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The Homogeneous Prolongation to the
Second Order Tangent Bundle 7%°M of a
Riemannian Metric

Gheorghe ATANASIU

Abstract. In some previous papers (2] [8] [10] the prolongation G given by
(L.7) of & Riemannian metric g on a manifold M to the second order tangent
bundle T% M was considered. The terms appearing in the metric G, called also a
Sasalki lift of g, have no the same homogeneity degres with respect to the natural
homotheties on T2M and so @ is not homogeneous. This fact constitutes an
inconvenient when the study is concentrated on the homogeneous objects on
T2 M as well as when T2M is taken as a model in a physical theory since the
said terms have no the same physical dimensions. In this paper we show that

such disadvantages can be overcome by replacing ¢ with a modified metric E]?
given by (2.1} which is also of Sasaki type. All terms in Ef are homogeneous of
degree zero, Some properties of the Riemannian space {ﬁ, E‘] are pointed
out. An f(3, 1)—structure E_' is introduced and it is proved that the pair I:g‘,éf?

iz a metrical f(3, 1)—structure. The Nijenhuis tensor field of the structure F
vanishes iff the Riemannian metric g is of constant curvature.

Keywords: second order tangent bundle, Riemannian metrics, homoge-
neous prolongation.

Introduction

An old problem in differential geometry is that of the prolongation of the Riemannian
structures defined on the manifold M to the higher order osculator bundle Qsc® M identified
with the tangent bundle of order k, T% M. This problem belongs to the so-called higher order
geometry.

Several remarkable geometers as E. Bompiani, Ch. Ehresmann, 5. Kobayashi have
studied this problem. It has been solved for Osc' M = TM by A. Morimoto [15], partially
for the case k = 2 by K. Yano and 3. Ishihara [17], M. de Léon [4], and completely by R. Miron
and the author for the case k > 2, by using the Sasaki type N- lift {or N-prolongation) G
to T*M of a Riemannian metric g defined on M [7], [10], [13].
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In the following, we consider k = 2.

The tensor G, (1.7), determines a Riemannian structure on T2M = T*M Y {0}. But @
is not homogeneous on the fibres of the second order tangent bundle T2 M, (see [5]). This
fact is an inconvenient when an approach to some global problems on the Riemannian space

(T?M, G) is desired.
In this paper, extending a methnd of R. Miron from the case k=1 [14}, we define by

(2.1) a new kind of prolongation G to T®M of the Riemannian metric g. This G determines
on T°M a Riemannian structure which is 0-homogeneous on the fibres of T2 M and depends

0
only on g. Some geometrical properties of (G are studied: the metrical N-linear connection,
the Levi-Civita connection etc.

We introduce by (3.1} a natural fi3,1)— structure F This dapends only on g and is

homogeneous, We show that .F' is compatible with G that is the pair {G' F’} is a Riemannian
f(3,1)— structure . We say that it is a geometrical model of the Riemannian space (M, g)

i
with respect to the homogeneous prolongation G,

1 The Sasaki type N-lift

Let (M, g) be a Riemannian space, M being a real n- dimensional - manifold and
(T2M, 72, M) its tangent bundle of second order, [3], [4,5], [7-13]. On a domain I/ € M of &
local chart, g has the components gay (), (@, b,¢,... = 1,..,n). Then on the domain of chart
{w“}_l (U} € T M we consider the functions ga [x,ym ,ym] = gap (z), ¥ (:c,ym1y{'33} =
(u) € {:ﬂ'z]h] (I7) and put

1
20 =yl 4 S (2) y Py, (L1)

where 7%, (z) are the Christoffel symbols of the metric g.
Then, z#)* is globally defined on T?M and depends only on the metric g. Moreover,

the function
L (2,5 4®) = gas (2) 2222 (12)

is a regular Lagrangian, globally defined on T2M and depends only on the metric g. The
pair L3 = (M, L) is a particular Lagrange space of order 2, having L as fundamental
function and ga (z) as fundamental tensor field. Applying the theory of Lagrange spaces of
second order [7-12], we notice that

19, The canonical 2- semispray S of the space L™ has the coefficients

1 gzt
G* = Egﬂﬁ (z) {U (gbdz{?}lc) _ Qr_dz{ﬂ*" ROD } . (1.3)
a

By(iia’

L 2
where C = y(1} =
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29 The canonical nonlinear connection N has the dual coefficients
a6 _ A (1
J";f b= Vhe (T)Y Je

. 1
M7 =3 {t? (Vhew®e) + fgﬁﬁ;ﬂ'%} : (1.4)
39 N determines the direct decomposition
T, T2M = Ny (u) @ Ny (u) ® Ve (u), Yu € T2 M. (1.5)

d ]

. b a &
4", The adapted basis to {1.5) is given by (Efc_“’ G e

(dx=, dy'te, dy2)*), where

) and its dual basis &

I ) a d

C—— e Nl’! — NE
a i1 & (1) @ 2
dx dx 1 gyllle 2 @ gyl2)e (1.6)

8 _ B N 0
Jy(lllfb 53;(1]“ 1 “ay("}'ﬂ
and
gyt = gyllla 4 Afa doe
1 “ ¥
Jy':'z]'“ - dy[ﬂ}a + ﬂifaﬂdyﬂ‘]v: LA "‘CFI:I:"’ IL]--E :'
2
We know that

a & (- a i g 8 _ pra o ! i
W= ML= A O =D o)

The Sasaki type N- lift of g to T2 M is defined by

G (1) = gap () dz® @ dx® + gup (2) 5y @ Sy + goy (2) 02 @ 6y Ve € T2M. (1.7)
The following properties follow:
59 @ is globally defined on T2M.

6%, (7 iz a Riemannian metric on ’j'—z-ﬁ;f
79, (7 is not homogeneous on the fibres of TEM . Namely, for the homothety

he: (2,9 ,9P) = (2,10, 2®) vy € RL,
we get

(G o h)(u) = gap(x)dz® @ de® + 12 gan(2)0y 1 ® Sy1° + % guu(z) 6y ®* @ Gy'®" 2 G (u)

et

Let us consider the F (T‘ZM ) linear mapping F : X (fﬁ}) — X (TEM ) given in the
adapted basis by

4 a g _ 4 a _ =
(i) =g () = # (ms) =0 =T 09

It follows that: o
80, F is globally defined on T2M and it is & d- tensor field of type (1, 1).

9%, F iz an f(3,1)— structure; F% 4+ F =10,

10V, F depends only on g. o

11%. The pair (G,F) is a Riemannian f(3,1)— structure on T2M: G(FX)Y) =
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~G(X,FY),¥X,Y € X (Tw).
Consequently, we get

Theorem 1.1. The space (T*°M,G, F) is a Riemannian f(3,1)— space depending only
on the Riemannian metric g.

The previous space, called the geometrical model on T2M of the Riemannian space
{M,g) is important in the study of the geometry of the given Riemannian space (M, g).

2 The homogeneous prolongation of the Riemannian
metric g

We can eliminate the inconvenient of the Sasaki type N-lift G given by the property

79 introducing a new kind of prolongation to T2M of the Riemannian metric g.
Definition 2.1. We call homogeneous prolongation of the Riemannian metric g the follow-
ing tensor field on T2M:

ki

e (2) 8y @ By 0+
+W§M {!I!:I &y(Z}n @ Jy':gl"’,\;"u = FM

i

0
G (u) = gap (z) dz° @ dz® +

where k > 0 is a constant and |jy'*) ||2 is the square of the norm of the first Liouville vector
field:

2
" = gas (@) 02y, (2.2)

We get, without difficulties:
Theorem 2.1. The following properties hold:
1%, The pair {T?;TL{?,&} is a Riemannion spece depending only on the metric g.
o, E’r’ is 0-homogenecous on the fibres of the second tangent bundle T2 M.
3%, The distributions Np, Ny and Vo are orthogonal, in pairs, with respect o E}'.

0
We can write (¢ in the form
1] 0 0 [i]
G=G"+G" +G%, (2.3)
where
o 0 o
GH = gap (x) dz® ® dz®, GV} = [g]nba‘y“f'* ®dyth, G¥ = {g}may”?'* @dy@  (24)
1
and K2 "

- el 2.5
{sli'Ju& WQ@ {g}ah ||y(3}||4g“b (2.5)
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As usually, let us denote
a . a : &

By = m—, B1p = e, Pgy =
gga’ 1T gylhar 74 Gyl2a

and from now on we denote the adapted basis to (1.5) by (45, d1a, Ezu]-

—

In order to study the geometry of the Riemannian space [T M, (), we can apply the
theory of the (h, v, v2)-Riemannian metrics on T%M given recantly, [3], by the author,

A lmc&r connection D on T%M is called a metrical N-lineer connection with respect to

C‘ if L}G =0 and ) preserves by parallelism the vertical distrilutions Ny and V.

We can easily prove the existence ol the metrical N-linear connections in the adapted
basis. To this aim we represent a linear connection D in the adapted basis in the following
form

a 1 g g
Ds by= L %.8,4 L5 48 L % 8. by = e
. b a0y b2 T (g be m+ﬁw} be2 Dy i = L F“_-jm+fj_. bel1a L eraza.

0 1 2 . 1]
Dj 8oy = L5306+ L% 8o+ L% g, D JEC",EQ+(;‘"‘_5 C"'Ejru.
5. 2b ; hela el [20]5": 2a 8.0 fm.:._t [m}br_ m+fm Ba

any U* {20 y be

1] 1 o il 1 2 .
Dy b= C% 8.+ C% d1a+ C% Faa, Dy 0 C% 8.+ CF% 614 B T
LI T {“Jr a (i) Betl EIIJ&C o $1.026 = f”.r [mg,, 1 +i21} be@2a
(2.6)

4] 1 2 . I 1 a
D dp= C% 6o+ C8. 01+ C% .y, D bSpp=C% 4 o8 .8 C % Bag
Bae T (ozy PO T (ggy BeCle {02 be®2a fae 1P (17 b “+f12;| o m+(12; Bic st

D 1 7
D By=C8% 8.4+ C% 8§14+ CF% o,
Bae 0 (zmy BT (gpy be"lo (22) Pe 2

The systems of functions

fa Ta fa E o (e fa pa Fa
(.;m] bet 1oy P am M jon) 57 (1 b (2 " oz U o M t’“) '

(@ =0,1,2), are the coefficients of I and

0 1 2 ih 2 D 1 2
L ubi.'.: L L % f-‘ u:‘.!cl (‘ » O 5 C’ , O 5 be: C
@) *% 10y P’ (20) * (11) °* g2y ™7 o2y v i) B () B
are the coefficients of an N-linear connection DT (N). Also, the coefficients of DT (V) will
Va H Vi H Va

moted with | L ., L%, C%.,C% . C% . Ca |, (8=1,2).
b denoted it ([ﬂﬂ] bt can) B on) B¢ (p1) B o2 B (g2 *"”) (f=1,2)
It is not difficult to prove:

Theorem 2.2. There exisi metrical NV-linear connections DI (N) on E_"E:'l:if; with respect to

a
the homogeneows prolongation &, which depend only on the metric tensor g. One of them
has the following coefficients:

Eﬂ- = F‘l\‘l - F_I\‘l o= r"‘l} _é"‘l'ﬂ :"'r _{L:TH- =ETE =ﬂ
@y % T an T Ea®  @m® an® @ gyt @y

(=0,1,2,8=1,2,6=0,2, 6=0,1)
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H Vi 113 .
L = = g ==~

ooy be [f&} [ (20 e T be {I]

- 1A 1 a {1‘- e (1) {1)e oy =
C %= —”J ('5 TR S T e ) (2.7)

{11} Hym
Vi 2

ol

7 (350 + 624 ~ g5/}

T
II

(L)

where 3 = gy (z) y*

The simplicity of this metrical N-linear connection and the fact that it is determined
only by the Riemannian metric g, are reasons to call it the canonical metrical N-linear

—
connection of the space (T2, G).
The structure equations of the canonical metrical N-linesr connection are very simple,
too, [2], [3]. Is structure forms are as follows:

g .
- dr®, w® =% (z)dr® + C % dylt= (3=1,72). (2.8
mjb = e () @ T'he (T) mnbcy . (B ) (2.8)

Theorem 2.3. The 5Imciurf' equnﬁmns of the canonical metrical N-linear connection D

of the Riemann space (T‘EM G‘}, G being the homogeneous prolongation of the metric g, are
given by:

d(de?) — dzb A w ?, = — §1°
@@ o

d (%) — gy A wey = - 1% (2 =0,1,2=1,2)
dw— WA w® ==0%(a=012 2.10
G @ e =g ) (2.10)

] g
where the 2-forms of torsion fﬂj“ and rﬂ}" (e=0,1,2,=1,2) are
o [ex

o
E® =,
Y 3 (2.11;)
= G' & d.f"ﬁdym" ﬂ'"‘ = "j,,dt{.'b A dyltle,
(1) () B (2) (21) *¢
I
ﬂ“ = ﬂ.“: ﬂﬂ 1 H E:'I-‘ f".dﬁi‘c (2112—1
(0} (1) (2) 2[01)
2
ﬂ“—;ﬂ a’::: M ode® 4+ B ﬂ!:t.‘ hé'yfl}c
(1)} z[uzj
2 I 1 ’

B = n o B'I’[,f.b.-"-.ﬁ(”” G“ﬁ{”i"hé {2)e 211
r_?] JRZJ LAz A dx +( T A by ﬂb.,?:" Y, {(2.11g)
2 i

B a b . B o et sl a g1k {2}::1
B = B e NI Gl A {511"" ALy
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and the 2-forms of curvature {ﬂ}ﬂ,: (oe=10,1,2) are
]

1

0% = = R % det Ade®

o) * 200" ¢ .

(r 3 o [ 1 a ',

[% = Ertﬁ]b ? L dTf A de® - tﬁ)bfgdmc A gyt 4 ﬁ(ﬁ]" 20yt gylr)d (2.12)
1 ) 1

0% =~ R, % de® Ade? + P % odes A dylld 4 = 8 2 gyllie p gylt)d

T +[:2}"" ed ] i 3 1)? @ Y e A by

where r%\b"rﬁ is the curvature tensor of the melric g, J;]h“;_d are the (vh)vg curvature
Ly {1 B

tensors of 1D, (.‘5‘)5?Gri are (vgvg) vy curvelure tersors of D, ie
12

B e & i P @ o aa -
rﬁi}"’ ed = a5 — O¥la + 70T 1 "f"';: Y% es
a B A a A g
Pt 0%— 54 C% — Lf 08 1 Lo 7 =
(igb od (IEHIJM @6y beqiny T4 any deany B T gy Teggn v Af=12),
5 a g‘ a (ﬂ Gf fa r:ﬁrf ’cq,
. a g, O, e OF g of e (F=12),
(gt et T T gy e Ty by By 19 T gy By T A ) (2.13)
-I - '."l
R,2 = R,*.+ 0% RT .
ot T oot T g ¥ o o
2

.8 = p.= e, gl
2y” @ T ooyt <4 ® c21) ¥ (ogy '

R %, (2,50, y®) =y R 3,
(o1 [ ( o i ] k) {Dﬂ]d be

and R Y., B are the following d- tensor fields on T2M:
oy =1z

_— o ra AFG I
Rdbc_a’-‘%"rb_ﬁ*'-'%c-i_h L s

+ I
(02} 190013

a a Ta ra rf {EIIl‘”
{g} b = 5,,31“5? b — 00N + NV 81V,

Finally, by a straightforward caleulus we can determine the Levi-Civita connection of
0

the Riemannian metric &

n 2
Theorem 2.4. [In the adopled basis the coefficients ( L2 g O “F,) Jrom {2.6) of the
(oo) = (zz) ™ '

0
Levi-Civita connection of the Riemannian metric G from (2.1) are as follows:

8 4 £ 1
Ch.= 0% =0%=0%.=0, =1,26d§=0,2
o T e an @ )
" i Ea
L% = L% = =% (2],
I:U(,":Ih (10} be (20 b ! I:Ll: }
8 L 0 o 1 .
L === R % L8 = (0 = — g H_‘r_, =1 2),
(00} fac 2[‘]]3] ber (§0) be (08 ek 9 {g]bf':n.ﬁ} e {Js E .:I
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En =_é'r1 =iBa éla. :___ndg

(10) * @ 20z gy T 2 {g}f"uz}
1 1 1

L® == uﬂ T :

@b " on Em .;‘%” (12)

2 2 % 1

C% = C% =-20% (5! 1) 4 570 _ g gi10a

@) b (12) eb (@) fh "y{l}ﬂﬂ ¥ =Ha el )
2

Co =—2g% s Off—— (801 g2y (1) _ g g (108

@~ T SR 7 (0008 + 6000 - gaet ™)

where O'}‘f, — ;(&“Jb + Gab g )
{2 @

Of course, the structure equations of the Levi-Civita connection can be written without
difficulties,

0 0
3 The Riemannian f(3,1)— structure (G, F)
The f(3,1)— structure F' defined in (1.8) has not the property of homogeneity. The
F (ﬁf]- linear mapping F : A’ (ﬁf) - X (ﬁ}), applies the 1-homogeneous vector
fields 4, into the O-homogeneous vector fields §,,, (a = 1,. n}
To remedy this, we consider the F (WM)  — (:IﬂM) — X (TSM)
given in the adapted basis by

(1)
F{‘Ea} = '_m{le lﬂ-r {Jlﬂ = Jn: F{aﬂﬂ ﬂl '|:€I!-= 1:"':“}" [3'1}

llv *”Il

By direct caleulus, we can prove:

o
Theorem 3.1. F has the following propertics:
0 p—_
1%, F is a tensor field of type (1,1) on T2M.
0 ——
20, F is an f(3,1)— structure on T2M:
0, 0
Fi+ F=0. (3.2)
0
a0, F depends only on the melric g.

40, F is humogeneom on the fibres of T®M.
0
5% The pair {G F'} is a Riemannian f(3,1)— structure on T2M G(FX, Y) =

—G(x, FY) VXY € X (T“M) .
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o
Theorem 3.2, The Nijenhuis tensor J"-.'rF.;I of F uvanishes on T2M if and only if the
Riemannion space (M, g) is of constant curvature (: EI:ET) and

=0 =. (3.3)

25 R
az T @ b

0
Proof. The Nijenhuis tensor of the f{3,1)— structure [ is

0 0 Q oo il 4]
Ny (X,Y) = FX,Y]+|[FX,FY] - F[FX,Y] — F[X, F¥],

Q
Using the adapted basis, it comes out that the Nijenhuis tensor field Ay of F vanishes
F'
if and only if we have;

B s (y“fé‘i *y{l.fﬁ'?a) .

oy be = &2 =1

.Glzu Bl‘.'l.
fozy B ' g e

Taking into account (2.13) and the fact that y{lﬂ} = gap ()9

equivalent to

U the first equality is

: 1

B = — (0] — qpad®
(00) bed -'!f'! {!"? d Hba c) »
q.e.d.

o
Theorem 3.3. The conditions of normality of £ are as follows:

a _ L f(Wm (M a
fﬁ} be T gl (y b= ﬂéb)’ {t%] be =0
(3.4)

T

Gyt L=t Lru@=0

am=l

(1]
Proof. The condition of normality of F is

it

i
(2)e =
Ny (X,Y) -I-;d(ﬁy ) (x.¥) =0, vx,Y € X (T2M).
Taking into account that we have

1 i :
(2)a = J = o " a (1)e a (2)e el
d(ﬁy )(X,Y} {2{351 b A +{g] b + % () by }ﬂdx :

in the adapted basis, we obtain the equalities (3.4} . q.e.d.

——ee D
The space {TM, (7} is called the homogeneous geometrical model of the Riemannian

0
space (M, g) with respect to the homogeneous prolongation (3. [t could be used in a gauge
theory of second order on the lines from [1], [16].
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