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ON CERTAIN SUBCLASSES OF STARLIKE
FUNCTIONS

GEORGIA IRINA OROS

Abstract. In this paper we introduce certain subclasses of starlike functions which
extend the well-known class of alpha-convex functions {the case 3 = 0) and the class
of alpha-starlike functions (the case § = 1).
1 Introduction and preliminaries
Let IV be the unit disc of the complex plane:
U={zeC: |z| <1},

let H(U) be the space of holomorphic function in U7,

We let:
An={f € HU), f(2) =2+ ans12™! +ans22™ 2+ ..., z €U}
with 4; = 4,
S*z{_fEA, Re ZJ{{S:' >0, zEU},
the class of starlike functions in U7,
S'{a]={f€ﬂ, R.e%?:sa, zEU}

the class of starlike functions of order o, 0 € o < 1,

My = {f € 4, Re [{1 —a)ifl) ., (ZIHM +1)] >0, z€ L’}

f(z) f(z)
the class of a-convex functions and

zf"(z)
f'(z)

K:{fE.-’l:R;e +1}ﬂ,IEU}

the class of convex functions.

Theorem 1. (1] Ifa € R and f € M, then f is a starlike function.
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Theorem 2. [1] If > 0 and f € A, then f € M, if and only if
Py = S [ 22

is starlike.

Let o € C and f € A. We say that the function f ig a-starlike if the function F : U = C,

where
F(z) = f(2) [1 —a+ a“‘;{{‘;}l :el
is starlike [4].
Lemma 1. [1] Let i : C* — C satisfy the condition
Re w(is, t) <0,
forseR, t < —%[1 + 52).
Hplz) =1+ paz™ + ... satisfies
Re ¥[p(z), 2p'(2)] > 0,
then
Re p(z) > 0.
2 Main results
Definition 1. Let a, 3 € R and let f € A,, with
]J(z} £0, 1-a+a X 20 ;eu.
flz)
We say that the function f belongs to the class M[ ; if the function F : U — C defined
by 1-8)
z'f’{z}l]" - [ 2f'(2)]°
F = l1—a+ it
@ =10 [ 5 “Fo 0

15 starlike function.

Theorem 3. For any real number « and § satisfying the condition af(1 — a) = 0 we have
the inclusion Mg 5 C 5*,

Proor: If we let

zj{{il;] =plz), zel,

12)1'(2)
—z 7

then from the condition
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we deduce that the function p is holomorphic in U,
Since F is starlike we have

zF'(z)

F(z)

Re >0, zeU (2)

and from (1) we deduce

2F'(z)

oy =pl) +all - /)% () | p—220)

p(z) 1—a+ap(z

Hence condition (2) is equivalent to

Re 9p(z), 2p'(2)] >0, zeU. (4)

5 = lp(z). zp'(2)]. (3)

Since

. . t
Re (is,t) = Re :s+a[1—,ﬂ3};§ +aﬁ1—_—a-:m =

= Hﬁt{l = D‘]m g

for all real s and t < ;271[1 + 5%), by using the Lemma we deduce that Re p(z) > 0, which

shows that M7 ; C 5*. O
Remarks. 1) If # = 0 then the function F : I’ = C is given by
_ o [22]°

and the class of functions M 5 = M, is the class of a-convex functions defined by P.T. Mo-
canu [2]. 2) If # =1, then the function F : U =+ C is given by

zf'(z)

fiz)

and M?, is the class of a-starlike functions defined by N.N. Pascu [4]. 3) If & = 0, then the
function F : U — C is given by F(z) = f(z) and Mg, =5". 4)fa=1then F: U = C
is given by F(z) = zf'(z) and M, = K.

Definition 2. Let o, § € R and let f € 4, with

f(2)f'(2) Lz f'(@)
. #£0, 1 a+a-—_f{xj

We say that the function f belongs to the class M} 5[d(e, 8, n]] if the function F : U — C
defined by (1) is starlike of order §{a, 8, n), where

F(z) = f{z) [1 -a+ta

£0, zel.

afin 1
T21-a) fsasg

(e, B,n) = (5)
(1-a)fm el 521
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Theorem 4. For any real number a and § satisfying the condition af(1 = a) > 0 we have
the inclusion M} 5[é(a, 8,b)] C S5*.

Proor: If we let
zf'(z)
flz)

1) 4

=p(z), zel,

then from the condition

we deduce that the function p is holomorphic in U.
Since F satisfies

zF'(z)
Re Fi2) > d(a, B,n) (6)
with (e, #,n) given by (5), from (1) we deduce
2F'(z) _ _gr) zp'(z) -
F{Z} &{ﬂf,ﬂ,ﬂ-} - p{2}+ﬂ{1 ﬁ} P{z} +&ﬁ1 - + ap{z} _"5{01 Iﬂln} — 'ﬁ[ﬂ[szP’(zj]

The condition {6) is equivalent to

Re ¢[p(z),2p'(2)] > 0, zel. (7)
We have
Re v{is, i) = Re [z’s + ol - ﬂ}% + aﬁm} - 8o, 8,n) =
aft{l - a) 5oy Bum) < _afin(l-a)(l + &%) _S(eufin) =

- (1-a)? +a?s?
_ {aﬂnl{l - a)(l + s%)
1 2[(1 - a)? + as?)

2[(1 - a)? + a?s?)
+é(m B,n)| <0.

Hence by the Lemma we deduce Re p{z) > 0, which shows that
agléla, 8,n)] C 5°.
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