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On Kobayashi Dual Metric

Gheorghe MUNTEANU

Abstract. This note is a short version of a quite ample work concerning
the £~ dual of a complex Finsler space which proves to be a complex Cartan
space,

The holomorphiec sectional curvature in & complex Cartan space is done here
by L-duality. Corroborating with a result of J.Faran {[7]), we prove that the
L-dual of the Kobayashi metric coincides with the Finsler-Ilamilton Kobayashi
metric ([7, 5]).
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1 Complex Finsler and Cartan spaces

The notion of complex Finsler spaces is well-known ([1, 2, 3, 4, 6, 8, 19]), remarkable
results on it being connected with the geometric theory of holomorphic functions, Some
geometric aspects in complex Finsler spaces were studied by us {[15, 17]) based on from the
more general theory of complex Lagrange spaces.

The notion of complex Cartan space coincides with that of complex Finsler-Hamiltonian
space ([5, T]). Nevertheless, we shall use the term of complex Cartan space as is done in
the real case ([11, 12]). In a previous paper we studied the main geometric objects of a
complex Cartan space regarding it as particular complex Hamilton space. In the present
paper we analyze the extent to which these geometric objects correspond by L-duality to
some objects from a complex Finsler space. Some of the results are directly deduced from
the more general study of £-dual Hamilton spaces, recently made by us ([18]). Certainly, in
this particular case we obtain some interesting specific results,

In the present section the prineipal notions with which we shall work in complex Finsler
and Cartan spaces are briefly recalled.

The base manifold of a complex Lagrange space is the holomorphic bunale T of a
complex manifold M, and that of a complex Hamilton space is the dual holomerphic bundle
T"" M. Next, (z*,n%) 41, Will be the complex coordinates in a local chart in u € "M and

{z"',{;_.::l‘,:_l n the local coordinates in u* € T' M.

A complex Lagrange space is a pair (M, L), where L : M — R is a regular La-
grangian, that means it fulfills the pseudoconvexity condition: det(g,;) # 0, with g;;(z,1) =
&?L/om*37 the metric tensor of the space. Assume that L is a positive function which
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satisfies the homogeneity condition L(z, An) =| A | L(z,n), ¥(z,n) € T'M — {0} and ) € C.
Then g = g;;dz'd2’ is a positive defined form and || X |.= F(z,X) for F = VL, is a
Minkowski norm. The pair (M, F') is called a complex Finsler space.

In a similar way, a complex Hamilton space (M, H) is defined by the regular Hamiltonian
H :T"M — R, with det(h") # 0, where hi* = 82H/8(;8(; is the metric tensor of the
space. Particularly, if H is a positive function, which satisfies the homogeneity condition
Hl[z,‘jg =] A |2 H(z,(), ¥(2,() € T"M ~ {0} and A € C, then the pair (M,C) with
C = +/H, is a complex Cartan space. The corresponding Minkowski norm is || w ||,= €(z, w).
Certainly, the homogeneity conditions in a complex Finsler space respectively in a complex
Cartan space produce some identities as consequences of the Euler Theorem.

In the following, for simplicity, we shall denote by E either the bundle T'M or (T'M)*,
according to the case. .

A complex nonlinear connection on E, shortly c.n.c., is a splitting of T'"E = HEBVE,
where VE = ker(dm) is the vertical subbundle, with 7 ;: E — M the canonical projection.
HE is called the horizontal subbundle., The corresponding vertical distributions are spanned

by {'&%‘} or {3%}, and these are changed with the matrix (%‘:1";) , respectively with its
inverse. The adapted frames of the c.n.c. in the horizontal distributions are of the form:

] & - 8" a 7,
gzt 4z N fnd Rl Rl ac; (L1

where NY and Nji are the coefficients of the e.n.c. on T"M, respectively on (T'M)".
A fixed c.n.c determines the decomposition ToF = HEG VE & HE & VE, and by

h,v, h,T, or by h, 1, Fl,'i‘.l', we are denoting the corresponding projectors,
In addition we require that the adapted frames of the cn.c. transform simple by the
rule:
i 929§ & 8§
52 8z gz8 0 54 87 azd
which implies that the coefficients N} and N;; obey certain rules of transformation.
By conjugation the local adapted frames on T"E are obtained. The adapted frames
on To£ will be shortly denoted by: & = 75, O = 555 or &}, = £, 8" = 3?: and their

conjugates by dg, "E}E or 8}, 8.

(1.2)

2 Complex Legendre Transformation

In the real case it is well-known the Lagrangian-Hamiltonian formalism from the clas-
sical mechanics, this being possible via Legendre translormation.

An excellent study of real corresponding spaces was done by R.Miron ([11, 12]).

In the complex case the situation is a hit more subtle and recently it was solved by us.
Some ideas have similitude with the real case for which we refer to the recent book [14].

Let us consider { M, L} a complex Lagrange space. The map & : T'M — T M, defined
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on an open set & : IF — U by
= aL .

&(z* ") = (z5,{ = @} (2.1)
is a local diffeomorphism, its matrix being nondegenerate, det(g;;) # 0. Then, by conju-
gation the 1-form C,dz* of T/* M is sent to ¢ dz* of T/ M. Thus, a system of complex
coordinates on 7" M is obtained in a chart included in [/*. The conjugate map & : I/ — {7
is a local diffeomorphism of T" M into T M.

Then, the function o
H=(m'+(H' - L (2.2)
locally defines a regular Hamiltonian on M.
Definition 2.1. The local diffeomorphism @ x © is called the complex Legendre transfor-
mation.
The inverse =1 : U* — U, @7 1(z%,,{,) = (29" = %}. determines a Lagrangian

structure L = (' + (7 — H and we have 42 = — 2L

Usually, by "*" will be denoted the image by & of various geometric objects and by ="
their image by . The properties obtained by & or by ! are said obtained by L—duality,
and these are locally valid if in addition it is not required something else.

Proposition 2.1. ([18]) By £—duality we have:
(™) =A™ ; (him)® = gim (2.3)
The tangent map d® sends the frames {-B%;,B—i;,g’%;,-a%r} into {{E;L,}‘, EEET}':EE%F}”
(337)"} and therefore the £—dual of the adapted base {35 = 32 — Nj 52} will be {(5%)*}.

In [18] we prove that there exists a unigue way such that {{E'.E'l']'} are adapted frames of a
c.n.c on (M, H) and hence, locally, it spans a horizontal distribution H7T"* M

Theorem 2.1. ([18]) There exists only one pair of cn.c. on T'M and on T M respectively,
which correspond by L—duality:

; - 8L 8 H
P ghi o ) —— .
Ni=g 55 and Nj; bk 975, (2.4)

These c.n.c are important in our study because the brackets of their adapted frames are
[6,8k] = 0 and [8},85] = 0. In the next, everywhere will be used only this pair of £—dual
C.7.C.

We shall make an important change of frame E%" = h‘EE'L:: Then we have;

Proposition 2.2.1) (35)" = ¢7r; (32) = 305 (F2)° = 4% ; ()" =4

i) (def)* =d*z ; (8n')" = &¢" = W8, ; (d*2')° =d2*; (6¢°)° = oy
iii) {f J and J* are the complex structures on ToM and on T5M respectively, then
@7 =%; @ =v; () =h; (B) =h
¥ & LR _ L]
(Ju)* = —Ji ; (JO)* = —Jb; (Jh)* = Th; (JR)" = Jh
) (X"} =X ; (fX+gY)' = f"X"+g'V"; [X, Y] = [X",V"].



66 GHEORGHE MUNTEANU

Now let us find the image by £—duality of the complex Fmslsr function F = /L. First
of all from (2.2) we get H(z -5k}| L(z,n). That means (H(z,())° = L(z,7) and conversely
(L(z,m))" = H(z,{). Then we have:

H(z,A() = H(z, :«a,?}* (L{z,2m)" =| A ? (L(z,m))" =| A | H(=z,C).

Clearly, it proves that

Proposition 2.3. The L—dual of a complez Finsler space (M, F) is locally a complez
Clartan space (M,C).

Let us consider the Sasaki lift G and H of g;; and Rt respectively the metric tensors.

Proposition 2.4. The L—dual of the metric lensor and metric structure of a complez
Finsler space are:

(9i3(z.m))" = h3(2,0) ; (G(X,Y))" = H(X",Y").

That means that the complex Legendre transformation ® is locally an isometry. The
length on (M, F), || X ||r corresponds by £—duality with the length on (M,C), || ¥ |lc=
I ¥2 e

In the complex Finsler space (M, F) it is well-known a complex linear connection,
shortly ¢.l.c, Hermitian and of {1,0)—type, called the Chern-Finsler complex connection.

CF
This is denoted by DI' ¥ and has the local coefficients:
CF

g; - 'rh;agfr*ﬂ i. Li m;‘ﬁ g dNﬁ: E'rap fﬁlagi
3 a.zj - ﬁz" = aﬂj i _gk_g (:h?ﬁ; (2'5}

oF
Let us note that IV} coincides with our canonical e.n.c from (2.4).
Analogously in a complex Cartan space there exists an unigue N* — c.l.¢., Hermitian

ce
and of (1,0)—type, namely the Chern-Cartan connection D*I'N of local coefficients :

o
o ah'm.l G’E.! 5 hrh BN'?; oC ahrﬁt
Nji = —hjm——r Gy Hyy = ~hjm— = ar;j‘. i OF = —hjm—— 7 (2.6)

Let us note again that Nj,; coincides with the canonical e.n.e from (2.4},

The study of the L—dual of the complex Chern-Finsler connection is interesting too.
We can prove that the £—dual of the complex Chern-Finsler connection is an Hermitian
connection but not of (1,0}~ type and hence it is not the Chern-Cartan connection excepting
the case when the Finsler metric comes {rom an Hermitian one on the base manifold A,

3 The L£—-dual holomorphic sectional curvature

It is known that in a complex Finsler space (M, F) there are two ways for defining the
holomorphic sectional curvature.
The first arrives to the holomorphic sectional curvature on (M, F) from the Gauss
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curvature on the unit dise & < T via a holomorphic function and is a definition at the 7'M
level.

The second is closely related to the classical definition of the holomorphic curvature on
a complex manifold and was considered by 5. Kobayashi ([4]). Let n =n*4x € T{M be a
tangent vector and {:5_'.:'1'} the adapted frame with respect to the Chern-Finsler c.n.c. Then
the holomorphic sectional curvature in a direction # is:

Krlzm) = g5y 6 (ROO R, %) (3.1)
where y = I"n) = n‘“gfﬁg is the horizontal Iift of 7 and G is the Sasaki lift of Finsler
metric. This is a definition at the TV{T" M) level. It is proved that the Gaussian sectional
holomerphic curvature is bounded upper by Kp(z,n} {[1, 3]).

The notion of complex Finsler geodesic & also very important in our theory and we
recall it in the next lines.

Let A, be the r—complex disc and u, = ]—ded@ a Hermitian metric on A, ,
which particularly contains the Poincaré metric for ¢ = —2, the euclidean complex metric
for ¢ = 0 and the Fubini-Study metrie for ¢ = 2. The equations of a geodesic & with respect
to p, are & = A (w)e®, where 4.(w) = ﬂ%ﬁﬂf

A e—segment of complex geodesic on (M, F) is defined by Abate-Patrizio ([1]) as being
a holomorphic map which sends a geodesic on A, , parameterized by arc length with respect
to g, into a geodesic on (M, F), parameterized by arc length with respect to F We shall
use for our main result the next theorem.

Theorem 3.1. ([l, p.131]) ¢ is a c—segment of complez geodesic on (M,F), c € R,
{r < +/2) | e| for c=<0), iff

Dymip™ = —Ax(p") (3.2)

G(RT(X® ™), ™) =0; YX"e HT'M (3.3)

A complex Finsler space in which the condition (3.3} is fulfilled is said to be weakly

Kishler along .
Let be S'M ={n e T'M / F(z,m) = 1} be the unit sphere bundle.

Theorem 3.2. ([, p.141]) There ezists an unique c—geodesic comples curve through (z,7)
for any (z,9) € §'M, iff (M, F) is weakly Kihler and

vT (™, ™) = cG(p™, ™) (') (3.4)
where (i) = (p”‘ﬁ; is the vertical lift of .

When the geodesic exits it is unigque.
Using the Ahlfors’ Lemma for an upper semicontinuous function a fundamental result
concerning the Kobayashi metric

Fu(z,n) = inf {% [ 3 Ay — M, holom., (0} =z, ¢'(0) = n} (3.5)

is obtained, and this result is given in a suitable form for us in Theorem 3.1.15, p.146, from
[1], (see also [6]):
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Theorem 3.3. Let F: T'M — R, be a strongly pseudoconver smooth and complete metric
on o compler monifold M. Assume that one of these equivalent conditions holds:

i} The conditions (3.3) and (8.4) for e = -2 _
ii) Kp = —4 and G(0(X", %, %),X) =0, YX"* e HT'M
iil) Kp = —4 and G(OUX™, ¥)x, %) = G(Qx, ) X", %), VXt e HT'M
Then F is the Kobayashi metric of M.

(# and £} are components of Chern-Finsler curvature and torsion, respectively).

These equivalent conditions include the fact that the indicatrix is convex and this is a
condition for the existence of minimal geodesics in the weakly Kihler case.

Now let us transfer the problem of sectional curvatures by L—duality in a complex
~ Cartan space.

We make an additional hypothesis for the complex Legendre transformation, namely
that & : 7 — U* contains in any (z,7) € I the ball §'M. Clearly, the condition "® globally
defined” is sufficiently for us, .

Let g;; be the metric tensor in the complex Finsler space (M, F) and A’ be the
L—dual metric tensor in the complex Cartan space (M,C = (F}*). A curve in a com-
plex Cartan space is obtained by the composition of the tangent map ¢' : A — T'M,
¢'(w) = (2* = *{0), 4% = %{D}}h-],n with @, and then we give the map ' = d o' :
A= ."':""M s " (w) = (2*%, (o (w))e=1,n , where 2™% = p**(0) = ®(x*)(0) and ¢, (w)) =

lga—,f:; (0) = g;;?{w]-(;“ﬂ-‘{ﬂ], with gi-(w) = (gj(w))". From the above construction it
results that h = (g)* .

On the other hand, consider the morphism I** : T"M — H(T''M) given by
I'"" = d® o I* o ®, which in any z € U send the 1—form ¢ = (dz* into the horizontal
vector I**({) = W*(;8; = ¢*8} = x*. Such a morphism allows us to define the holomorphic
sectional curvature on (M, C = (F)*) with respect to { as being

Kr-(2,0) = g B O XXX (3.6)

By L—duality is obtained a right definition of the arc length of a curve on (M,C = (F)*)
as being Ip- = [7 F*(25(t), 9;5(t)45-)dt and likewise in the complex Finsler case is defined
the notion of ¢c— segment of complex geodesic in the Cartan space (M, C).

Since torsion (T')* = T , Theorem 3.1, which characterize the c— segment of com-
plex Finsler geodesic, is translated without difficulty to the L—~dual Cartan space. The
correspondent of the second condition from Theorem 3.1 is H{AT"(X*®, o"?), =k} = 0
YX* e HT'* M and this is just the condition to be weakly Kihler Cartan space, Therefore
we have:

Theorem 3.4. In a weakly Kihler compler Cartan space L—dualoef (M, F) there exists an
unigue complex geadesic through any (z,¢) € 8'" M iff:
T ("4, %) = cH(p™* & F)I™ (") (2.7)
where " (") = Eﬂ“khkjgg'_ is the vertical lift on T M.
J



ON KOBAYASHI DUAL METRIC 69

Let us consider the £—dual of Kobayashi metric (3.3) defined on a open set in I7 which
assure its differentiability condition:

Fig(#,0) = (Pulem)" = jnf {% /3¢ B = M, (0) = ', "(0) = c}

where 2% = @("(0)) is identified with 2",

As @ is a diffeomorphism on U it follows that Fy, fulfills the conditions of differentia-
bility, positivity and pseudoconvexity [hr“‘cmf ;=0

Now, taking into account all the following reasons : i) (Kp)" = Kp-, H=(G)", ii) the
horizontal induced curvature is 2% = (01}, iv) F(z,7) < 1 implies F*(z,¢) < 1 ; it results:

Theorem 3.5. Let (M, F) be o complex Finsler space satisfying the conditions from The-
orem 3.3. If (M,C = (F)") is the L—dual compler Cartan space, then F* coincides with
F,.

Finally, let us recall that in [5], S. Kobayashi studied the following metric on T"" M :

C(z,C) =sup || £7(¢) llr {3.8)
where || f*{) ||p is the length of a cotangent vector measured by Poincaré metric on the unit
disc A, and the supremum is taken over all holomorphic functions f: A — M | f(0) = =
The metrie (3.8) is named in [7] the Kobayashi Finsler-Hamiltonian metric.

In [7], ). Faran proves by the hard technique of Cartan moving frame (the equivalence
problem) the next result in our terminology:

Theorem 3.6. Let M be a complex manifold and C o complete, weakly Kidhler, complex
Cartan space on M with strongly conver indicatriz and constant holomorphic curvature —4
satisfying the additional condition thal F™ = 0. Then C is the Kobayashi metric Cpr on
T'* M.

MNote that in Faran's work, F* = 0 mesns that some torsion components vanish and
this is equivalent with (3.7) because it is £— dual of E* = 0 from [6].

Consequently the following important result follows:

Theorem 3.7. Under the conditions of Theorem 5.5 the Kobayashi dual melric Cyr coin-
cides with the image by L—duality of Kobayashi metric Fur, t.e. Fyy = Cuy.
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