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Generalized Lagrange Spaces Derived
from a Finsler - Synge Metric

Valer NIMINET

Abstract. The Finsler- Synge metric may be thought as a deformation of
a Riemannian or a Finslerian metric as in [1]. Such a metric does not reduce
to a Lagrangian one and in fact it belongs to the class of generalized Lagrange
metrics as these were presented and studied in the book [2] by R. Miron and
M. Anastasiel. The geometry of this generalized Lagrange metric is influenced
by the Finsler space that it deforms. We study mainly the case when the said
Finsler space is locally Minkowski,

1 Introduction

In a recent paper, [4], Singh U. P, studied the generalized Lagrange spaces, shortly

(' L—spaces, GL™ = (M, gi;(z,y)) with the fundamental tensor
@i (%, 4) = 7i(z,0) + (L P)wavs, v =vi;(z 00y, (1.1)
where M is a smooth manifold and «;(x,y) is the fundamental tensor of a Finsler space

F" = (M, Flz,y}).
He investigated these spaces in the cases when F™ is a locally Minkowski, Landsberg

or Berwald Finsler space.
The case when +;;(x,y) do not depend on the directional variable, that is when the

G L—metric (gi;) from (1.1) reduces to
gi5(2,y) = 7i; (=) + (1/Phwyy,  we= (=)0, (1.2)

was studied by B. Miron and T. Kawaguchi, [3].
The same authors consider in the excellent paper, (3], the G L—metric

1 )
9z, u) = v;(z) + (1 - w) Wil W=l (1.3)
where the function n > 1 is the so-called refractive index, It is obvious that for

1 1
ﬂ_ﬂ- =1- L':_91 (1'4}
the GL—metric (1.3) coincides with the GL—metric (1.2).

Let Vi(z) be a local vector field on M and Sy : M — TM be the local section,
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The restriction of the tensor field g;; from (1.3) to the image of the mapping Sy gives
the Synge metric from the Relativistic Optics:

gig(z, V(z)) = ’T"j(ﬂ + (1 - m) Vivy, Vifz) = Tej{i'}vj(ﬂ- (1.5)

This fact shows the importance of the G L—metric (1.3) for Relativistic Optics,
On the other hand, R. Miron and M. Anastasiei extended (see Ch, XII of the book [2]}
the GL—metric (1.3) to a Finsler - Synge metric

1 .
Gij(x,¥) = 1ylz,y) + (1 - m) Yili, W= vlTuly, (1.6)

where v,;(x,y) is the fundamental tensor of a Finsler space F™ = (M, F(z,y)). This reduces
to the GL—metric (1.1} if the condition (1.4) holds.

In this paper we extend the results from Singh's paper [4] by studying the GL—metric
(1.6} when the Finsler space F™ is a locally Minkowski space, Moreover, in the last section
we replace the nonlinear connection with a new one and discuss again the case when F™ is
a locally Minkowski space.

2 Preliminaries

We recall following the book [2] by R. Miron and M. Anastasiei some facts regarding
the GL—metric (1.6).
First, we have

. 1aF?
Yi = Yylmuy = 2o (2.1)
lyll? == w* = F=. (2.2)

The contravariant tensor field g*/(z,y) has the form

" 2 1 1 .
L% m!‘ _ A7 I| _— 1_ t9 3’ 2_3
P =1 - s (1= 7 ) VY (29)
where 1

a(z,y) =1+ (1 - ﬁ) F?>1 (2.4)

The 'L—metric (1.6) i& not reducible to a Lagrange or a Finsler metric,

We postulate, as R. Miron and M. Anastasiei have done, that the GL—space GL™ =
(M, gij(z,v)) with the GL—metric g;;(z,y) given by (1.6) is equipped with the Cartan
nonlinear connection N of the associated Finsler space F™. Its local coefficients N}(x,y) are
given by

i oy _ 1870
Ni(zy) =5 YR (2.5)
where i = Vi(z,¥)y* and vi(z,y) are the Christoffel symbols constructed using

Yig [:n,y].
The autoparallel curves of IV coincide with the geodesics of F™.
Let us consider the basis adapted to the horizontal distribution /¥ and to the vertical



GENERALIZED LAGRANGE SPACES 35

distribution V" on T M :=TM 0.

This is (%, %), i=T,7 with
i 8
Pl —*"”’ff'%y}“- (2.8)
The dual of this adapted basis is (dz*, 8y'), i =T, n with
fy* = dy' + Ni(z,y)dz’. (2,7)
The geometrical objects
G = giyds’ @ dz’ + gi;(z,y)0y' @ 6y, (2.7)
8 .4 . B
F=—ss@di+ oy, (2.7)

determine an alnost Hermitian structure (&, F) on Ty M.

It depends on 7;;(x) only, hence on the nature of the Finsler space F™, The linear con-
nection [) on TpM with the properties: DG = 0, DF = 0, (hh)h—torsion and (vv)u—torsion
vanishing has the local coefficients

. 1 . (dgu 55‘ _ Ogjk
| S | J
Liw =39 (&:rﬂ +Fek " B )
(2.8)
ci = Loio (80 | 8955 Ogu
jk = Qg i Bk By )
This is the canonical metrical connection of the G'L—space
GL" = (M, giy(z,y)).
By Theorem 4.1, Ch. XII from [2], this connection has the following coefficients:
. 0 X D, 1y )
Ly = Fly+ [\, Ch=Cly+Cl, (2.9)
Ik
i 0. o,
where CT'(N) = (F},,C},) is the Cartan linear connection of F™ and
' ih i ih i '
A=d" N\ Ch=a"C"ne, (2.9
ik Fhk
with
g i )
N\ = —uvigs + g — v
ik (2.10)
(1;, Ju du
ik = = | Wl T +L'ﬂ.-'_ryau Y yw*_éﬂj '
1 T

The above facts will be used for studying the GL—metric (1.6) for " a locally Minkowski
space.
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3 The case when F™ is a locally Minkowski space

In this case around every point u = (z,y) € ToM = TM \ 0 there exists a system
of local coordinates in which the function F does not depend on (z'). In such a system
of coordinates, the metric 1:"}'*-3-} depends on (y*) only, the Christoffel symbols vanish and
so the coefficients of the nonlinear connection vanish, too, If, moreover, one assumes that

. o —
the refractive index does not depend on (z*}, that is i = 0 %i = 1,n, it results that the
It

Finsler - Synge metric (1.6) has the property gm =0,
Mow we list some properties of the space GL™ = (M, gi;(y)) with

1
@iy} = vilv) + (1 = "'_'"ﬂg_{ m ) Williy i = Yy (Wl (3.1)
Propertles
17 The nonlinear connection IV is integrable.
dﬂ i

2° The autoparallel curves of IV are solutions of the differential system o = 0.
3" The refractive index is fi—covariant constant, that is

an

— =1 3.2

=% =0 (3.2)
4° If the optical medinm is nondispersive, i.e. @ = ({}, then the refractive index is constant,

§° The canonical metrical connection CT[N) = {L};G, '_,;:‘;G:I has the coefficients

. . 0 1.
L_:iﬁ: =0, G}k = G‘jk -+ G*j-k, {33]
0 . G3F? L
with C¥jp = ifi‘xm and Ct 3y, from (2.9°), (2.10).
d?xt dy*
6° The h—paths of the space G L™ are solutions of the differential system r Sa a, 5 =0

7° The v—path of the space GL™ in a point xp € M are characterized by

. dey &
p=af, T4 [+ )| L <o,

8% The Finstein equations of the space GL™ reduce to
1 .
51,_.1-. - ESQ'{_,‘ = ET:;Ji and T;l.; =10,
We refer to Ch. X in [2] for the general form of these equations.
9° The h— and v—electromagnetic tensor field F; and f;; are as follows:

Fy=0, fy=—u)F() (y;, = yi%), uly) = —
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and the following generalized Maxwell equations hold:
Figle + Fseli + frsls =0
For the general electromagnetic tensor fields we refer also to Ch. X in [2).

4 The case of a new nonlinear connection N~

Recall that we postulated that the GL—space with the Finsler - Synge metric (1.6) is
equipped with the nonlinear connection N with the coefficients N} given by (2.5). This
nonlinear connection does not depend on the refractive index nix,y). In order to involve
also the function n(xz,y) at the nonlinear level we replace N with a nonlinear connection N*
of local coefficients _ _ .

N{* = N — a(z,y)d;, (4.1)
where a is the function introduced in (2.4},
Then we have

Theorem 4.1. The autoparallel curves of N are solutions of the differential system

a1

i ) . ) da \
% +YlE )y = a(z,wly’, v = -y (4.2)
Proof. The autoparallel curves of N* are solutions of the differential system
i ) i
&'yt dy' o e o det

a a4 a0 YT dr
By (4.1} and (2.5) this reduces to (4.2), g.e.d.

Theorem 4.2. The metrical N'—linear connection CT(N") = (Lj},C}{) has the coeffi-
cients _
.rjkmLk'i‘ﬂ-G;k, er---f:n i {43}

Proof. The said coefficients have the same form as in (2.B) with :j‘% replaced with

5—2—; = Eg-; - N:Jg-;é\—k The second formula in {4.3) is clear. The first follows by a di-
rect computation using (4.1).

1 L
Now is again of interest the case 1 - — = —.

Also, it is of interest to review the case when F™ is a locally Minkowski space now when
N was replaced by N*, We have (assuming that n depends on y only} the following

Properties
1 gi; depends on (y*) only,
2° the nonlinear connection has the coefficients N}* = —a(y)d;,
AN ang da da

o By of the form E_ﬁf = dp = ﬁy 5; pd

3% " has the weakly torsion t;}: = i
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51 Nﬁ:; 51:N;1;
dxk dad

5° N* is integrable if and only if 3} =0,

4° The curvature Rj} = of N* takes the form Rj} = —at}},

da

6° 1} = 0 if and onmly if e =0+
. Bu?
thy}' = 2{1 - '1‘.!-2). {44]
7® The autoparallel curves of N'* are solutions of the differential system
L] ) " dt
Y o' =0, ¥'=T (45)

oNy _ . 0aly)

8% The Berwald connection has the coefficients B;';,E = o ==y
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