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Noether Symmetries for 1D Spinning
Particle

Mircea CRASMAREANU

Abstract. In this paper we obtain five Noether symmetries and corre-
sponding Noetherian first integrals for one-dimensional spinning particle. Only
the first from these Noetherian conservation quantities was previously known.
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The aim of present paper iz to obtain some Noether symmetries for classical spinning
particle. To this purpose, let us recall the theory of Noether symmetries for higher-order
Lagrangians,

In our study we treat only one dependent variable. This is for purposes of clarity
because the case of several dependent variables is obtained by the inclusion of appropriately
positioned indices. The general results will simple be stated. An interesting discussion
appears for the 2D case; see [2].

Let L = L(t, ¢!, ¢!V, ..., ¢"®) be a Lag‘rangmn of order k with usual action integral

il d® a &
A = [ Ldt where g\ =g, gt = Eq, oo giE = d-’tq Let S = T +ﬂEE be a given vector
field which yields the infinitesimal transformation (fow):
t=t+4+er, F=g+en (1)
- e w e df d¥F . .
e new Lagrangian will be: L = L[ 1,7, Et,-,,. ; th:k— and the corresponding action

= | Ldt.

1{1 the following, we adopt the approach of [8] (see also [5]); another way to obtain a
MNoether-type theovrem in higher-order mechanics, based on higher-order energies, appears
in [7] for the autonomous case (ie. independent of time Lagrangians) and in (1] for the
time-dependent case; also, for & non-Noetherian way to obtain first integrals for higher-
order differential equations see [3]. Namely, 5 is called a Noether symmetry if the action
is invariant by the flow (1) of S ie A= A This is equivalent with the existence of a
function f, usually called gauge (or boundary ferm in Noether's original work), such that
the following Killing equation holds ([8, p. 224 ‘225}}

& N P
S =Lt :r Ze;&q{t} (2)
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where: By=
dén dr
B = s =
T (3)
dE'_l dr
e e Y CL
“=w T w

In this case the fun::ti-:m'

g=01i=3+1

iz a Noetherian first integral.
Let us treat in detail the particular case k = 2. The Killing equation becomes:

df _dr, 6L 0L d,'-r; {1) dry 8L cF-rjl (lll d*r @ dry 8L
il v s Tlam — @ N g ) agm O
and the Noetherian first mtegral

F=f~7L—-(n-g" :'TJ [""qTﬁ (aif.;})} [% —9'{1}%_ - q{z}fjl aif;}- (6)

Example: the spinning particle
After [6, p.41-47], the Lagrangian of classical spinning particle is of second order,

namely:
1 2 1 2
= [oADY) _ = [4i2
L=5(a) -5 («?) (7
with the Euler-Lagrange equation:

¢ +g® =0 ®

(For a detailed discussion with historical arguments see [13]). The two-dimensional case is
also very interesting from the point of view of Noetherian symmetries, el. [2]. The Killing
equation (3) is:

% = %Lnr g™ ({g - g — dT) - g® ( q“:'i . 29”’%) (9)
and the Noetherian first integral (6) is:
F=f-71L- (’-’i‘ - q':”"r) (q + qm) + {% - q{”% ~ q':s}'r] g% (10)
Looking at some calculations for harmonic oscillator from [4] we obtain the following
Nosther symmetries:
() S = g (11)
with the gauge &'} = 0 and the Noetherian first integral:
£ = % (qm)’ _ % (qm)* +qg® (12)
which is exactly the energy (or Hamiltonian) of the Lagrangian (7), cf. [6, p. 41-48].
(i) Sz = cost— (13)

dq
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with the gauge (73 = costg'l) and the Noetherian first integral:
Fo =g sint + ¢'* cost.
d
(i) - T
1 =8t Ba
with the gauge G'3 = sintq‘!’ and the Noetherian first integral:
Ty = q{ﬂ:' cost — qu) sint.
{iv) Sq =mzx§t—+q{‘?mszz-§—q
with the gauge:

Gy =sin2¢ (( (2})2_é( )2 ( ,:3}) +2¢(0 g2 — ¢i0g {3})

3
+cos 2t ((qcxj) (qm) + 200 g® 4 Mgl 4 o) 3)
and the Noetherian first integral:

Ty = ( (q{zy) (q{SJ) ) ain 2t + g ¢®) coa 2t

(v) 85 = cos tﬁ ~ 'V gin 2t—
with the gauge:

Gs = cos 2t ((qw})* _% (qm)“_ % (q{s:u)“ 1+ 240 _ qmqm) +

4-sin 2 [ — (qm)“ + (@)’ — 2@ — g sznqcan)
and the Noetherian first integral:
Fg= % ((q'm) g (q':a:') 2) cos 2t — ¢'* g% gin 2¢.
Let us point a commeon expression for last two cases. Namely, setting: .
A= A(gM), ¢, ¢®) = [qu}}“ . (qtz‘,ﬁ)“ +2¢Wg® + gVg@ 4 gD g
{ B =B (qW,q¢®,q¢?) = (¢@)* - % (¢)* - % (¢®)? +2¢1g®

it results:
Gy = Acoe2t+ Bein2t, Gs= Bceos2t— Asin2t
and denoting:

C=C (qff*}, qfal) =¢®g® D=D (qm} qm) ( ( {2}) ( q.:a))“)

we get:
Fy=Ccos2t+ Dsin2t, Fy= Decos2t— Csinli
Also, the relations (14) — (16), (24), (26) have the matrix form:

_?'-2 _ {3} (2 cost —gint I
(FE)_({I 4 ) sint cost (14')
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(14)
(15)

(16)
(17)

(18)

(19)

(20)

(21)

(22)

(23)

(24)
(25)

(26)

- (16')
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Ga \ _ cos?t —s5in2t

( s ) = a0} Bin2t cos2t ) (24)
Fa \ _ cos 2t —an i
Fy ) = (AR sin2f cost (267)

and it's amazing the "birth” of Lie group SO (2) = 5" through the trigonometric matrix
from the RHS of these equationsl
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