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On Totally Contact Umbilical
QR-Submanifolds of a Manifold with a
Generalized 3-Sasakian Structure
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Abstract, We obtain a clessification of totally contact umbilical QR-sub-
manifolds of a manifold with a generalized Sasakian 3-structure (¢f. Lemma 3.1,
Theorem 3.1).
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Introduction

The notion of CR-submanifold has been introduced by A.Bejancu [2] for the K&hler
manifolds, by A.Bejancu-N Papaghiue [4] for the Sasakian manifolds (called contact seni-
invariant submanifolds).

In the case of quaternionic K&hler manifolds it has been introduced the concept of
CR-submanifolds by Baros-Chen-Urbane (1], by using the decompesition of the tangent
bundle of a submanifold and the concept of QR-submanifolds by A.Bejancu [3] by using the
decomposition of the normal bundle of a submanifold. Later, the notion of CR-submanifolds
has been intensively studied from different points of view, several impartant results have been
obtained, some of them being brought together in [2]. Also some important results have been
obtained in [3] on QR-submanifolds of quaternionic Kaehlerian manifolds and in [7] above
semi-invariant submanifolds of & manifold with a Sasakian 3-structure.

Recently A Bejancu-H.R.Faran [5] have introduced the notion of generalized 3-Sasakian
structure.

Cur purpose in this paper is to study the notion of (JR-submanifolds on a manifold
endowed with a generalized 3-Sasakian structure. More exactly we have obtained a clas-
sification of a totally contact umbilical QR-submanifolds of a manifold with a 3-Sasakian

structure.
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1 Preliminaries

Let M be a (4n + 3)-dimensional differentiable manifold with an almost contact metric
3-structure (fa,£,.7,.9), & € {1,2,3}, that satisfy the relations
a) fi=—T+1, @&, b)n.(&)=48u ¢ falf)=—MlE)=¢.,
difngofo=—npofa=n, € fach-met =-ficfatn, @&=/1, (1.1)
.f} T?n{x] = g{)‘_: £a)s y} ﬁ'[:fnx1 fﬂﬂ = E{X, Y:I "'Tj'a{X}ITﬂ{Y],
for any cyclic permutation (a,b,¢) of (1,2,3), where X and ¥ are the vector fields tangent
to M, § is the Kronecker's delta. The notion of 3-Sasakian structure has been introduced
by Kuo in [7] and was generalized by Bejancu-Faran in [3]. More exactly, the manifold M
is a manifold with a generalized 3-Sasakian structure, if there exists the local 1-forms ag
so that agp + ap, = 0 and

(Vxfa)Y = (X, ¥ )0 = 0 (V)X + aap(X) fo(Y) + aae(X) felY), (1.2)

for any vector fields X, Y tangent to M, where ¥ is the Levi-Civita connection on A and
{a,b, c} is a cyclic permutation of {1, 2,3}.

Throughout the paper, all manifolds and maps are supposed differentiable of class O™,
We denote by F(M) the module of the differentiable functions on M and by I'(E) the
module of smooth sections of a vector bundle E over M. We use the same notations for any
manifolds involved in the study.

By straightforward caleulation using (1.1b)-(1.1d} one deduces that

The curvature tensor K of I is defined by
K(X,Y)Z2=VxVyZ-VyVxZ-VixyZ VXY, Zel(TM). (L4)

Theorem 1.1. Lei M be a 4n + 3-dimensional differentioble manifold with a generalized
3-Susakion structure. Then the curvature tensor fleld K verifies
a) K(X,Y)faZ = [uK(X,Y)Z + g(faX, Z)Y — (Y, Z) fa X+
+0(X, ZV .Y — g(faY, Z)X + A X, Y) of 4+ Aac( X, V) [ Z,
b) 9(K(X,Y)faZ, faW) = 9(K(X,Y)2,W) — g(Y, Z)g(X, W)+
+g(foa X, W)g(fo¥, Z) — 9(fo X, Z)g(fa Y, W) + (Y, W)a(X, Z)+ (1.5)
+ A X, V)g(Z, W) = A (X, Y)9(Z, W),
¢) K(X,Y)&, =na(Y)X —n.(X)Y + Aa(X, Y)§, + Auc(X, Y)E.,
YX,Y,Z,W e T(TM),
where Aap = 2duy + o A Qpe, are the local 8-form on M.
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Proof. The assertion (1.5a) follows by using {1.2)-(1.4) and the Ricci identity
R{X:Y].fu - fn-ﬁ"{x:}’] = ﬁxl&?fm s ﬁ'rﬁxfu - ﬁrl){,ﬂfu: AYe T{Tﬂ&}-
One deduces the assertions {1.5b) and (1.5¢) from (1.5a) and (1.2), (1.3) by direct calculation.
Next let {e;,an+j = f28j,Es = Cdnsa, } J=1,...,n a = 1,2,3, be an orthonormal
field of frame on Af, Then the Ricci tensor § on M is given by
dnd
S(X,¥)= ) g(K(e:, X)Y,6), X,Y €T(TM). (1.6)
=]
Proposition 1.1. The 2-forms Ay from the Theoremn 1.1 verify the nezt relotions
dn4-3
a) Y 9(K(X,Y)es, faes) = 29(X, fa¥) + 2(n + 1) Ase( X, ),
i=1
1.7
) Aas(X, fo¥) = Al X, oY) = Aol X, fo) = {4n+2}9{iﬂ)—-‘ﬂx,5’] n>0, (L.7)
€) Aw(X,fY) + Ape(foX,Y) =0, d) Auw(X,€,) =0, ¥X,¥ & (TM).

Proof. f weput X = W =¢;,i=1,...,4n+3 in {1.5b}, by using (1.1g), (1.6} we deduce
Am43

Z 9K (e, Y)faZ, faes) = S(V, Z) - (4n + 2)g(fY, faZ)+ 0.9

+A¢&[Y!‘ fcz} - AEG{Yl sz}! I":"IX, K Z E F{Tﬁ‘-{}
On the other hand, if we consider £ = &;, W = fpe; in (1.5b) we obtain

4n43
> (X, Y) ot fofocs) = g( (X, ¥ es, foes)) = -
= (4n +2)4:a(X,Y) ~ dg(z, 1Y) + 2, ( X, (¥) = 20,(Y)0.(X), VXY € T(TH).
By straightforward calculation, using (1.1b), {1.1e}, we infer that
4n+3
Z EQ{H{X Y}fqet fuf&ﬂi EK{X Y Ell fbﬂ }}I =
= ines
- }: K{X ¥ faﬂtrfcﬂt Q{RI:X,Y}E,;,I&E@}}+Q[R{X, Y}fc,{fﬂj = ll:l.l[]:}
i=l

4n+3
= —R E g{ﬁ’[?&', Y:Iﬂi,} fbﬂi] - QQ{R{X, Y}fnl‘ﬁc}'

i=1
Therefore from (1.5¢), (1.9} and (1.10}, we obtain {1,7a). Next, by using the first Bianchi
identity we infer that
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dn-3 4n3

D 9K (e Y)faZ, fars) = = Y (9(K(Y, faZ)es, fors) + 9(K (faZ.e))Y, fars)) =
im] tam]
4n+3
=-2)_ g(K(Y, faZ)ei, fori), WY, Z € T(THM).

(1.11)
The relations (1.8)-(1.11) imply
S(Y,Z) = (4n +2)9(Y, Z) ~ (n+ 1) Aee(Y, faZ)~
—AgalY, foZ) = Aas(Y, f:2), VY,Z € T(TM).
Thus, if n > 0, from (1.12} we infer that
S(X,Y) = (4n +2)a(X,¥) - (n+3)Aa(X, £.Z), VXY € T(T'H), (1.13)
for any cyclic permutation (a,b,.c) of (1,2,3), that prove the relations (1.7h). Next taking
into account the properties of the tensors 5, g and that Ag is a 2-form, we obtain {1.7d).
If we put ¥ = £, in (1.7d), by using (1.1le) we deduce (1.7¢). The proof is complete.

(1.12)

By direct caleulation, by using (1.1g), {1.7c) and (1.13} we deduce

Proposition 1.2. Let M be a (4n+ 3)-dimensional differentioble manifold endowed with a
generalized 3-Sasakion structure. Then the Ricei tensor 5§ salisfies

S(foX, fu¥) = 5(X,Y) - (4n+ 2)n, (X, (¥), ¥X,¥Y € I(TM)

2 DBasic properties

In this paragraph we prove some important properties of some tensor field involved in
the study. First we have

Lemma 2.1. If M is an almost contact metric manifold endowed with a generalized 3-
Sasakian structure, then there the next relations erist

a) Aa(X,£) =0,

b) Ape(X,Y) = Asa(X, f¥) = Aca( X, fY), YX,Y € T(TM).
Proof. Let us consider fyX instead of X, then from (1.7¢), by using (1.1c) and (1.7d) we
obtain the relation (2.1a). The relation {2.1b) is obtained from (1.7b) if we put f,Y instead
of Y, by using (1.1e) and (2.1a).

(2.1)

Theorem 2.1. Let M be an almost contact metrie structure endowed with a generalized
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J-Sasakian structure. Then the Ricei tensor S verifies
a) (VxS)Y, faZ) + (VyS)Z, foX) + (V2)(X, fuY) =
= —(n+ 3) (N (X) Ave(Y, f22) + 0, (Y) Ase(Z, fa X) +12(Z) Ape( X, faT)),
B) (VxS)(Y.€,) = (n+ 3)4e(¥, X),
c) (Ve S)HY,Z2)=0, VXY, ZeT(TM).
Proof. Let X,Y,Z € T(TM). By using (1.2), (1.3), (1.14a) and {1.14b) it is obtained
(Vx S)(faX, faZ) = (VX S)Y, Z) ~ (4n+ 2)(n, (V) (Vxna) 2~
“1a(ZNVxn,)Y) = S(faY, (Vx fa) 2) — S(Vx fo) ¥, faZ) = (2.3)
= (Vx8)(Y, Z) = (n+3)(0.(Y) Ase( X, Z) +15(2) Ape (X, Y))
Next, by using (1.1e), (1.2), (1.7b) and (1.7d) we deduce that
(VxS)(Y, faZ) = (4n +2)9(Y, (Vx fa) 2) + (n+ 3)(Vx Awe)(Y, Z) — S(Y, (Vx f.)2) =
= (n+ 3)((Vx Ase)(Y, Z) + Ase(Y, fu((Vx £2)2)) =
= (1 + 3)(Vx Ape) (Y, Z) = 0a(2) Abe(X, fa¥) + 0o (X ) Aac(Y, Z) — ctac(X ) Aas (¥, Z)).
Now, from the above relation we get that
(VxS)Y, faZ) + (V¥ S)(Z, fuaX) + (V2S)(X, fu¥) =
= (n+ 3)(dAse + oap A Age — tge A Aap)(X, Y, Z) = (n+ 3) (7, (X) AselY, faZ)+
0 (¥ ) Ase(Z, faX) +0,(2) Ase( X, FaY)),

which prove the relation a).
Next, by using (1.3), (1.7a), (1.14a), (1.17) and (2.1a) we infer

(VxS)(¥,E,) = (4n+2)(Txn,)Y — S(¥, TxE,) = (dn+2)g(Y, Tx&,) - SV, VxE,) =
= (n+ 3)Aee(Y, faVx E,) = (n + 3) s (Y, X),

and (2.2b) is proved.
MNow if we consider £, instead of X and f,Z instead of Z, the relation {2.2a) implies

(Ve SNV, £32) + (V1.25) (Ear faY ) = —(n +3) Ane(Y, £32).
Taking into account (1.7¢), (1.14a) and (2.2b), from the above relation we obtain (2.2c).

(2.2)

The proof is complete,

Theorem 2.2. If Misa manifold endowed with a generalized 3-Sasakian structure, then
M is n-parallel manifold, that is (VxS)(f.Y, f.Z) = 0.

Proof. First, taking into account (2.2c), we prove the theorem for X,Y, Z € [(T'M) with
(X} = 5,(V) = n,(Z) = 0. Now, we consider f;Z instead of Z and the relation (2.2a)

implies
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(V¥ 8)(faZ, fo) = (VxS)(Y, 2) + (V1. 25)(X, faY ) = 0.

By using (1.le) and (2.3), we deduce that
{ﬁx S}{},! Z} - {ﬁYS}{sz) = {ﬁrnz'g‘){xl .fnY} ==
= (V0. 28)( X, fofaY) = =(V1,25)(fY, £.2).
MNow from (2.4) we infer that
(V1.28)(f6X, 1Y) = (V5 28) (£ X, £aY) = (V1,28) (fa X, £iY). (255)

Thus, if we consider fp.X, f.Y, [ 2 instead of X, ¥, Z, respectively, by using (1.1a}, (1.1c),
from (2.4) we obtain

(V2)(X,Y) = (V1.28)(fuX, 1Y) = ~(V5,2(Fe X, fuY). (2.6)
Therefore from (2.2¢), (2.5) and (2.6) we infer the relation desired.

(2.4)

3 QR-submanifolds

Next, let M be a m-dimensional Riemannian manifold isometrically immersed in M,
and suppose that the structure vector fields £,,£;, &5 of M are tangent to M, respectively.
We denote by T'M and TM+ the tangent bundle and the normal bundle to M, respectively.
We also denote by {£} the distribution spanned by £;,£5,£3 on M. The induced metric
tensor on M will be denoted by the same symbol g.

According to A Bejancu [3], we say that the submanifold M of a manifold with a
generalized 3-Sasakian structure is a QR-submanifold, if there exists a vector subbundle 1
of TM~ such as

L)y =v;  falvt)CTM, ae{l,2,3)},

where v+ is the complementary orthogonal bundle to v in TML. If in particular 1= TM*
or v = {0}, we say that M becomes a quaternionic submanifold (see Chen [8]) or anti-
quaternionic submanifold (see Pak [9]). It is easy to see that any real hypersurface of M
is a QR-submanifold. Suppose that M iz a QB-submanifold which is not a quaternionic
submanifold. Next, denote fa(vi) by Das, 0 € {1,2,3} z € M, a € {1,2,3}. It is easy
to see that Dy., Dy, Dy, are mutuslly orthogonal subspaces of T, A4 and have the same
dimensions as the dimension of v}, We note that the subspaces Dy, a € {1,2,3} do not
define in general a distribution on M, but the mapping

Dtz D =Dy.® Do ® Da,, TEM,

is a 3s-dimensional distribution on M (s = dimwvy). By straightforward caleulation it is
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easy to see that
a) fﬂ{Dam) = L"i-:' b) fa(Dig) = Dee, ' {3.1)
for each = € M, and (a,b,c) there is a eyelic permutation of (1,2,3). We denote by D the
complementary orthogonal distribution to DY @ {£} in TM. Tt follows that the distribution
D is invariant with respect to the action of fi, fa, f3, that is fo(D) = D,e € {1,2,3}. Thus
M is a QR-submanifold of a manifold M with a Sasakian 3-structure if
T™M = D& D+ @ {€}, (3.2)

where D, {£} and D' are the above distributions. We note that D' is not anti-invariant
distribution (see (3.1b)).

From the general theory of Riemannian submanifolds, we recall the Gauss and Wein-
garten formulae

a) Vx¥ =VxV+ha(X,Y),

b) VxN=-AyX+VEN, ¥X,Y eT(TM), N e I(TM1),
where h is the second fundamental form of M, Ay is the shape operator with respect to
the normal section N, ¥V and V- are the induced connections by ¥ on 7'M and TM*,
respectively. The Codazzi equation is given by

9(K(X,Y)Z,N) = g((Vxh)(Y, 2) - (V¥h)(X, Z),N),
¥X,Y,Z eT(TM), N e T'(TM*).
It is known that if {e:} ¢ = 1,...,m is an orthonormal basis of T(TM), then the mean
curvature vector field of A, dented by H, is given by

1"1"I
H=— hieq, e).
mgfe,e}

The submanifold M is called totally contact umbilical if the second fundamental form h of
M is expressed as

(3.3)

(3.4)

3
MX.Y) =D (9(faX, faYVH +10(X)B(Y,E,) +n.(YIR(X,E,)), VXY € D(TM). (35)

a=1
If H =0 and (3.5) hold, then M is called totally contact geodesic submanifold of M.
We recall that M is an extrinsic sphere of M if it is a totally contact umbilical and has
parallel the mean curvature vector field H # 0, that is,
ViH =0, ¥YXeI(TM).

By straightforward calculation, using (1.3), (3.1), (3.2) and (3.3a) we can prove

Proposition 3.1. Let M be o QR-submanifold of a manifold M with a generalized 3-
Sasakion structure. Then we have
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o) h(X,E,)=0; b) h{Z,£,)=~f.Z, ¥X eT(D), Z € T(fu(rv™)). (3.6)

4 Main results.

Our purpose in this paragraph is to study some properties of a totally contact umbilical
QR-submanifold M of a manifold M with & generalized 3-Sasakian structure. More exactly
we prove that if M is a totally contact umbilical QR-proper submanifold (dimD > 0
dim D+ > 0), then M must be totally contact geodesic if £ 1 or M is an extrinsic sphere
if 8 = 1. To this end we first prove the following general lemma

Lemma 4.1. Let M be a totally contact umbilical QR-submanifold of a manifold M endowed
with o generalized 3-Sasakian structure and D # {0}. Then the mean curvature vector field
H of M is a globally section of T'(vt). Moreover, if 5 # 1, then M is totally contact
geodesir,
Proof. Let X € I'(D) a unit vector field and N & I'(v). By using (1.1g), (1.2), (3.3) and
(3.5) we deduce that
9(H,N) = g(9(X,X)H,N) = g(Vx X,N) = 9(Vx fuX ~ (Vx fa) X, fuN) =
= g(h(X, fuX), fuN) = (X, fa X)g(H, faN) = 0.
Thus from the above relation we deduce that H € T'(v). Therefore if s = 0, then H =0
and M is totally contact geodesic. Next we suppose s > 1, and let ¥, Z € I'(fa(v")) so that
¢(Z,Z) =1 and g(Y, Z) = 0. Then by using (1.1g), (1.2), (3.3) and (3.5) we get. that
9(H, [aY) = 9(V2Z, foY) = 9((V2fa)Z = V21aZ,Y) =
= g(fa2,V2Y) = 9(faZ,h(Y, Z)) = 0,
which implies that H € I'(v). Finally, if & > 1 we obtain & = 0, that means M is totally
contact geodesic. Next we deal with the remaining case s =1 and H # 0,

Lemma 4.2, Let M be a totally contact umbilical QR-submanifold of @ manifold M with a
generalized J-Sosakion structure. Then we have
Vi H eT(vY), ¥X e (TM).
Proof. Let X € I'(T'M) and N € I'(v). Now from Lemma 3.1 we have H € T'(v*). Next,
by using (1.1g), (1.2), (3.3a) and (3.5) we infer that
9(VEH,N) = 9(Vx fol = (Vx fa) H, faN) = 9(h(X, faH), fuN) =
=g(X, faH)g(H, fuN) = 0.

Therefore our assertion is proved. Next we prove the main result of the paper
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Theorem 4.1. Let M be a proper totally contact umnbslical QR-submanifold of o manifold
M endowed with a generalized 3-Sasakian structure, such that dim vi=1, foranyz € M
and H £ 0. Then M is an extrinsic sphere.
Proof. Becavse H # 0 and M is supposed to be connected, denote by U7 the unit vector
field so that H = g{H, H)[V and let W, = f,U. Next let X,¥ € I'(D) and by using (1.5a)
we get that

(KW, X) Y, U) = g( LK (W1, X)Y + (X, YU, U) =

i 4.1
= g(X,¥) — g(K (Wi, X)Y, W;). (4.1)

On the other hand, by using (3.4), (3.5) and (3.6a) we deduce that
g(E (W1, X)AY,U) = g((Vw, h)(X, f¥) = (Vx h)(Wh, 1Y), U) = -

= 3g(X, 1Y )o(Vig, H,U) — 3g(Wy, /1Y )g(Vx H,U) = 39(X, /1Y) g(Vi, H,U).
The relations (4.1) and (4.2) imply
o(X,¥) ~ g(K (W1, X)Y,W1) = 8g(X, /¥ )g(Vy, H,U).
But, using the symmetries of the tensors g and K, and using (1.1g) we get y{?f.—;e, HU) =0
and together with the result of Lemma 3.2, we obtain V;H =0, Z € T'(D4). Next, let
X & (D) be a unit vector field. By using (3.4), {3.5) and (3.6a) we infer that
9(K (€1, X)X, U) = g((Ve, h)(X, X) ~ (Vxh) (€1, X), U) = 9(VE H,U).
Taking into account {1.5¢), the fact that I/ € I'(v*) and Lemma 3.2 we obtain ?’é‘l H=0

In the same way we can prove that Vi:H = 0, VY € I'({€}). Finally we consider X € I'(D)
a unit vector field and by using (3.4), (3.5) and (3.6a) we get that

gUK(f1 X, f2X) faX,U) = g((V 5, xB) (fo X, f3X) = (Vex B (fi X, f2X),U) =

= 3g(f2 X, fs X)a(V,x H,U) — 3a(f1 X, faX)g(V},x H,U') = 0. -
On the other hand, by using (1.5a) and (1.7d) we obtain that
o(K(fiX, faX) f3X,U) = g(K(fsX, U)X, f2X) = 04)
= —g(K(fsX,U)X, fsX) = —g(K(X, fsX)fsX,U).
By direct calculation one deduces
9(K(X, fsX)faX,U) = g{(Vxh)(fsX, faX) — (Viaxh)(X, fsX),U) = (4.5)

= 3g(VxH,U), ¥X e (D).
The relations (4.3)-(4.5) and Lemma 3.2 prove that VxH = 0, ¥X € I'(D). Finally we
have proved that vﬁ H =0, ¥YX € T(TM). The proof is complete.
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