
attains its minimum at this solution. All considerations are presented here in a tensorial
form.

2  Quasistatic electric fields

We consider a body that at the time £ = 0 cceupies the region D of the three dimensional
Euclidean space and is bounded by the piecewise smooth surface 5. The motion of the
body is referred to a fixed system of rectangular Cartesian axes Ox; (i = 1,2,3). Letters
in boldface stand for tensors of an order p > 1. In [1] we derived a linear theory for mi-
cropolar piezoelectric materials where the polarization gradient is added to the set of the
independent constitutive variables. The local field equations and the associated boundary
conditions which govern the motion were obtained by using the generalized formulation of
the Hamilton's principle. The fundamental system of field equations consists in the following:
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— the equations of motions and the equations of the quasistatic electric field

V.7 + F = pii,
V-u' + Rfr] + G = i,

(2.1)
V-m] =Veg+m+ E'=0,
VoP—gpdp=f inl
— the constitutive equations
= Ale] + Ai[g] — A2 P - By[(V- P) "],
p=ed +Bk|-B P-B;|(V-P)7], 22)
m=ed; + kB - A3P - Ay[(V - P)7}, -
7 =-eBy—kBy+ PA+ D[V P)T]+C;
and the relations
e=(V.u)"+Rw, k=(V-w)", E=-Veg (2.3)

In the above relations we have used the following notations:

w,w, P, are the displacement, the microrotation, the polarization, the electric poten-
tial;

F, G E° f are the hody force, the body—couple, the electric field, the volume density
of free charge;

— R I p.ey are the alternating tensor, the microinertia tensor, the mass density, the
permitivity of the vacuum;

T, @, m,my are the stress tensor, the couple-stress tensor, the local electric force, the
dipolar electric tensor;

- A, A4;(1=1,2,3,4), B,B; {(j =1,2,3) and C are the constitutive tensors;

— g,k are the deformation tensors and E is the Maxwell's electric field.

We assume that the constitutive tensors satisfy the relations:

I=pJ Ja-b=a-Jb, a-Ja >0,
Aza-b=a-Azb, a A[b] =b- Ala], (2.5)
a-B[b] =b: Bla], a- D[b] = b Dla].

We consider the following boundary conditions:

Tn=ton Sy =1,

u=u'omS =, t=7
w=wonSxl m=p n=m'onS %/
=y on S xI, (eo<Ve>-Pl-n=fonS; =1,

©
P=PonS;xIn/n=s8on8xI,

(2.6)
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where 5; (i = 1,2, ..., 8) denote subsets of 5 so that
51 UE: =53qu =S,.3U§ﬁ = 5 lJFg =1
NS =5nS=8%nNS8= SrnSy=0 I= [D}t!],

f; is an instant that may be infinite, and &' = {u' ¢' w' m', ¢, ', P', 8} are prescribed
functions,
We adjoin the initial conditions
w(z,0) = a'(x), u(z,0) = b'(x)

¥

w(z,0) = '(x), wiz,0) = d'(x). B
In the liner theory the energy density of deformation and polarization is taken to be
W=Ww,+C[V- -P)T]
where i
Wy =ze- Ale| +e-Alk] -e AgP —e- By[(V. P)T]+
+%n-5'[n1 —&-B P~k By|(V-P)T|+ (2.8)

+%P-A3P-| P-Aq[li‘v-P}T]+%[$-PJT-D[W-P}*’].

In [1] we proved the reciprocal relation for the mixed problem (2.1), (2.6), (2.7). If the
boundary conditions (2.6) are homogeneous, then the reciprocal relation has the following
form:

JI® w4 g @ (B4 PO g 4 ) =

. (2.9)
.-_—f[_f[ﬁ\-' sull 4 @ sl 4 o« (B9 4 pi) _ 52, ' ™]duw,
o
where .
y(E) =t, 7 =g s Pl g pp" 4+ a1l .
i el o) (2.10)
g =q+ @ 4 1. 1d"™ + "), a=1,2,
t
(@ b)) = (a+ ) (e,1) = [ ala,t— )bl 7)dr. (2.11)
Q

In what follows, we write the initial and mixed boundary—value problem in an alternative
form in which the mitial conditions are incorporated in the field equations,

Theorem 2.1. The functions F = {u,w, P,, 7, p, 7, m; } satisfy Egs. (2.1) and the initial
conditions (2.7) if and only if

v&V Tl + f=pu, v+(V-p' +R[r]) +g=Tw, (2.12)
y#(V-m] ~Vp+m+E") =0, v+ (V- P —codig) = v+ f, '

where
ty=t f=v4*+F+plth+a'), g=v+G+I{td +¢'). (2.13)
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ProoF. We assume that the J functions satisfy (2.1) and {2.7). Taking the convolution of
the relation {2.1); with (¢}, we get

4 F.r 4% F = pu— plti(z,0) + uz,0)). (2.14)

By using the notations (2.7) and (2.13), from (2.14} we obtain the first (2.12) relation,
Similarly, we prove the other (2.12) relations.

Now, we assume that the functions F satisfy (2.12); and (2.13). From this relations and
the properties of the convolution, we have

y2 (V77 + F)+ p(th’ + a') = p[y # i + tae(z, 0) + ulx, 0)]. (2.15)

Deriving (2.15) in relation with the time, we obtain

t t
[ (V- 77 + F)dr + pb' = ,-:f iz, 7)dr + puiz,0) (2.16)
40 i

because ,
%{T #0) =/u vlx, v)dr.

For t = 0, from (2.15) and (2.16), it result (2.7}, With the help of the initial conditions and
the properties of the convolution, from (2.15) it results {2.1);. Analogously the other (2.1)
relations are demonstrated. o

3 Minimum principles
We consider the (2.12) problem with the (2.6) boundary conditions in the case of
F =0, (3.1)

Let U = (u,w, P,y = (Ui)i=1,2, .10- The U vector is named admissible vector if

(i) U; € C?[D x [0,00)], Ui € C"[D x [0, 00)],

(i) The functions Fy = (U,, Uy, Uy, Uige), J.k = 1,2,3 are bounded at infinity, that is
:“m Filz, t) exists for each @ € D.
—

Let X be the set of all functions which satisfy (i} and (ii) conditions.

By a solution of the problem we mean an admissible ten—vector field UF that satisfies the
Eqgs. {2.12) and the homogeneous boundary conditions.

Let I be the set of all admissible vectors which satisfy (3.1).

We introduce the operators M; (i = 1,2, .., 1), on If, defined by

MU = pui =7 * Tii g

MU = Lijo; — v # (Bji.5 + EigkTik ),
MisoU = v = (g3 — 7 — M),

MU =v+(F; —copi), 1,5, k=123
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If we introduce the notations
MU = (MU, MU, ..., MUY,

0 ‘ (3.3)
L=(f,g.v+E" v*f)={Li)iz12,.10
then the equations (2.13) can be written in the form of one vector equation
MU = L. (3.4)

Let ¥ be the set of all continuous functions on D x [0, 50) that are bounded at infinity,

We consider g(t), h(t) two functions defined on [0, oo}, and we assume that k is continuous
and positive on [0, so), and has a finite limit at infinity, The function g is named admissible
weight function if g satisfy the following conditions:

{a) [ f g“‘]{r + 5)ds dt exists for k € IN, where
Jo Jo

; ak g
"= =F, 3.5)
g k! (3.5)
X3
{b) git) =f h(s)e~*ds, t € [0,0).
]

Let I' be the set of admissible weight functions.
We introduce the notation

lﬂfl']g:/ f fg{z+s]u{:ﬂ_‘f.}q.l{ﬂ:._s}dtcisd'u (.6
o Jo Jp

foruvel, gell
We note that
fu, ey = [v, uly- (3.7)

In what follows we denote by #* the Laplace transform with respect to time of the function
¥ defined by

el
@W&ﬂzﬁ (e, tetdt, ¢ € R. (3.8)

From (3.5) and (3.6) we have

r o poa
[u, v], =jj hisju* (@, s)u*(x, s)ds dv (3.9)
feri]

for any u,v € X.
We introduce the notation

10
W, U], = 3 U Ul (3.10)
i=1

for U U etld, ge I _
We consider two external data systems L™ & =1,2, with null houndary data, and we
denote by U a = 1,2, the solutions of the problem (3.4). We have

MU = £# 5 =12, (3.11)
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Theorem 3.1. Assume that

1) the density field p is strictly positive;

2) the constitutive coefficients satisfy the conditions (2,4), (2.5);

3) the energy density of deformation and polarization W, is a positive semi-definite quadratic
form.

Then the operator M satisfv the following conditions:

(MU, U, =[U,MU|,,

(3.12)
(MU, U, 20,
for any U, U € U.
ProoF. We say that an operator M is g-positive if (3.12) holds.
The reciprocal relation (2.9) can be written in the form:
/-Lm « U3 gy =f L@ Utidy. 3.13)
o Iy

If we take the Laplace transforn of this relation we obtain, with the help of Borel’s theorem

(usv)* =u"v", (3.14)
the relation
f L @’ gy, ::f LTt gy, (3.15)
n P

Clearly, from (3.15), we get

(s a) (= =] " &
/ fh(r]L“}‘Uf?}’dudr =f f A(r) L U du dr. (3.16)
Jo SO n 40
By using (3.7) and (3.9), from {3.16) we obtain
MU u®), = (MU, UV, = U, MU, (3.17)
that is the operator M is a g-symmetric operator,
In [1] we proved the following relation:
f (PO ()l (s) + G (r) w2 (s)+ BX (1) PP (5) 4610 (r)- 12 (8)]dv—
D

B _/;,[ﬂﬁm{'r}-um(ﬂ + w0 (r) Tw (s)|dv = (3.18)

=f{f[”(?"}-ﬁ{2}'[3] + 1r) kP (g) = 2V ()P (a)+
L

+eo BN (r)- B (s) + [#{M () — €1 (#))(V-PP)(s)) T }du,
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for any r,s € [0,1).

In the relation {3.18), we denoted £ = C-§, where § is Kronecker's tensor.

We now consider in (3.18) (F\®), ¢t B¥® jlaly = (F, G, E®, /), U™ = U, a = 1,2,
Ueld, r=7,s=1t—7 and integrate with respect to 7 from 0 to £. We obtain

j{Fsu+G*w+Eu*P+I*¢}d-u--
o

_jlﬂﬂﬂ*u+fi:*IW}du-.:f[rae-i—p.*ﬁ_ﬂ*p_,_ (3.19)
. +egE + E 4 (1) — .fj # (V- P)7|dv.
We take in (3.19) the convolution with () = t, and with the aid of the relations
(y % @t)(=, 1) = ulz,t) — ti(z,0) — u(z,0), (3.20)
we obtain
D’}.* [reet+prr—w+s P+eyE+ E+{m =€)+ (V- P)"dv =
:fp[f”‘*ﬂ'“’HT“Eﬂ]*PHT*ﬂ*w]dv— (3.21)

- [(pu # 4 4 wr x Jw)du.
Jp

We take the Laplace transform of this relation. We obtain, with the aid of (3.14) that
Lj_f‘ cut + gt wt + (e EY) P (yx f) et |du—-
_fn{ﬂﬂ‘ 4+ w* - Tw')de = (3.22)
:_[n"l" [r*-e"+p*k* —7* P +eg B E* +(w} —£*)(V-P*) T ]dv.

We multiply in (3.22) with h{s) and integrate with respect to s from 0 to oo, we obtain,
with the aid of (3.9}, that

(ML u), :fw-/l his)[pu’(s) - u*(s) + w* () - Jw*(s)]dv ds+
o Jo
+f f k()" (5)W7 (3)dv ds+ (3.23)
noJo
+/ [Euh[ﬁjj-‘{s}E"[s]E‘{s)dvds.
[ L
Far v(t) =, {(t) = 1, we have

v (s) =872, C*(5) = s, ((*u)"(s) = " (s)u"(s) = s~ ut(s), (3.24)

for every w € ¥,



152 DUMITRU VIERU, SILVIA GABRIELA CIUMASU

If we denate .
tlx,t) = (C+u)lz,t) =f wlx, T)dr, {3.23)

then we get
sTlut =t (3.26)

With the help of the relations (2.8), (3.6), (3.9), [3.24)-(3.26), the relation (3.23) can be
written in the following form:

(MU, U], =[D/n fu glt+s)[pult)wu(s)+w(t) Tw(s)|dv ds di+
+£‘£m]ﬂmﬁy{i+3:I{%E{i]-A[E[s]]+§[t]-,41[;-;{_3”_E(”.Agjjis:l )

~ (1) Bal(V-P(s)T}+ (1) BIR()|-R(t)-B1 P(s)-

327
~ R(0) Bsl(V-Pls)) ]+ 3 P(t) AsP(s) .
+ P(t)-Aq[(V-P(s))T)+ %(v-fvgzj]*--u[v-ﬁ{s]ﬂ]}du ds di+
o 0 P
+]D/D fu coglt-+5)E(t) Els)dv ds dt.
By the hypotheses 1), 2), 3) we obtain that
(MU, U], =0, (3.28)
that is the operator M is g-positive, |
We define the following functional
$ (U= MU, U, -2\UL|, Ueld, geI. (3.29)

Theorem 3.2 (Minimum principles). Assume that

1%, the density field p is strictly positive;
2°. the constitutive cocfficients satisty the conditions (2.4), (2.5);
3°. the energy density of deformation and polarization W, is a semi-definite quadratic form.

Further, let U € U be a solution of the boundary-initial-value problem (2.1)-(2.3), (2.7),
{3.1). Then

B, (U) < (L") {3.30)
for every U' € .

ProorF. By the hypotheses 17, 2%, 3% and theorem 3.1 we have that M is a g-positive
operator. Let U be a solution of the considered problem, U' € I, and Uy =U' - U.
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We have
B, (U= ¢ (U + Upg) = [M{U + Uy), U + Uy, = 2[U + Uy, L], =
= [MU,U], - 2[U, L], + 2[MU - L Uy), + [MUg,U,] = (3.31)
— @';I{U] +2[MU = L,Untg + [MUQ,U(;]F.

Because UV is a solution and M is g—positive, from (3.31) we obtains

Bo(U") = 8, (U) = [MUo, Uy, >0, (3.32)
that is
®,(U) = &,(U"), (3.33)
for every U’ € U. 0
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