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On a Framed f—Structure on Tangent
Manifold of a Riemannian Space

Adrian SANDOVICI and Victor BLANUTA

Abstract. We show that on the tangent bundle of a Riemannian space a
natural framed f—structure of corank 2 can be introduced. Also, we obtain two
results regarding the existence of d—connections compatible with this framed
f—structure.
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1 Introduction

Let R™ = (M,7v) be a Riemannian space with a smooth, real manifold M and a
Riemannian structure . Here © = {m‘} are coordinates on M and (z,y) = (z',¢') are
coordinates on the tangent manifold TAf projected on M by 7. The indices ¢, 4, k... will run
from 1 to n = dim M and the Einstein convention on summation is implied. The geometrical
objects on T'M whose local components change like on M will be called d—objects as in [10].
The kernel of the differential " : TT'M — TM is a vector subbundle of TTM called the
vertical distribution on T'M. The local vector fields ot determine a local frame in VTM.

Jl
A nonlinear connection in the tangent bundle 7 : T — M 15 a distribution HTM on TM
supplementary to the vertical distribution, that is:

TTM = HTM & VTM (L.1)

The position of the subspace H,TM, u € TN can be given by n local vector fields

i = -—a- - Nf’{ﬂ:,y}i}:. The real differentiable functions {N._f"l[:c.y}} completely deter-

dzt bl d
mine a nonlinear connection which will be denoted simply by N. For example we can take
N;{I,y} = Vi (x)y*, where Yixlz) are the Christoflel symbols of the Levi-Civita connec-

. _ 6 0o
tion. Therefore a nonlinear connection & determines a basis (‘-—a. -.—.) adapted to the
= gy

decomposition (1.1).
We recall that the Sasaki lift of the Riemannian structure v on TM is as follows:

Gy = 7y(x)ds’ © da? + ,(x)by* @ oy’ (1.2)
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where 8y* = dy* + N} (z,y) dz*.
Next we consider a (h,v)— metrical structure on T'M given by:
G(z,y) = gsj(mry}dr‘ﬂdmf + his(z, y)dy* @ oy’ (1.3)
for: b2 — g
,E.'I"i_g'{x.y} Fg 'T'l_? [I} 5 e Wil
d'z —
hij(z,y) = ﬁ’ﬂj{l‘] + "’“FTﬂ{yj
where F? = Yii ()WY ui = vy (2)y and a,b,c,d : Im(F?) C R, —+ R, are differentiable
functions with b > a>0,d > c > 0.
The study of this (h,v)— metrical structure was materialized in [11] and [12].
Now, let us assume T'M is endowed with a nonlinear connection given by the local
coefficients N} (z,y) = vi, (z)y*.
Definition 1.1. A d-connection D on TM is called compatible with the metrical structure
G if il satisfies the condition:

(1.4)

DxG =0, ¥X € x(TM) (1.5)

In the adapted basis, any d—connection on TM can be represented in the following
Way:

5§ g 8 W g
Vi = g Dagy = oy (1.6

s _@ s, 8 @ o '
Dafw—m?— w5z Doty = Cangy

o) c?‘ )
in which the system of functions { F g F gy € g2 € jp ) represents the local coefficients
of the above d-connection D,

Hecall that an almost 2—m structure is a tensor field of type (1,1) on TM, which, in

i}
adapted basis (E%‘" _é?) is given by
d a a ]
q)S(E.T.") —,l-?a;;_-, ‘:’S(ayt)—)'-"é_-;, Ael (1.7}
Also, a metrical almost 2-m structure i a pair (Gg, #5) on TM for which:
1
FGS(QSX,‘I'EY:I =Gg(X.Y), VXY € x(TM) (1.8)

and the 2-form Qg(X,Y) = Gg( @5(X),Y) is closed.

The pair (G, ®g), where the metrical structure G is defined by (1.3), (14}, is not a
metrical almost 2-7 structure. In [11] we proved that there is a class of almost 2-7 structures
@ such that the pair (G, ®) is a metrical almost 2-r structure. In fact we proved that the
pairs (o ped, Papea) and (Gaaces Paaqe) are metrical almost 2-7 structures on the
tangent bundle, The almost 2—r atructures Dupeqd and P, 4.0 are given by:

i
L um"gy—iﬁd +)~Bfﬁ®5y‘ (1.9)
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and:
wk g i kg )
@'u:aJc,L.:)LA;@@dE +)&Bi§®5y {1.10)
where: 5ua .
Ab = Ok BEHOC k4= Gk ,
1 o ] ch—g yy E] 2 e [ t.’l ]']':I
¢ odtbe =k e )
Bf = —8 ~ ——=vy, B, =& (1.12)

Definition 1.2, a) A bnear connection on TM is soid to be compatible with the almost 2-v
structure & if it satisfies the condition:

Dy®=0, VX e€x(TM) (1.13)
b) A linear connection on TM is said to be compatible with the metrical almost 2-m structure
(G, &), if it satisfies the conditions:
DxG=0, Dxd=0, %X ex(TM {1.14)
After some calculations, one obtains the following result:

Theorem 1.1. The set of all d-connections compatible with the metrical abmost 2 —m struc-
ture (G aec: Paaeec) is given by the following local coefficients:

(H}‘I i =t m r
F =Y + Q5 - Xk (1.15)
(v . .
F ="+ X (1.16)
{Hv)!‘ 1 e ™
Ciu=p 0 e+, UZ (1.17)
[V}i 1 o1
Cae=q 86 yp+ i, Uk (1.18)
] 3___ I . )
with p = Ei-:f_:z—i‘i and g=2F2=C xm  Um arbitrury d-tensor fields, and 05, the

(bata operator of the Riemannioh structure -.

Particular cases:

1%, In the case X7 = U7 = 0 one obtains a d—connection compatible with the metrical
almost 27 structure (G, 4 cc) Paa,e,c)y Which depends only on the Riemannian structure -y
and the functions a, ¢. The local coefficients of this d-connection are as follows:

@y . @A) . (v) .
Fup=Fu="e Cu=p0i ¥ Cup=0¢76 W (1.19)

The simplicity of this d—connection and the fact that it is determined only hy the
Riemannian structure -y and by the functions a, ¢ allows to call it the canonical d-connection
of the space (TM, Goaco Paacc)

2% Ifa=F,e=k k€ R' one obtains the so called homogeneous metrical almost

L]
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m (o
23— structure f& . @) where the metrical structure & is the Miron metrical structure from

(o}
(1.8) and the almost 2— structure @ is defined hy:

(o} F 8 k6

@I—A'E'?&T@dx +l~?-E®&y (1.20}
, . = QO
The canonical d-connection of the space (T'M, G, ®) is given as follows:
@\ Wy 1 ot 1
F_'_”:: ij :'Tj'kl Ujk=ﬂ', Cj,F:——'P:'é"ﬁj'yk {1.21:'
@-n?
Remarks: The space M = (TM, Gaacer Paaee) is called the (a,c)-geometrical

model of the Riemannian space (M,) with respect to the metrical almost 2-m structure

2n
— (0} (0]
{Gaaee Paaee) snd M = (TM, G, ®) is called the homogeneous geometrical model of
(0 (o)
the Riemannian space (M,~) with respect to the metrical almost 2-7 structure (G, &),

i

. . ., 8
On TM there exists two remarksble vector fields € = ¢t - 31? called the Liouville

vector field and 5§ = ¢ - j—‘., which is the geodesic spray of A™. A framed fstructure is
a natural generalization n?'xan almost contact structure. We recall its definition following
[2]. Let W be a (2n + s)— dimensional manifold endowed with an endomorphism f of rank
2n, of the tangent bundle, satisfying f* + f = 0. If there exist on NN the vector fields (£,)
and the 1-forms (7*) (@ = 1,2,...,5) such that n* {Eﬁ] =03, f(z) =0, 9% f =0,
fi=-I+Yn*@§&,, where I is the identity automorphism of the tangent bundle, then N

AT iy —

2 A framed [ — structure on tangent bundle

In the following we refer to {G,ra-&.c.d: B4 p,c,4) metrical almost 2-7 structure. We denote
by = % Ei" = %-S'and £y = E&- E%: = é -7, We introduce the 1-forms ' = % - dt

and 7 e i y* which are globally ned on TM. v a direct calculation one gets:
dzj;,yz'ﬁ"hh glohally defined TM. B d leul

Proposition 2.1.
ﬂ:l q’a,h,cid (51} =—£g, Papod {’EE} =&
b} ﬂl o @'n,h,c,d = ﬂﬂl "'?2 & ‘pn,b,c,d = _r'll

e} M (X) = Gaped (X, E), n? (X) = Gaped (X, &), for every X € X (ﬁ?)
Next we define a tensor field of type (1,1) on TM by:
F(X) = ®Bapea+n' (X)&a~7*(X)&, XeX(TH) (2.1)
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Proposition 2.2. The J-lot (f, &, £&,n",n*) provides a framed f-structure on TM, that
is the following hold:

a) f2*+ f =0, rank(f) = 2n = 2;

b) 1% (€a) = 85, [ (€a) =0, 1" 0 f =0

&) SH(X) = =X 40" (X) & +7° (X) &, X € X (TM).

Proposition 2.3. The Riemannian metric Gop a0 verifies:
Cappeg (FX, fY) = Capea (X, Y) + 30 (X)0' (V) + 30 (X)n* (V) (22)

Jorevery X, ¥V e & (fﬁﬁ)
Proof. We mention only that:

d PR g\ .z 4
I(EEF)"”PEE* f(@)“‘pffp (2.3)
where: d+ e
I g i
E?":_EEF dF? ypyk g4
ﬁ"“cdk Zad+be (24)
Ap = 2% — —pFz UV

Now, by a direct calculation, we can see that the relation (2.2) holds. g.ed.

The operator f appears as a deformation of almoest 2- structures ® similar with those
studied in [2], [3] and [11]. Let usset A (X, ¥) = CGapea(fX,Y) forevery X, ¥ € X (‘I‘M).

Using the above results we have A (X,¥) = —A (Y, X) for every XY € X (ﬁf) Thus A

is a 2—form on T'M.

3 d—connections compatible with f

Definition 3.1. A linear connection on TM is said lo be compatible with the framed [~
structure [ if it satisfies the condition:

Dxf=0, ¥Xex(TM) (3.1)

In the adapted basis, any linear connection 7 on TM can be represented in the following
way:

Dsgm= Fagmt Fagg (32)
a @ 5 W 3 .

Dty = Fonga + Fingy e
s w5 W oa

Dt = Cong + Oy 349
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a @ 5 W os

;Jy_uF {?‘?__;3 = Cjkﬁ + ij—t.

In the local coordinates, the condition (3.1) is equivalent with the following set of
relations:

(35)

agr, (! A
H*Hﬁ-FMk"}-&m'Fm:ﬂ (3.6)
i {Q}H T “'?q
O Fyg— A7 F =0 (3.7)
A (H)® N0
s HAG Fop— A Fy=0 (3.8)
(2)? ()"
—0g - Fop + A5, - Fop =0 (3.9)
aar ()™ (v)F
-H?E-_&fn-ch+ﬂ;‘.cmkzu (3.10}
L@ ™
O Cop— AL, - C =0 (3.11)
AAE (H) )
a—?ﬁu.a;« Cop—AL - C =0 (3.12)
{1JP @™
A Cpp 05, - C =0 (3.13)

If we investigate only d—cunnectmnﬂ compatible w:th the framed {-structure f, then if
is necessary to take into consideration (3.6), (3.8), (3.10} and {3.12) only.

Next, we shall give two results with respect to the existence of d-connections compatible
with the framed -structure f. For the beginning we make the following notations:

mi+2i:-c: 2ad 4+ be be
A= , B — = — .
TOabF? 2cdF? ' “7 ad (3.14)
4 e 5
0 = —8; + Ay
) ‘_ (3.15)
JJ'LJ- = :{fj an By_,-y
8 (Y - U* :
ﬂkz—_%ﬂ+7it.yq.yﬂ_ﬁk.ym-y? (3.16)
. dﬁr‘ o dAY p
e a q{:F - l}

Zmy=—5 V0 Ym+ g O V" Vi —mr e VY ey (318)

Theorem 3.1. f A“‘&;n*_y;?: = B0 ¢ ., then there are d—connections on TM compatible

mi?

with the framed f-structure f. One of them has the following coefficients:
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(H1)" .
F =" (3.19)
vy . PR
F oag=q9n+4 Fone-0; (3.20)
iji el ] : ] ; I I i 1 :
Cu=2- (1" (E)) '{E_f"yh'"ﬁ'gk Wit (e”) -y WY+ g Tk Y (3.21)
vy 1 1 '
Cjk=—ﬁ‘5i'yj+-F.—2"TJ-;;'y {3.22)

Theorem 3.2. If there exists Z,; so that Zir By = 4y - 8, then there are d-connections

on TM compatible with the framed f-structure . One of them has its coefficients given
by

(=2 :
F y=YmBjy (3.23)
1
JF' ik F— _‘k-zp, 'ﬂ:n'ﬂj —'E;;‘ IH;J {324]

and by relations (3.21) and (5.22).

Remark. In the same manner, we can study the framed f-structure determined by almost
2w structure &, , . .. For this framed [structure we have the following properties:

'3} ‘I"u,n,:,: {E]_} = —£p, 'I'm,m,c.c. (fz]‘ = £
b} ﬂl o @a,u,c,: = 7}2| ﬂ'z = ‘I’a,a,c,c = _'?Tl

&) 1! (X) = Gag e (X,€), 7 (X) = Gopaec (X, E2), for every X € ¥ (TH).
d) f2+ f =0, rank(f) = 2n—2;
€)™ (€g) = 85, [(€a) =0, 9" o f=0;
1) £ (X) = =X +7' (X) & +7 (X) &, X € X (TH),
g) The Riemannian metric Gz p . q verifies:
Caace (fX, fY) = Coapee (X, Y)=0' (X)7n' (Y) - 7 (X)n* (¥)
for every X, ¥V e X (’:ﬁﬁ’) , Where

_y 8 _ 1 I TP T
'Si 'E‘z_c ayi_cg:l ﬂ_Fz dﬂ:} ']?_Fﬂd‘y

and f [X:' = q’ula.c.c"‘ﬂ‘l {X}&g ‘_T}E{X](fl1 XeX (TM)

e

_y 8 _
El_a gzt
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