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LIFTS OF THE ALMOST SYMPLECTIC
STRUCTURES TO T(Osc*M)
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Monica Purcaru

Abstract. The geometry of the k-osculator bundle (Qsc® M, 7, M) has been studied
by R. Miron and Gh. Atanasiu in their joint papers [3-4]. Obviously, the osculator
bundle of second order, or the bundle of accelerations correspond to the case k = 2, [2],
(3]

In the present paper we consider the group G.. of transformations of almost sym-
plectic N-linear connections on (sc®M and we determine its invariants, which are
d-tensor fields. By means of these 27 invariants, we gel; characterizations of the inte-
grability for the almost symplectic d-structures on Qsc® M.

Concerning the terminclogy and notations, we use those from [2} [3]. which are
essentially based on M. Matsumoto’s book [1].
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1 Preliminaries

Let M be a real C*°-manifold with n dimensions, n = 2n' and let (Ose? M. 7, M) be its

2-osculator bundle.

Let N be a nonlinear connection on Osc®M with the coefficients ?*{1} 3 Nm

(i.7 =

1,2,. st ]l_ The _]oca.l coordinates on the 3n-dimensional, manifold E = (fl.szc,2 M are denoted
by [z‘,y“}‘,ym’}l, Hence, the tangent space of E in the point u = (z,y'",y'*) € E is given

by the direct sum of the vector spaces:
TuE = No(u) & Ni(u) ® Va(u), (VjueE.

An adapted basis to (1.1} is given by:
&
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Let us consider the dual basis of (1.2):

{dzt, 6y, 6y M), (i =1,2,...,n),  where (1.4)
§z' = dr', dy'¥ = dyV)i 4 N[,,i d.ri
Sy2M = 4 i g N {1}j+{N +N }IdIJ {15}
y = ay {1y ;9% (2§ {1;m Vi

Let [ be an N-linear connection on E, with the coefficients in the adapted basis:
DI(N} = (L}, Cjy)5: Cizyie) and let ay; be an almost symplectic d-structure on E, i.e.

a d-tensor field: a;;(z, 3", y'®) of type (0, 2) on E, alternate and non-degenerate.
Then the d-tensor fields:
, 1 1. .. ;
B, = 56167 — yja"), 8% = 3016 + asja™),

are called the Obata operators of the d-structure a;;.
Let D be an almost symplectic N-linear connection on E, ie. the h-and v,-covariant

(e}
derivatives of a;; vanish: ayp =0, ai; | , =0, (@ =1,2).

2 The group of transformations of almost symplectic N-linear
connections

Let us consider the transformations DI'(N) — DI'(N) of almost symplectic N-linear
connections. Owing to the Theorem 3.3.,[7], they are given by:

'E'jih = Ljik 4 B X é[n]jk = G:a};a- +¢'E}’in}1‘-k1 (a=1,2), (2.1)

where X;m Yi a)gk? (e = 1,2) are arbitrary given d-tensor fields.
We shall pay attention to the invariants of the grt::up Gas- _ _
The torsion and curvature d-tEﬂSﬂr ﬁE]dS {U}I Jt* S:a} ks R1ﬂ|‘.‘l'_:l gk Ruf',ljjk" P{nﬁ]ij#’

Q{am ik (=12 §=1,2), Rh ks {u]h jkt S{!l}h ke S{un}h _ilk"{ﬂ = 1,2) are given in
§3.4.[2].

~Theorem 2.1. By a transformation of almest symplectic N-linear connections (2.1), the
d-tensors of torsion and curvature are transformed according to the following laws:

Tioy'se = Tioy s + A {255 X0} Rioay ik = Rioa) ' (@ =1,2),
Piaay ik = Flaa) ik = ParxXrj (@ =1,2), Quany' 6 =iz’ 161
Pozy'se = Paay 50 Pany St = Pon sk Stay’in = St st + A o).
Quay' e = Quay’ ju + 53 ¥apr {j{‘.’z}ijt = Quany’ it — Pek Yo jops (2.2)

Ry jE = =R," jk + B nArmT () gk +¢"hY{1}rmR{n1j ik +¢m1’r¢:}mﬂmz} ik T

+ A BN Ty + Bra X380 X ), Rn:n i = Rz i
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_ ! . )
P 'k = P ' + é:hy{l'r:mp{ai]m_ﬂ: + ﬂiY[zj:mP:ﬂ]mjk + @A m C[a};'rpl“‘

1
X7 | & — PRY apray; + P XTI PR Y o0 = PomaY (o) Phe X

Sfﬂljh‘jk = S{‘Il]h‘jk +ti::;‘iyizll:mp{2]?j].? + !i';';:Kfl}:mc[Z}?}: - ﬂsﬁy[!j:mc[ljn-i_
(1

d iry & _ Hir £ r il 1~ P il P
+ @Y ) | DenYizyer | 5 F i';ah:'fm:?@;wlu}m — O Y2k Pps Y10
Staan’ ik = Siaaim ik + PorYiaprmS(a) it + Pk Yiaytm Riaa] su+

(oIS
[x]
FARASG Y (a5 |k + PrnY (o) i P Yiafie)s @ =12, Ry 5 = 0.

We make some notations:

BNay 4

bz’ ju = Af*{%}r taay 1 = Ait{ gt} (@ =1,2),
taa) ijk = Sipk{@imta] e}y (@ =1,2); ta) ik = Stk {@imt )" 5 1
Tioy "k = Sian{aimTiy by Sia) yp = Stir{aimS(a) G} (@ =1,2),
Q{zl]'ijk = iik{amqmjmjk]‘! anrfijk = Sij*{ﬂfmﬂl{ﬂ-n?jkh

1
R.[12] ijk = iik{“imR[lz}mjk}s Sijk= ﬂmjp{zzjmix — OGmk {11]m:'j1

1

kfaayisk = ormT )™ + -Aij{ﬂ-impma]ﬂ-}k}m (@=1,2),
2 - m M {23]
kiaisk = @imS(ay 3 + Ak {amCiyi}h (@ =1,2),

3

kiag)ijk = Ajk{akm a0 h (@8 =1,2),
4
kiajijr = -“‘-l’j{aimc{u]?kh (a=1,2),

1

Niaayije = ﬂkmS[”m;j +v‘1ij{ﬂimQ{22Iﬂjk}=

3.. m
J‘:{zz}f_fk = -“jk{ﬂkmquzj ij}’
Stasyije = Aje{armFog"y ) (0.6 =1.2, a £B),

where Ajz{...} denotes the alternate summation: A;s{Bjx} = Bz — By; and Sip{...}
denotes the cyclic summation: S {Bijx} = Bijx + Bjri + Brij-
By direct calculation from (2.1} and (2.2}, we have:

Theorem 2.2. The d-tensor fields Rigay ' s R{m] Yo o' foa) e Qtil.’; re
; 1
Pim}]_fm F[:Zl} gk t[m} ijk? t{za: ijk? Ttn] ijk1 S:a: ijkn Q;m ik R[ﬂn]‘fﬂ:' kiaayijk:

B 3 4 1 3 2 1
kiayijks kiagyisk, kielijks Ninijes Niznijks Sieprije: Sijp, (@=12; § = 1,2), are
invariants of the group G,;.
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3 2-forms on T(Osc’ M)

Let A¥(T{Osc* M)) be the F-module of all k-forms on the tangent bundle T(Osc® M),
where F(T(Osc’ M)) is the ring of all differentiable functions on T{Ose* M). If N iz a given
nonlinear connection, then {dz?, dy*)*, 8y!?)'} makes a local basis of A} (T(Osc* M), which

is dual d 4 4
15 dual 1o Eﬂ;,u—ﬁy{l}“m T

If f € F(Osc®M), then the 1-form df is written as:
_6f af

L2 P B ST
df = éz"dm +5y{1}f'5!"' -

8F
— 52
3yi2]|£y '

and the exterior differentials of dz’, dy'1), 612 are given by:
¢ d(de') =0,

; 1 - . ; .
d(dy") = 5Rigy)' jmdz™ Adz? + Byyyy m8y ™ A dad+
< 4By jm8y' ™ A d2?,

0 1 P ;
d(8y™?) = 3 Rigy)’ jmde™ N dz’ + By jmby™ A de?+

. .1 . .
+B:22}t jméy[gjm A odx? o EHtm]’jmﬁy”]m N lﬁy“]‘,'i‘
+Et21}£_+m51"'[2’1m A dyM3,

LY

Generally, w € A*(T(0sc? M) is written in the form:
w= %&,-_fdzi Ada? 4 byzdet A Sy + gdat A By +
.,.%Jij&y[l}f A Gy 4 35y A by 4 %f’.jéyw]f A by
where d;; = —dji, lffj = --:f_fg. .fi_f = —.iFji-
The exterior differential duw is given by:

1 ; : 1
dl'-l-i'= atf.l,'j'# dII.u""ud.'DJ f\dmk+i

+% llﬁ{_jk dIi A d:‘f,j M Jy{?}k + 1 lfi','jk drt A lﬂl-!._,l'[:"}l‘]i M IEy“}k‘i'
+ wigk dxt A Gy A Gyl2k 4 5 Gigh dxt A Syt p Gy

ise dat Adzd A GyVE4

13y ; 1l s . F
+ = wije Sy A Gy A Sy 4 S Gy dy! A By A Gyt

9 { 10 : :
+§ Wigk ﬁyt”' hﬁy{‘l}li M éyii}k + _E, Wijk @tﬁ): -""-*5!4'[2}: A 5yt2]k1

where:

1 B
wijk = Sije{

'EI‘ + bimR{g]T ik + éimR‘DzT _j'k }1

(3.1)

(3.2)

(3.3)

(3.4)
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2 da; ﬂ.‘r k = .

Wijk = Jylﬁ'k + dka{m + ‘“—ka[azj ij +-’4r,1{ j bme#ll;ﬂjk + CimBuszk]:
3 i 1P 45(.‘ J:

Wijk = 31‘[{;‘;;; f.mk.ﬁml) ij + fka[ﬂz‘J i + -‘411{ il t‘*mﬂmj ik + ﬂimBm] ;A-}
‘4 Ed;;-

Wik = +C1mR§11J ik +Ajk{a. Ik ¥ EffrmEln] j'ﬁ' EkmB“ﬂ 'J‘}

At

5 5&,‘;‘ dCik -Eej_a‘ m = m - m
Wisk = 5w T gy T agt T omB@) i = dimBn} i — EmBeal -

—Emk BT i + femBual o (3.5)
Wign = ?;’f A;k{;ﬁm emi By} 5 + fimBiaa] 15},
J’ijk = Sija{ .‘ﬁ% + EimBRa) kb
ijk = ;fz}k + femBoa' """1"{;1;- * &mBen) jub

9 8 fin af;
Wijk = oy (JI]: +Ajk{a 2k +fkm (21) ,,J} "-'-?tﬂ:—' 1_11:{6 l:;;;k,}

Proposition 3.1. If an N-linear connection D is given, with the local coefficients: DI'(N) =
(L”,C{lm,{?m;kL then Wiz, (@ = 1,2,...,10) have the following expressions:

1 _ _ - ﬁ
Wijk = Sije{@ijik + AimTig)Tjx + bimRygy "k + EimPyon) i 1y
(1
2 _ ; P . - .
wisk = dij | HomeTio) i + demByony ij + EkmByozy 5 + Aij{bjrji + 8imCiji +
+bim Py ik + Gim Py ks
(2]
3
Wijk = Gij | k +C-mknu] 5T EmkR[m] i T fkm {02] ij + -"’-u'[ﬂ_]klr + afmcf'z]‘;k +
+bim Pay) i + Cim Praz) e )+
(1)
" _ . ~ . .
wijk = dikgi + bim Sy + Gim Ryl + Al | g +bmiCrayii +
+dmi Fy1y i — Eim Pz s b
. _ o2 )
ik = bij | & | j +&ixp + bmiCiayit + BimCiafk + EmQaa)™ s —

~dmPigy)"k = &im Prony s “kac{nu + fimPa1a)™s; = Eme Py (36)
. ) ) _ i i )
wWijk = fikli + CimSg) g + Ajr{y i g +EmiCrayie + €miPran) e + fmiPlas)}s
T - 7 m = m
wijk = Sije{dij |y +dim Sy + EimBiya) )

(2] (1}
E =
Wijk = dt_; | k +€mkSﬂ} ji +fka“2:| ij +e4.1_] {f'j.k | +d1mc{g}j.* +Fim{:’i[22} _7.k]'
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- (2)
g - _ _ -
wisk = fix | § +&imS e + Ajel&is | p HemiCiaie + fmiQuaz) in )

. @
wijk = Sije{fis | ¢ +FimSi2y T}

For w € A?(T(Osc®M)) written in the form (3.6) we put:

agj by &
A= | =bs dij &; (3.7)
~&ji —&ji fij

Definition 3.2. A 2-form w € A*(T(Osc®M)), for which the matrix A is nondegenerate,
is called integrable if: dw=0.

Theorem 3.3. A 2-form w € A?(T(Osc®M)), for which the matrix A is non-degenerate, is
integrable if and only if the tensor fields Wisk, (@ =1,2,...,10) vanish.

Observation 3.1. A 2-form w € A*(T(Osc® M)) with detA /A0 is called non-degenerate
and determines an almost symplectic structure on T'(Osc? M).

When I_.'r,-_,- =0, &; =0, &; = 0, then &;;, d;j, fi; give three almost symplectic structures
on Osc® M. ) ) i ~ B

When aij = 0 or dﬁ =0or f,'j = () and bij = —ﬁj,', {'!.'_f = —ﬁ_ﬁ, é,:j = —é&yj, then bt'j, E..-j,
é; give almost symplectic structures on Osc* M.

Conversely, if a;; is a given almost symplectic d-structure on Osc® M, then the 2-forms
on T(Osc®M) defined by: w = Lagdz* A dzd + Laydy™h A sy + Ja,;0y) Ay,
w = agde® A SyM* + ajdet A Sy + ag;y)F A Sy, ete. determine almost symplectic
d-structures on T(Osc?M). The integrability of each of these 2-forms gives some types of
integrability for the given almost symplectic d-structure ay;.

4 The integrability of an almost symplectic d-structure in the
bundle of accelerations

Assume that a nonlinear connection N is given, then an almost symplectic d-structure a;;

. on the base manifold Osc*M is lifted to a 2-form w on T(Osc®M) in various ways. We
consider the following w of six single types: [, II, III, IV, V, VI and combined types (4.1},
wherea# +l,ae R, §# 1, € R:

Lw= %ﬂ-iji’!i Adzd; 1L w = agdz’ A Sy L w = agda’ A&y (40)
) : . 1 : .
IV:w= %agﬁy“}‘ Aby; Viw = a6y A Gy, VI w= Eaﬁﬁym* A By'2,

and the combined types: I+V, II+VI, III+IV, I+II4+V, I+II+VI, I+HI+1V, I+10+V,
[4IV4V, I+IV4VL I+ V4V TV, 404V, T4+ VL I+ +IVHVIL IV
[MI+IV4V, TI4+IV+ VI 4TIV, T4V, T4 004 1004V TV Y, T4 alI4 IV VI
[+1I+IV+V, I+allI+IV+ VL I+104+ +V+ VI I+ 14V VL I+ IV4a V4V TIH-ITI+HIV 4V,

4+ II4+IV+ VI I+ 4+ V4V T4IVHVH VL T IV VAV T4+ I+IV+ 3V, I+ IV VL
[+ AI4HITI4+ VAV IV V VI [HITH IV VAV ST II+IV V4V [+ + 51+ T+ IV V4V
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Proposition 4.1. Each 2-form w of the types (4.1) is non-degenerate and defines an almost
symplectic structure on T(Osc” M.

e g 1 . ; . ;
PROOF: I+V. We obtain w = aydz' A do’ + aiifytt A GyPY. Tt follows that
ai; 0 0
A= 0 0 aj |with deftd = det {ﬂ,,;_f:la # 0, etc. O
0 ﬂjf.t.]

Proposition 4.2. The coefficients ﬁ:‘jm fa=1,2,...,10) of the exterior differentials of the
2-forms w given in Proposition 4.1. are invariants of the group G,;.

ProoF: Calculating directly from Proposition 3.1. and using the notations (2.3) we have:

1 2 4 3 4

L owin=Ti e Wur=kpie  Dik=keik;

1 - 2 : : : X k : k

I wige= Rigpy e Wisk=kauigks  Wue=Senge  @ik=kie  @ae=ke)ie
: a a 3 1 4

I wie= Ry 0 @igk=Spaije: Wigk=kgayijh,  @igk= aimBppa7 5
4 4 B 2
Wijk = a,-mP{ﬂi“jk+ kg, @iik=k2)ijks
2 4 3 ] g

Ve wipe= okm Ry Wisk=knnijr,  Wigk= miPio s Wik= Sy e
a 4
Wigk=k(2yiji:
& . 4 3 5 1

Vi W= oem Bl v Wisk= kmBygp) i @ik =koyighs  Wik=Sijks
& 3 o - B ] B 2
Wisk=k(a1yijks  Wijk= Ryggf e Wi =Namije,  Wigk=k2)ije:
4 5 B 3 ]

VI ©ie= aimBigg)' ijp  Wiik= Gkm Py Wik=keyise  Wiik= GkmBa) i
] a 10 -
wigk=N(a2)ije:  Wijk= S(a)" i

The missing & vanish.

Since ﬁ,-jk, {a = 1,2,...,10) are linear combinations of ﬁ*-_,-jf-_.,qﬁ.-_.,-,d-;j,é,-j,_ﬁj, the expres-
sions for the combined types (4.1) are obtained as the linear combinations of the ones for:
LILIILIV,V,VL O

Corresponding to Definition 3.1. we have:

Definition 4.3. An almost symplectic d-structure a;; on a differentiable manifold Osc? M
is called integrable of the types given in (4.1), with respect to the nonlinear connection N if
the corresponding lifted 2-forms on T(Qsc® M) are integrable.

Theorem 4.4. An almost symplectic d-structure a;;(z,y'V,y'®) on a differentiable man-
ifold Osc®M is integrable of the types given in (4.1), if and only if the invariants of the

group G,,, vanish.
Observation 4.1.We note that the above integrabilities are reduced to four types: I+V,

1+ VI, HI+IV and I+IV4+VI, because the other types appear like linear combinations of
null invariants of the group G,;.
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