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On Semi-Symmetric Conformal Metrical
d-Linear Connections

Monica PURCARU and Mirela TARNOVEANU

Abstract. In the present paper starting from the notion of conformal
metrical structure in the cotangent bundle, we define the notion of conformal
metrical d-linear connection with respect to a conformal metrical structure
corresponding to the l-forms w and & in T M. We determine all conformal
metrical d-linear connections in the case when the nonlinear connection is arbi-
trary and we find important particular cases. We find the transformation group
of these connections. We study the role of the torsion tensor fields T and 3 in
this theory, especially the semi-symmetric d-linear connections, and the group
of transformations of semi-symmetric conformal metrical d-linear connections,
which preserve the nonlinear connection N, and its important invariants,
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1 The notion of conformal metrical structure in the
cotangent bundle.

The geometry of the cotangent bundle (T7M, 7, M) has been studied by R. Miron,
S. Watanabe and S.Ikeda in [9], by K. Yano and S. Ishihara in [11], by Gh. Atanasiu and
F.Klepp in [1], by K. Miron, D. Hrimiuc, H. Shimada and S. Sab#n in [§] ete.

Concerning the terminology and notations, we use those from [7)].

Let M be a real C£°°-differentiable manifold with dimension n, (T* M, 7%, M) its cotan-
gent bundle,

If (x*) is a local coordinates system on a domain I7 of a chart on M, the induced system
of coordinates on m* (U} is (=, p;), (i=1,..,n).

Let N be a nonlinear connection on T M, with the coefficients N;;(z, p).

We consider on T M a metrical structure G

G(z,p) = gij(z, p)dz’ @ do’ + 3z, p)dép; @ dp;, (1.1)

; 4 a i,
where {dﬂ:‘, 5?1’}1 (: = 1-:-":'”'] is the dual basis ‘:"f (El E)i and (g'l_'?{:rrp}:l ﬁﬂ{xap}} is

a pair of given d-tensor fields on T M, of the types (0, 2), and (2,0) respectively, each of
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them symmetric and nondegenerate,
We associate to the lift & the Obata operators:

N , 1
05 = 5(585 — 9u3g™), QU = 5(807 +ga39™), |
1.2)
e - i R
5005 = 3:58"), % = 5{5,55 + 85397 )-
Obata's operators have the same properties as the ones assoclated with a Finsler space (7).

Let S3(7" M) be the set of all symmetric d-tensor fields, of the type (0,2) or (2,0) on
T*M. As is easily shown, the relation on Sa(7" M) defined by (1.3):

(@i ~ big) & ((3) Ma,p) € F(T"M),  ay;(z,p) = =Py, p))
(3~ B) & (@ ule.p) € FT' M), 39(z,p) = H=D5(3,p))
iz an equivalence relation on Sg{T™* M).

Definition 1.1. The equivalence class: G of Sp(T*M)/.. to which the metric tensor field
& belongs, is called conformal metrical structure on T°M

Thus:
G = {G'| G};(z,p) = #*®Flg,(x,p) and G'¥(z,p)= =P (z, p)}. (1.4)

(1.3)

2 Conformal metrical d-linear connections.

Definition 2.1. A d-linear connection, D*, on T*M, with local coefficients D*T(N) =
H. H. ’,C-'”‘ C, 3\ for which there exists the I-forms w and & in T*M, w = wdz’ +
E Jk ik 1 i
widpy, @ = @zt + w'ﬁp; such that:

{ ig|k = 2wWkGijs Gi ﬂk = gﬁ»’k.ﬁ‘i_:‘:

2.1
Q k= = ¥, g‘-JIk = 2""' E‘j o

where | and I denote the h- and v-covariant derivatives with respect to D", is called con-

formal metrical d-linear connection, with respect to the conformal metrical structure G,
corresponding to the I-forms w, @ and is denoted by: DTN, w,&).

For any representative G' € G, G' = gj;(x, p)dz’ ® do? + §' ¥dp; ® dp, we have:
Theorem 2.1. For g';; = e*rgy; and §'Y = e* Y, o conformal metrical d-linear connec-
tion with respect to the conformal metricel structure G, corresponding to the I-forms w, @
in T*M, D'T(N,w,&) satisfies:

E il = 2w I:g ijr 9 ;7|k 2u" kgr;_g:
§' =20, |k = 20 Y

where w' = w4+ dX and &' =&+ du.
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Since in Theorem 2.1 w' = &' = 0 is equivalent to w = d{—A) and @ = d{—p), we have:
Theorem 2.2. A conformal metrical d-linear connection, with respect to G, corresponding
to the I-forms w, @ in T*M, denoted by: I'T(N,w, @), is metrical with respect to G' € G,
i.e. gr’l-l-”= =g k=g "‘1”: =§' %% =0 if and only if w and @ are ezact.

_We shall determine the set of all conformal metrical d-linear connections, with respect
LA a 8 p_ B
Let D*T(N) = (H';,,, H‘_im,C“J-i‘, G“j,‘} be the local coefficients of a fived d-linear con-
nection on T*AM. Then any d-linear connection, %, on T°AM , can be expressed in the

form: -

o
Niz = Niy — Agj,
. o LS ;
Hfji: = Hlji: - A;kt}"j‘ — B‘J‘m
1] a
HP = HS + ApC" — B,
J I..kl utk+ ey 1 k {213}
(irz'jk — C;’jk . Dijkl
o
{jt Ik G{j-" _ Di.‘f""‘
A, =0,
\ ij|k

where (A4,;, B*jk, Bj, ﬁ"j", D, 7"} are components of the difference tensor fields of D*T'(N)
00
from D*T(N), [3].

0
Theorem 2.3. Let D" be a given d-linear connection on T M, with local coefficients
00 o 0 0 o
D'T(N) = (H‘jk.H‘jk,G"j’*,U;'k}, The set of all conformal metrical d-linear connections
on T* M, with respect to C?, corresponding to the 1-forms w and &, with local coefficients
' - NG LN LT .
D'T(N,w,@) = [Hfﬁk,ﬂ"jk,ﬂ"jk,ﬂiﬂ } is given by.
'y a
N{j = i"'ir"j = X;J',
. 0 S, of N
Hij},- = H‘jk + Xﬂkgj + Eg"':g . M 2wrges + gri| Xi) + ﬂ,‘,:;jjf";k‘

1|

0 o ol
L Ly . o N
Hijl.' = t'-?i: + XmC{J‘ — —g;,{yr'ﬂ — E{A.F,I;g'rj + Qr‘Tl Xﬂr} - EI::J‘XW: ke
P [k 24
3 (2.4)
=i ke 2 g, L o* i ir Trm k
Oy =05+ 79 Tgrgl = 207 ges) + YT
a k
- s | G = m "
C{J = cij B Egﬂ'(gﬂ! — g J} + ﬂ{r LS
X o =0,
L ik

0
. 0
where: w = widz' + w'dp;, @ = ade’ + O'8p; are two arbitrary I-forms in T*M, | and I
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0 P R — 5
denote h- and v-covariant derivatives with respect to D*, and Xy, X%, X1, ¥ *J-"’, Y i
are arbitrary tensor flelds on T M.

Particular cases: _
X=X, =X =Y} =X, 7% = 0, in Theorem 2.3 we have:
0
Theorem 2.4. Let D* be a given d-linear connection on T° M. Then the _,I"E.Haw-iny d-linear
connection K, with local coefficients K'T'(N,w,0) = {H‘Jk,Hf,,,C*jk,C{j ) given by (2.5)
is conformal metrical with respect to ¢, corresponding to the I-forms w and &

o oo
.H"J.k }'—j‘"l:}_?‘.1 + Eg {grok — Jw;:gfj:},

o
PR I T
H =HJ - Eyir{ﬂfrﬂ — 20xg™),
{ e (2.5)
ai B L. P
Ch = C‘f + 59‘" (grj| — 267ges),
i o

0 :
C;¥* = 0% - 35| —2*59),

i
0
where | and | denote the h-and v-covariant derivatives with respect to the given d-linear
0 , . _ -
connection, D*, on T"M, and w = wids® +w'dp;, @ = dndz' + @' 8p; are two given 1-forms
in T" M. x
If we take a metrical d-linear connection as D* in Theorem 2.4 then (2.5) becomes:

Hijjr — H‘jﬁu _— ﬁ'}uk,
a

HP = B2 + 8,

ik ik ik IIZ.E:I

1]
Gijk = G‘jk - 6;5‘.Jk:

1] .
. L
| €, =C/ " + slok,

1] -
Ag an example of D* we take the canonical metrical d-linear connection of G, D", given
by: N

& l . JQ;,W‘ 80rk [55'_1'!:
1 2o —
Hgw = i (Ex"’ ézi bz )
o AN 1. (5@""1‘ N . N -1 )
B === _ 5 e e kg )
) =y T \EE e o 27)
C_f‘i_k lgir ag.'j"
4 2 O
c =g a—rk 5”;,1'&
Géjkr_%ﬁir ("3? + a _ q )_
L 'k afjj 33'31-
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Theorem 2.5, The following d-linear connection W*, with lveal cogfficients W"I‘{P:? B =

w w W o
(H%s H‘;k, G"j"‘, (&4 '1’:] is conformal metrical with respect to (3

fow 1 . ﬂg Stk ﬁg e : )
L L ol Rl )] - —
i =30 ( iz ok - b ) gl — o,

o 1 B 5@_7'1- ﬁgrﬁ: d‘ﬁjk
Hijﬂ: = —5 i (

= = ) tosh .51
& £,
s 1 . ﬂgr 5'5?«-1.-, 35' E i ’
ik = Zgir 3 o — il - Fhk
=3 (o op;  op )
we 1. [a8g eyt et - o n,

where w and & are two given I-forms in T" M.

Finally, if we take a conformal metrical d-linear connection with respect to @ (e.g. W*)

[t
as D", in Theorem 2.3, we have:

a
Theorem 2.6. Let D be a fived conformal melrical d-linear connection on T M, with
[ 0 a

0 0 0 o

local coefficients: D'T{N,w, @) = (H ‘jk,Hi’k,G’fﬁ",C?{”“]. The set of all conformal metrical
d-linear connections on T*M, with respect to 3, corresponding to the I-forms w and &,
with local coefficients: D*T(N,w,&) = {H*'j,‘, ﬁfi‘?;;?(?";",ﬂ'{jk] is given by
¢ 0
N‘Ij = Ni_;l' - Xijl

a o .
'y = Hyy + (O3 4+ 685 ) Ko + 035, X,
- 1 D : [. : | - 1
Al = B+ (O +6'8)) X + IR,

4 ) (2.9
ok R ir Trm k
CF=C0 4+ Q7Y™
0
G * = + QY
% 4 “¥gr S 2
X [ U,
l. if| &
) . . w L} 0
where w = wids® + a'dp;, & = dydr® + OY8py are two arbitrary I-forms in T'M, | and I
0 : go 3 @
denote the h- and v-covariant derivatives with respect to D*, and Xy, X%, XY ‘j",

Y;?* are arbitrary tensor fields on T* M.
If we take X;; = 0, in Theorem 2.6 we obtain:
0
Theorem 2.7. Let 0° be o fived conformal metrical d-linear connection on T™M, with

0 0 R o & B
local coefficients: DTN, w,&) = (H ‘jk,II;'HG‘j’“,Gfk}_ The set of all conformal met-
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rical d-linear comnections on T*M, with respect to G, which preserve the nonlinear con-
nection N, corresponding to the 1-forms w and &,with local coefficients: D'T'(N,w, @) =
{Hijk,Hi‘gk,C”'jk,C._-Jk} is given by:

.

=

i o ir m
H_'_I'i:_-H_fk-l_ jX ke

. _’u . . -
Hiy = Ho + 7 X, T,

. (2.10)
R
Cik = OUF + Qi Y™ F,

0
| Cijk — C.:-'Tk + ﬁr:a'ymrn:.
where X'y, X, 1, Y 5, Y, ?* are arbitrary tensor fields on T* M.

3 Some special classes of conformal metrical d-linear
connections.

‘We shall try to replace the arbitrary tensor fields X ‘j w Y 9 in Theorem 2.7 by the
torsion tensor fields T*J- Fc,.E'i"""".
We put: y
™ ijk = E.‘;’ir {ﬂrhT h_-;i.i: - thT hr?c + gkhThjr}l
; . , . 3.1
81 = S0 S, - TS S, ). o

Theorem 3.1. Let T%, and 5, & be two given alternate tensor fields and let w, @ be

two given I1-forms in T*M. Then there ezists a unigue conformal metrical d-linear con-

nection with respect to G, corresponding to the I-forms w and @, with local coefficients:
i N =) = = F '

D'T(N,w,®) = {H‘jk,Hi"k,G‘j’“,Gfkj, having T*,, and S; 7% as the torsion tensor fields.

It is given by

i . w a

H‘jk = _1’17"3.&I + T"‘jk,

ﬂ;'i == Eijic’ a5

Gik — (:-;I_.l: (32)
F] i

w
ik ik ik
C‘i o — G‘J + S'i_ ! ]

.
aur aul w w

where WT(N,w, @) = Hy, B, CUF,C7" | are the local coefficients of conformal met-

rical d-linear connection given in (2.8).

Definition 3.1. A conformal meirical d-linear connection on T M, with local coefficients

D'T(N,w,&) = (H "'j - E‘.ﬂk,cgﬁ,cﬁ‘“} is called serni-syrmetric conformal metrical d-linear
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connection if the torsion tensor flelds T“jk and S, % have the form:

%= 2T 1{T}5h - Tkﬁ;-l
1 (3.3)

g% =
. n—1

(5 96F — 8 *4),

where Ty =T, and S 7 = 5,7
w
The conformal metrical d-linear connection W™, with local coefficients W*'T'(N,w,&) =
w _1.!.' . _’l.l! W
HYy, A7, Ck 07 | given in (2.8) is considered as the semi-symmetric conformal met-

rical d-linear connection, with the vanishing %- and v-torsion vector fields.

Putting:
1 o 1 ;
Uj:ﬂ-—]_Tj’ aﬂ:n-—lgir (3.4)
then (3.1} become:
T = 2o, 8, = 207 59

Using the Theorem 3.1 and the relations (3.5) we have:

Theorem 3.2. The sel of all semi-symmetric conformal metrical d-linear connections

with respect to e corresponding to the I-forms w and & in T"M, with local coefficients:

D'F{;J,w,cﬁ, F,8) = {Hij-,c, Hi'irciji', Cijk}, is given by:

= .
HYy, = Hy + 2050y,
A3 =i,
ik ik (3.6)

w
Mk . Hk
Ok = OUF,

a I
| " =c" + 200t
ar ! N, 2o w &
where WT(N,w, @) = (H}k,Hi’k,G"j’ﬂC'ﬂ are the local coefficients of an arbitrary
semi-symmetric conformal metrical d-linear connection, W=, given in (2.8) and o = gdz® +

d‘iﬂp;, & = Fydz' + 5'dp; are two arbitrary I-forms in T°M.

4 The group of transformations of conformal metrical
d-linear connections.

We study the transformations D*T(V,w, @) — D*T(N, ', &) of the conformal metrical
d-linear connections with respect to .

00 . -
If wereplace D*(N'} and D°I'(V,w, @) in Theorem 2.3 by D*TU'({N,w,w') and DT (N ,w', &'},
respectively, two conformal metrical d-linear connections, we obtain:
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Theorem 4.1. Two conformal metrical d-linear connections with respect to G, D* and
De, urs'mlfum:! coefficients D*T'(N,w,&) = {H‘ik,ff;’;ﬁ,ﬂ“f,ﬂijkj and D*T(N,w'\&") =
(H ijh,ﬁijk,ﬁjh, E_J'ijkj respectively, are reloted as follows:
[ Ny = Ny — Xy,
HYy = Hiy + O Xue — 85p), + 80 X + Q5 X0,
By = B+ O X+ 85, — 80 X+ X5,

Boooa . . (4.1)
Fj —_ C'J-k _ E;P kg n;;yark:

G, =% +alp* + Oy,
Kije =10,

where p' = w' —w, §' =& — &, w = widz® + w'dpy, @ = Dida’ + G fdps, w' = widz’ 4w p,

and @' = @lda* 4+ &' *dp;, are given I-forms in T"M.

Conversely, given the tensor fields Xy;, X5, X1, viky, * and two given 1-forms p’'

and §' respectively (p' = pldr® +p' 'dp;, §' = pidz’ +5' *dp;) the above (4.1) is thought to be
a transformation of a conformal metrical d-linear connection D*I'(N,w,&) to a conformal
metrical d-linear connection D*I‘{N,_w',ﬁ'] = D'T(N,w+p",w +7). Weshall denote this
transformation by #{X;, X"J-k, kL i i_,-k Y5 jk.iﬁ‘r.ﬁi]-

Thus we have:

Theorem 4.2. The set C of all transformations t(X;, X', X, 3, V4%, Y, 7% p',5") given
by (4.1) is a transformation group of the set of all conformal metrical d-linear connections
with respect to G, on T*M, together with the mapping product:

i g ik = S A ik =
tf. ri_erJ ijk1 )'I:'-ij;p}f|l l|‘j.'!i";rﬂli.-lr :P”: PH} o tl{X;j-, thkhxliiyjk!}fi, : :PJ1 Pr] =
= (Xig + X'y, Xy X g R+ XS TP+ VR YR Y P 40" 8 457,
- We inquire about the subgroup of transformations of the semi-symmetric conformal
metrical d-linear connections,

Let N be a given nonlinear connection. Then any semi-symmetric conformal metrical d-
i =i

- - TR Bo_
linear connection with local coefficients D*F{ﬁ,w",&’,aﬂ&'} = (H‘jk,H.‘ ol g ,Gi"k)with
respect to (' is given by (3.2) with (3.5). Paying attention to (2.8) we have:

Theorem 4.3. Two semi-symmetric conformal metrical d-linear connections with respect to
= w ., T % _ W
G, with local coefficients D*T(N,w,&,0,5)= (H‘jm Hi’k,(?"jk, G'i'?k) and D'T'(N,w',\ &' o' ,&')=

ay ol ik
(H‘j;ﬂ, H, ;,.-('?j ,t‘:"ﬁk) are related as follows:
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E'JRI_H:rk_EIP;: kqﬂ

—_— .

H;p= 1.i:+'§jpk1 )
E.}._G“‘ J{ ™ [42}

G* = O + dip* + 20y,
where p' = w' —w, ' =0 -0, g=0"-a-p, §=8 -7 —§F, p' = pide* +p'‘8p;,
P =pide’ +5 6 pi, ¢ = quda’ + ¢*Sp; and § = Guds* + 36 .

Conversely, given l-forms p', #, g, § in T*M, the above (4.2) is thought to be a
transformation of a semi-symmetric conformal metrical d-linear connection 0¥, with local

coefficients D*I(N,w,d,0,5) = (H s B PP G, J“) to a semi-aymmetric conformal

metrical d-linear cmj.ner:t:ion D*, with local coefficients D* I"[RT g a+f o+ p g, T+

P 4d)= ﬂ‘jk,ﬁf,,,“i_rf,q J’*) . We shall denote this transformation by: t(p', 7.4, §).
Thus we have:

Theorem 4.4. The set C5 of all transformations t(p',§',9,§) given by (4.2} is a transfor-
mations group of the sel {.rf all semi-symimetric conformal metrical d-linear connections with

respect to (3, together with the mapping product:
tp'F,q.9) ct(p", 0", ¢ §) =tlp' + "0 + 5", 9+ 4.7+ 7).

This group, , ia an abelian subgroup of C and acts on the sel of all semi-symmetric
conformal metrrlcal d linear connectioms, having the same nonlinear connection N, transi-
tively.

The transformation t(p', 5, ¢,7) : D'T(N,w,&,0,8) = D'T(N,w+p o +5,0 +p +
q, &-+5 +§) given by (4.2) is expressed by the product of the following two transformations:

,j‘k:Hi _"Ei?:"kl

ik_HJJr'I_JiFJ.:
- (4.3)
C; —C"‘"—ﬁ*

G = 5’-""+6‘-‘ﬁ *,
( H“;T.k = _';Iﬁ: + Eﬂriqm

= 4 -
H;y =H1'Jkr
{ Ek—c”‘ (4.4)

C{ = Gijk + Eﬁffﬁ"

Definition 4.1. The tmﬂsfr}?’m;,ﬂan t: D'T(N) — D'T(N), of d-linear connections on
T*M, defined by (4.3) is called co-parallel transformation on T* M, where p'and §' are two

given I-forms in T M.
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Theorem 4.6. The set C§; of all co-parallel transformations, t, given by (4.3) is an abelian
group together with the mapping product.

Definition 4.2. The transformation ¢ : D'T'(N) — D*T(N), of d-linear connections, given
by (4.4) is called Miron transformation by M.Hashiguchi (2], for Finsler spaces.

Theorem 4.6. The set, &, of all Miron transformations, t, given by (4.4) is o transfor-
mations group, tegether with the mapping product.

Thus we have:

Theorem 4.7. The group C§, , of all transformations t(p',F',q,q) given by (4.2) is the
direct product of the group C}; , of all co-parallel transformations and the group Cf, of all
Miron transformations.

It is noted that the invariants of the group Cf;, will be the invariants of each of these
subgroups and reciprocally.

It is directly shown that by & co-parallel transformation (4.3) the curvature tensor fields
Ry, and S, are transformed as follows:

{ Rijkh = Riji:h - '5}?;&: (45)
5,7 =8, 1 5l ™,
where p;, ;;Sr”‘ are the components of dp’ and df', expressed with respect to D*
Eliminating p};, #* from (4.8) we have:
R"i;.ir.:f: = R‘ijkm E'ijkh = S'ijkhs (4.6)
where: . _ »
R“_-jkh = R;jkh - E‘S}Ra.s;m (47)

Stijkh — Si ikh _ Eaiils;uﬁ:h_

Thus we have:
Theorem 4.8. The tensor fields R™ jin Ond S’ij"h given by (4.7) are invariants of the
group C.

Also, we can obtain:

Theorem 4.9. The following tensor field C*, 7% given by (4.8) is an invariant of the group
Gt

ol R ia{c_’k_ {4.8)

In our previous paper [10], starting from the tensor fields:
K’-ijkh = R;jk-l'l = c-j.‘ljrlf‘fﬁ:hp
- LU Vs o {4.9)
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we obtained the following important invariants of the group of semi-symmetric metrical

Tred
d-linear connections, which preserve the nonlinear connection N, Ty, for n > 2:

{ 2 i Kgrp
-
LY i = Koo, + s {ﬂ;i (Erh - m)} ;

—rh (4.10)
kR _ o dkh 2 ik grh _ 597"
e L G ) I
where: o _
Jl::”; = K:ij-h-, S-‘k =.Sj!#j? K= g”‘.?Cjk, 8= gt,;,n;S”‘. {4.11}

If we replace these K';, and S " by the tensor fields KC* iy and 57 YT respectively,

defined by: i

K" ikn = Kljpn — ;'E;'K’:mmkh:

v kb kb 1 (4.12)
5", B S._-‘T __Hgmmkhl
)

we can obtain the invariants of the group of transformations of semi-symmeiric conformal
metrical d-linear connections on T M, which preserve the nonlinear connection N, Cy:

Theorem 4.10. For n > 2 the following tensor fields: H™ e, and M "ij"’h are inueriants of
the group C3;, of trensformations, of semi-symmetric conformal metrical d-linear connections
on T"M, which preserve the nonlinear connection N:

*1 i 2 i * K:j'-g"h
= K+ A {9 (0= 51285 ) |

v =rh [ = 3}
v dkh _ gv jkn 2 ki ((geen_ S0
MI 5 i +?].——2A’=h {ﬂ“. (S 2{71—1})}1

where: ) : ) ;
x:‘_-jﬁ; i -'t:”jilc{: S-Hs — S-i' Iﬁr-j:l K =.§rjh-‘t'jkl w __:_ﬁ_{ks'uk. [4“14}

d

Finally we give invariant of the group Cj;:

Theorem 4.11. The following tensor field is an invariant of the group C3:
* ik 2‘ L L &
& _mﬂ-,fﬂ'mm, {4.15)

where G'i‘““ is given by (4.8).
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