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BOUNDARY VALUE PROBLEMS FOR
NONCONVEX VALUED DIFFERENTIAL
INCLUSIONS WITH NONLOCAL CONDITIONS
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Abstract. In this paper we investigate the existence of solutions on a compact in-
terval to second order boundary value problems for a class of differential inclusions
with nonlocal conditions. We shall rely on a fixed point theorem for contraction mul-
tivalued maps due to Covitz and Nadler and on the Schaefer's theorem combined
with lower semicontinuous multivalued operators with decomposable values.
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1 Introduction

In this paper we shall prove existence of solutions defined on a compact real interval for
the boundary value problem (BVP for short) of the second order differential inclusion with
nonlocal boundary conditions

y' e Ft,y), teJ=[0,1] (1.1)
{y{ﬂan[yh = ¢

vil)+ fily) =a
where F': J xIR" — P(IR") is a given multivalued map satisfying some assumptions that
will be specified later, fo, i € C{C(J,R"),R") ¢; € R",i = 1,2 and P(IR") is the family
of all subsets in IR".

The BVP problem (1.1)-(1.2) in the case when the multivalued F has convex values was
studied by Benchohra and Ntouyas in [1), by using a fixed point theorem for condensing
multivalued maps due to Martelli. Here we consider the case when the multivalued F has
nonconvex values. By using the fixed point theorem for eontraction maps due to Covitz
and Nadler [12], and the Schaefer’s theorem combined with a selection theorem of Bressan
and Colombo for lower semicontinuous multivalued operators with decomposable values,
existence results are proposed for the problem (1.1)-(1.2).

Initial value problems with nonlocal conditions were studied on compact intervals by
several authors, see e.g. [10], [23] for single valued differential equations and on infinite in-
tervals by [3] and by [2], [4]-[6] for differential inclusions. Nonlocal boundary value problems
were investigated e.g. in [21], [22], [16]-[19] for special cases of the functions fo and f;. For
maore information we refer the interested reader to the references cited in the above papers.

(1.2)
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2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts from multivalued
analysis which are used throughout this paper.

By C[J.IR") we denote the Banach space of all continuous functions from J into IR"
with the norm

llloe = sup{ly(t)| : t € J}.

LY(J,IR™) denotes the Banach space of measurable functions y : J — E which are Lebesgue
integrable normed by

1
llle: = jﬂ () di forall yeL'(J,R"),

ACH([0,1],]R") is the space of i-times differentiable functions y : [0,1] — R", whose *?
derivative, y'!, is absolutely continuous.

Let A be a subset of JxIR". A is L&B measurable if 4 belongs to the o-algebra generated by
all sets of the form J = D where 7 is Lebesgue measurable in J and D is Borel measurable
in R™. A subset B of L'(J,R") is decompaosable if, for all u,v € B and .7 C J measurable,
the function ux s + vxs-7 € B, where x denotes for the characteristic function.

Let E be a Banach space, X a nonempty closed subset of E and G : X — P(E) a
multivalued operator with nonempty closed values. G is lower semi-continuous (l.s.c.) if the
set {z € X :G(z)NC # 0} is open for any open set C in E. G has a fixed point if there
is £ € X such that z € G(z).

Definition 2.1. Let Y be a separable metric space and let N : ¥ = P(L'(J,IR")) be a
multivalued operator. We say N has property (BC) if

1) N is lower semi-continuous (l.5.c.);
2) N has nonempty closed and decomposable values.

Let F:J x R" =+ P(IR") be a multivalued map with nonempty compact values. Assign to
F the multivalued operator

F:C(J,R") = P(LYJ R")

by letting
Fly) = {w e LY (J,IR™) : w(t) € F(t,y(t)) for ae. t € J}.

The operator F is called the Niemytzki operator associated with F. We say F is of lower semi-
continuous type (l.s.c. type) if its associated Niemytzki operator F is lower semi-continuous
and has nonempty closed and decomposable values.

Next we state a selection theorem due to Bressan and Colomboa.

Lemma 2.2. [9] Let ¥ be separable metric space and let N : Y — P(L'(J,IR")) be a
multivalued operator which has property (BC). Then N has a continuous selection, i.e.
there exists a continuous function (single-valued) g : ¥ — L'(J,IR") such that g(y) € N(y)
for everyy e Y.
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Let (X, d) be a metric space. We use the notations:

PX)={Y eP(X): Y #0)}), PFulX)={YV € P(X):Y closed}, F(X)=1{Y ¢
P(X):Y bounded}.

Consider Hy : P(X) x P(X) — R4 U {oc}, given by

Hi(A, B) = max {sup d{a, B), supd(_*l_.b]l} \
aEA bE B

where d[A.b) = I]17'513 d(a,b), dla, B) = ;gg dla, b).
Then (P (X)), Hy) is a metric space and (Py(X), Hy) is a generalized metric space.
Definition 2.3. A multivalued operator N : X — Py(X) is called
a) ~y-Lipschitz if and only if there exists v > 0 such that
Ha(N(z),N(y)) £ yd(z,y), foreachz, y€ X,
b) contraction if and only if it is v-Lipschitz with v < 1.

For more details on multivalued maps and the proof of known results cited in this section
we refer to the books of Deimling [13]), Gorniewicz [15], Hu and Papageorgiou [20] and
Tolstonogov [25].

Our considerations are based on the following fixed point theorem for contraction multi-
valued operators given by Covitz and Nadler in 1970 [12] (see also Deimling, [13] Theorem
11.1).

Lemma 2.4. Let (X.d) be a complete metric space. If N : X = Py(X) is a contraction,
then FizN £ @.

3 Main Result

In the next Theorem we give our first existence result for the BVP {1.1)-(1.2).

Definition 3.1. A function y € AC'(J,IR") is called solution for the BVP (1.1)-(1.2) if y
satisfies the differential inclusion (1.1) a.e. on J and the eondition (1.2).

Theorem 3.2. Assume that:

(H1) F:J % R® — P4(IR") has the property that F(-,u) : J =+ Py(IR") is measurable for
each u € R";

(H2) There exists | € L'(J, IR) such that
Ha(Fit,y), F(t,7)) < Ut)ly — 7|, foreacht € J and y,7 € R",

and
d(0, F(t,0)) < I(t), for almost each 1€ J.
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(H3) |fily) = fi(@)| < cilln = valloe, @ = 0,1 for each t € J and y,§ € C{J,IR"), where
¢;,1 = 0,1 are nonnegative constants.

Then the IVP (1.1)-(1.2) has at least one solution on J.

Proof. We transform the problem (1.1)-(1.2) into a fixed point problem. Consider the
multivalued operator, N : C(J,IR") = P(C(J,IR™)) defined by:

N(y) : = {h€ O R"): h(t) = 0 — foly) + [er — co — F1(y) + folw)}t

1
+f G(t,)g(s)ds, t€ J}
o
where  is the Green's function for the BVP
y"(t) =0, p(0)=0, y(1)=0
which is given by the formula
(1=x)s, f0<s<z=1
Gz, 5) =
(1-5)z, f0<zs<s<1

and
g€ Spy = {y € LY(J,R"™) : g(t) € F(t,y(t)) forae te J},

We shall show that N satisfies the assumptions of Lemma 2.4. The proof will be given in
two steps.

Step 1: N{y) € Pa(C(J, R")) for each y € C(J,R").
Indeed, let (yn)nz0 € N(y) such that y, —+ § in C(J,R"). Then § € C(J,IR") and

yn(t) € co = folna) + [e1 = co = fuln) + folw)]t +_/; G(t,s)F(s,y(s))ds, t € J.

_Using the closedness property of the values of F' and the second part of (H2) we can prove
1 g
that f G(t,s)F(s,y(s))(s)ds is closed for each ¢ € J. Then
o

Ynlt) — I:"l:” E "
co = folw) + [er — eo = filwm) + foln )t + [ﬂ G(t,s)F(s,yls))ds, t € J.
So § € N(y).
Step 2: Hy(N(y1), N(y2)) € 7l — 1l for each y1,y2 € C(J, E) (where v < 1).
Let yy,y2 € C(J,R") and hy € N(y;). Then there exists g, (t) € F(t,y1(t)) such that

1
hy(t) = cp — folya) + [er = eo = filwn) + folwm )]t +fu G(t,s)g1(s)ds, te
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From (H2) it follows that
Hy(F(t,1n(t). F(t,y2(2))) < Ut)lya () — va(t)].
Hence there is w € F(t,y2(t)) such that
lga(t) —w] UL (t) —wa(t)], te S
Consider U : J —+ P(IR"), given by
Ult) = {w € R" : |g(t) — w| < )l (2) - walt)]}-

Since the multivalued operator V(t) = U{t)NF(t,y2(t)) is measurable (see Proposition II1.4
in [11]) there exists go(t) a measurable selection for V. So, ga(t) € F(t,y2(t)) and

l9:(t) — g2(t)] < UH(E)|yn (t) — walt)], for each te J

Let us define for each t € J

1
ha(t) = co — foly2) + [e1 — o — filya) + fu{y*z]]i‘+fu G(t,s)ga(s)ds.
Then we have
B &) = ha(t)] < |folwn) = fowa)] + 1 (wn) = fiao)
1
+ [ 6(t.s)loats) - aatolas
1]
< (o + e )llin — w2l
1
+5up[G(t5)| [ Uoluas) - wa(o)lds
Jud D
< |:c0 + ¢ + sup |G(t, 5| f !{t]fﬁ] i — wallee-
e hd e
Then : "
) 1
IRy — hallee < [C{I + ¢ + sup IG{LS}If I{r}df] llwr = va2lloo-
Jwd 0

By the analogous relation, obtained by interchanging the roles of ¥, and y., it follows that

Ha(N(w), N(ga)) < [Ca +ei+supG(49)] [ fmdr] 1 = valeo-
Jgxd [i]}

1
So, if we choose g + €1 + sup |G(t, 5)| f [{t)dt < 1, N is a contraction, and thus, by Lemma
Jud 0

2.2, it has a fixed point y, which is solution to {1.1)-(1.2).

By the help of the Schaefer's theorem, combined with the selection theorem of Bressan
and Colombo for lower semicontinuous maps with decomposable values, we shall present an
existence result for the problem (1.1} — —(1.2). Before this, let us introduce the following
hypotheses which are assumed hereafter:
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(H4) F:[0,1) x R® — P(IR") is a nonempty compact valued multivalued map such that
a) (t,y) = Fit,y) is £ & B measurable;
b) y — F(t,y) is lower semi-continuous for a.e. t € [0,1];

(H5) F is integrably bounded, that is, there exists a function H € L'([0,1], R™) such that

IF(t )l == sup{|e| : v € F(t,y)} £ H(t) forae. t€][0,1] and y € R".

In the proof of our following theorem we will need to the auxiliary result:

Lemma 3.3. [14]. Let F : JxIR" — P(IR") be a multivalued map with nonempty, compact
values. Assume (H4) and (H3) hold. Then F is of I.s.c. type.

Theorem 3.4. Suppose hypotheses (H4), (H3) and the following hold:

(H6) The functions f;,i = 0,1 are completely continuous and there are constants k;, i = 1,2
such that
[fl-{y}l E kl'-!i = 01-1 for all Ve C{‘L mﬂ}

Then the boundary value problem (1.1)-(1.2) has at least one solution.

Proof. (H4) and (H3) imply by Lemma 3.3 that F is of lower semi-continuous type. Then
from Lemma 2.2 there exists a continuous function g : C{J,IR") — L'(J,IR") such that
gly) € Fly) for all y € C{J,IR").

We consider the problem

y"(t) = glv)(t), ae teJ=[0,1], (3.1)

y(0) + foly) = co, ¥(1) + fily) = c1. (3.2)

Remark 3.5. If y € C(J,R") is a solution of the problem (3.1)-(3.2), then y is a solution
to the problem (1.1}-(1.2).

Transform problem (3.1)-(3.2) into a fixed point problem. Consider the multivalued map,
N:C(J,R™) — C(J,R") defined by:

1‘ .
N(w)(t) = co — foly) + [er — eo — fily) + folu)lt + fu G(t,s)g(y)(s)ds

Clearly from (H3)-(H6) and the Arzela-Ascoli theorem the multivalued operator IV is con-
tinuous and completely continuous.
In order to apply Schaefer’s theorem, it remains to show that the set

E(N) = {y € C(J,R™) : \y = N(y), for some A > 1}

is bounded. Let y € £(N). Then Ay € N(y) for some A > 1. Thus for each t € J

y(t) = A [co — folw)] + A~ er = co — fiw) + folw)]t + A~ fﬂ Gt 8)g(y)(s)ds.
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This implies by (H5) and (H6) that for each ¢ € J we have

1
lw(t)| < 2]cal + lea| + 2ko + Ky +[; IG(t, 8)|H (s)ds.

Thus

1
Nyllos < 2lcol + lea| + 2ko + k1 +  sup IG{t,sIIIf H{s)ds.
{t,8)EF ] o

This shows that 2 is bounded.

As a consequence of Schaefer’s theorem (see [24] p. 29) we deduce that N has a fixed
point which is a solution of {3.1)-(3.2) and hence from Remark 3.5 a solution to the problem
(1.1)-(1.2).
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