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Abstract. One studies the singular mefrics determined by non-regular
Hamiltonians on cotangent bundle and compatible d-connections with singular

metrics,
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1 Singular Hamilton Spaces SH" = (M, H(z,p)).

Let ("M, 7%, M) be the cotangent bundle of a C°° -differentiable real, n-dimensional
manifold M. If (U,) is a local chart on M then the coordinates of a point u = (z,p) €
-1 () € T*M will be denoted by (z*,p;), (i = T,m). A differentiable Hamiltonian on
T* M iz a mapping

o H:lx,p)eT'M — H(z,p) e R,

of class C* on T*M = T*M \ {0} and continuous on null section of the projection 7* :
T*M — M.
Definition 1. A differentiable Homiltonion H on T°M is said to be non-regular if the
et ij 1 EBH{Q;J y)

gizp) =5 Bp5p; (1}
has the rank n— k = 0, where k is a natural number and 00 < k < n.
Definition 2. A singular Hamilton space is a pair SH™ = (M, H(z,y)) which consist
of a smooth manifold M and a non-regular E.:_:ﬂrdn-ii’mn-mn H for which the quadratic form
W = g¥(z,p)€;£;, has constant signature on T* M.

We consider the vertical singular metric G¥ on T* M

GY (8%,8") = g" (=, p) (2)
where &' = 5{"; and the distribution ¥ given by
V1={§jEI{T'M}|§ijEj=n} (3)

Because rank(g'/) = n—k, locally there exist k linearly independent solution of the equation
g&; = 0 given by

E“:ﬁﬂ{, {(a,b,c,...= 1,k) (4)
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Let V5 be a complementary distribution to V] in the vertical distribution ¥V on T M, where
Vo is generated by n — & vector fields ¢™ such as

=i, (af,...=k+1n} (5}
Consequently, we have rank (§7 ¢%) =n and
V=taWh (6)

Let A~ = E:“) be the inverse of the matrix 4 = (£ <7). We consider the following
d-tensor fields { L _ _
—— 1 L — A
We have the relations IJ{E?FJ =5l T el W S W
B4mi=8el+m=4
B =l e®=1 m
mi =0&im=0, mi{=0&ml=0

mi=miomi=m (8)

and 1:,-, m; are locally projectors on V) and V3, respectively.
Proposition 1. The projectors Ij, m} satisfy the following relation
g9tk =0, gmf=g". (9)

__ [ ) w0
7= (5 (0
which is symmetric. The matrix 7 is not singular,
Theorem 1. The inverse of the matriz § is the matriz

Now, we consider the matrix

§'1=(f’gf ‘f{;) (11)
where the malriz §y; is uniquely determined by
Gijg" =mf, g =0. (12)

" 1
With respect to the singular metric ¢(x, p) we introduce Obata-Oproiu operators @,

2 3
&, @ ([8]): -

®,; =1 (6167 + 101 — Gizo™)
o
&y = § (6707 — B + Tsg™) (13)
g g
&, = 1 (BFm] +mll
Considering
1 1 3 2 2 3
O=b-3, O=d+d (14)
we get

1 2 a 12 21
0+0=1I, 0 =0, 00=00=0, (a=1,2), (15)
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1 |
so O and O are the supplementary projectors on the module of d-tensor fields of type (1,2),
and are expressed as

1 1 .
Oy =3 (8787 — 830F — o721 + BIFH] — Gijg™?) (16)
EW 1 o L] I3 -
0,; = s {5{“5_? + 830 4 8715 — BIFl] + Gy g™Y) (17)

2 Compatible connections with singular metric tensor
fields

Let D(N) = {H}k, Gf ) be a d-linear connection in singular Hamilton space, where non-
linear connection V is fixed. We denote with ; and with / the h-and v-covariant derivatives
with respect to D{IV).

Definition 3. A d-connection D(N) is called compatible with a singular metric g"(z, p)
if
=0, ¢9/=0, =0, L/*=0. (18)
Proposition 2. For the d-connection D{N) which is compatible with a singular metric
g (z,p) we have _ _
My =0, my/*=0, Gym=0, Fiy/*=0. (19)

In order to determine the existence of d-connections compatible with a singular metric
g*, we consider an arbitrary but fixed d-connection D(N) = (H Jﬁ,C’ } being fixed, and
generalize the Kawaguchi methed to this metric. We hava

Theorem 2. The d-connection D(N) = (H %, C JY given by

Ny =‘P_J‘ﬂ.
Hjy, = He + Vi, (20)
Cik = E}’* 4 f}:?ik
where Co1,
I'G!k = E{g rg.,.ij + 31: j.”ﬁ Jg}f' |:21;|
1. % - T
b= 2 @] + 358~ 1T, (22)

is compatible with singular metric gV (z,p), where (W;, H, E;'E]l is an arbitrary fived d-
connection.
e h ety

Theorem 3. The following d-connection 5EN )= {H ks O ) given by
o b -
Hyy = 0Ny + § (79,7, + 8018, — 1),

o - (23)
G; =~ (Fudte? + 3704 - 041f)
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is compatible with singular metric tensor g (x,p) and is called the canonical metrical con-
nection of the singular Hamillon space.

Theorem 4. The sel of all d-connection DIN) = | ;k, G’;’ } compatible with the singular
metric g is given by

" ah 1tk
cik  1df

*
{.‘-f. =U{ +DHE:J"
gt g%l

where f:l[N ) = (Hx, Cy ) is the canonical metrical d-connection and Y}, Z2* are arbitrary
d-tensor flelds.

Remark 1. f k=0, then ! =0, m =4 and § = g~ ' one obtains the case studied by Acad.
R. Miren in [6].
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