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On Morley’s Miracle Theorem
Nicolae ANGHEL

Abstract. We use work by A. Connes to explore possible generaliza-
tions of Morley's trisector theorem to triangles in arbitrary valued fields.
We find that Morley's theorem is essentially an unique phenomenon, How-
ever, tri-sectioning procedures different from Morley’s do exist for generic
sets of triangles.

Résumé (Sur le Théoréme Miracle de Money). Nous utilisons le
travail dévélopé par A. Connes afin d’explorer des généralisations possibles
du théoréme trisectrice de Morley dans des corps valués arbitraires. Nous
d “ecouvrons que le théoréme de Morley représent un phénoméne essentielle-
ment unique. Toutefois, des procédures de trisectionnement différentes de
celle de Morley existent pour des ensembles génériques de triangles.
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Verzsion frangaise abrégée

Soit (K| |) un corps commutatif valué et soit T = (v, v, v3) un triangle dans K.
Nous inspirant de Connes [2], nous considérons des “trisectrices” arbitraires g;,g! (c.4.d.,
des rotations de K autour dn sommet v;), 1 = 1, 2, 3 telles que les trisectrices “adjacentes™
g; et gisy viennent “s’intersecter” A& w; (c.d.d., g{ogis1 & un seul point fixe, uy) et telles
que {1y, ws,ws) est un triangle équilatéral. Nous nous proposons de trouver touts les
corps (K, |-|) qui possédent des fonctions globales, g{T), g/(T"), i = 1,2, 3, qui dependent.
effectivernent senlement de l'angle #;(T) du triangle T su sommet v;, Nous appelons ceci
le probléme de Morley parce que c'est 4 lui que l'on doit la fameuse découverte de 1899
montrant que le corps complex C, équippé avec la valeur absolue standard |- |, est un
tel corps, avec trisectionnement donné & parts égales (le théoréme trisectrice de Morley).

Nous découvrons que le théoréme de Morley est un phénoméne rigide. Clest 4 dire:

a) Le probléme de Morley a une solution dans (K, |- |) seulement si (K, |- |) est un
sous-corps de (C, | - |o).

b} La solution trisectrice de Morley est 'unique solution du probléme de Morley pour
un sous-corps de (C,] - o), 8l deux conditions naturelles en rapport avec l'internalité et
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la continuité des trisectionnements sont satisfaites, Particulidrment, le sous-corps doit
contenir les racines cubiques complexes de toutes ses éléments de valeur absolue 1.

e} N existe des solutions du probléme de Morley qui ne sont pas des solutions trisec-
trices de Morley, pour des ensembles générigques des triangles.

1 Introduction

Around 1899 F. Morley proved a remarkable theorem on the elementary geometry
of Euclidean triangles: In any triangle, the intersections of adjacent trisectors form the
vertices of an equilateral triangle. For a detailed account of the fascinating history of
this problem the reader is directed to A. Bogomelny’s Web page [1).

A hundred years after that A, Connes has given a beautiful proof to Morley's theorem
by considering the group of affine transformations of the line over an arbitrary field [2]. In
this Note we announce that Connes' work can be generalized in two directions: first, by
doubling the number of affine transformations, the concept of trisector can be replaced by
arbitrary angle tri-sectioning, and second, the classical Morley set-up, which corresponds
to the Euclidean plane (identified with the field of complex numbers) can be extended
to arbitrary valued felds.

Our main finding (see Theorems 3.2 and 3.5 below) is that Morley's theorem is an
unique phenomenon, in the following sense:

a) A valued field for which Morley's problem has a solution must necessarily be
{isomorphic to) a subfield of the field of complex numbers, with absolute value equivalent
to the standard one,

b) For a subfield of the field of complex numbers no other (continuously varying with
the angle) procedure of internally tri-sectioning the angles of a triangle, except Morley's,
yields equilateral triangles. Therefore, the subfield must contain the cube roots of all its
elements of absolute value one.

We also find (Theorem 4.1}, somewhat surprisingly, that for a generic set of complex
triangles there are solutions to Morley's problem totally different from Morley's.

The proofs of a number of very technical results will only be sketched here. Full
details will appear elsewhere.

2 A General Result

Let K be a wvalued field of arbitrary characteristic equipped with an absolute value
function |- | : K — Ry. Typical examples of valued fields will be the familiar fields @),
R, C, equipped with the standard absclute value | - |g, or @}, equipped with the p-adic
absolute value | - |5, p a prime number.

An ordered triple (v, vs, vz} of points in K is said to form a triangle if the three
possible triangle inequalities hold, e.g., vy —vg| < |v; — v3| + |vg — vy|, etc. A triangle
will be equilateral if Ju; —vy| = |vg —v3| = lvs — vy |. Equilateral triangles admit a simple
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characterization.

Proposition 2.1. Let vy,vg,vg, be points in K. Then (vy,vs,vs) is an eguilateral
triangle if and only if v1 # vo and
T3 — 1

ﬂ-'—"—'-l p_— EA where A={jeK||jil=|li+1=1}

We note that § € A if and only if (0,1, —7) is an equilateral triangle. A is empty if
K=(Q,-l),or K=(R,||o), and if K = (C,}- o) it equals the set of nontrivial cube
roots of unity, ie, A={jeCT|j*+7+1=0}. When K =(Q,]-|p), A is infinite.

Let G denote the group of affine transformations of K, that is

G={g: K— K |glz)=azr+baecK\{0}be K}

and let 7 = {g € G | a = 1} be its subgroup of franslations. Clearly, G acts on the set of
all triangles, leaving invariant the equilateral ones. Any element in ¢ € G, T admits one
and only one fixed point, namely fix(g) = b/(1—a). Letalso R={g€ G | |a] = 1,0 # 1}
be the set of proper rotations of K {about their Axed points).

Consider now a triangle (vq,vs,v3) in K and six elements, g;, g, all in R, fix(g) =
fix(g]) = w, 1 = 1,2,3. g; and g} will be interpreted as arbitrary “trisectors” of the
“angle at v;" of the triangle (vy,vg,v3). Assume that the adjacent trisectors g/ and
Git1, intersect, in the sense that g{ o girs € 7. [Obviously, here we permute the index i
circularly, so i + 1 = 1 when ¢ = 3}, Specifically, we have, for i = 1,2, 3,

gilz)=az+ b, gi{z)=cax+b, a,alb,bekK, la|l=lall=1, a.a#l.
Then the restrictions imposed above amount to
b, b

Lesiiy 1_'4": =wv;, g #£1, i=1,23

Let us denote by w; the fixed point of g © giyq1, Le., the intersection point of the
adjacent trisectors g and giy,. Then

(1—al)v; 4+ al(l — aipa)visa
wy = 1

i =184 (2.2)

The goal is to find suitable conditions on a;, af, under which (wy, wg,ws) becomes an
equilateral triangle, These conditions should depend only on the *angles” of the triangle
{v1,2,v3) and not the triangle itself. It is therefore necessary to define a suitable notion
of “angles of a triangle” in a valued field.

Definition 2.3, Given a triengle (v1,ve,va) 0 a valued field (K, |-|), en ordered triple
(fy,82,03) of elements of K, || =1, 0: £ 1, i=1,2,3, is called a choice of angles for
that triangle if the proper rotations hi(x) = iz +v;(1 — 8;), i = 1,2, 3, satisfy

hjohgohg = 1z [.24}
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For the choice of angles (81,82, 8s), 8; will then be called the angle of the triangle at the
verter vy,
A routine caleulation shows that Equation (2.4) is equivalent to
01(1 —f3)  wa—vy
1=810, Ug — By
It is clear from (2.5) that two triangles whose vertices correspond under an affine trans-

formation have equal angles. A triangle may not have angles at all (K = Z3), or have
several choices of angles ([, |- [}, but what really justifies Definition 2.3 is what happens

in (E!! ) iﬂ}
Proposition 2.6. In (C,|- |o) each triangle (vy,vg,v3) has an unique choice of angles
(81,04,85), given by

8,0305 =1 and (2.5)

A L e S REE @7
Vi = Uy Wiy — Uy
where the bar eperation denotes compler conjugation. #; is related to the measure oy,
-7 < vy < m, of the oriented Fuclidean angle made by the Euclidean rays Tyt and
Titigs by 0; = exp (2v/=1ay).
Here comes the central result of this section,

Theorem 2.8. Let (vq,vg,v3) be a triangle in o valued field (K, |-|) and assume that
(#1,82,93) is a choice of angles for it. Let a;,a; € K be such that a;,al # 1, ajay # 1,
lag| = |al] =1, i = 1,2,3. Let

(1 —adu; + al(l — o501 v
uwy = 7

1 - a;a;4

be the trisector intersection points given by Equation 2.2, Then (w;,ws,wy) is an egui-
lateral triangle if and only if the following condition holds, for some element 7 € A

, B=1,28.

(1 —aja;)}(—1+ a] + a} — ajasas — ajayag + ajazagas — aghy + agasth+
ajayazf, — ajasazazfy + 6103 — ai 8 — apaat B + ajasaath fz)5+

2.9

(1 —abag)(a] — ajag — ajaja; + ajaseiag — O + azfy + ajagl; — ajaiasfi+ (29)
818y — ﬂ-i #10z — agl g + ajaga.fyfy + ﬂiﬂ-&ﬂgﬂlgz — ﬂ-iﬂéalﬂzglﬂg] =1,

0 (1 — abas) (1 — ag)(1 — 0383) — (1 — afag)(1 — a§)0s (1 — ) 0. (2.10)

Proof. (w;,ws,ws) is an equilateral triangle if and only if (g{w;), g(ws), g{wa)), g € G,
is an equilateral triangle. For g(z) = =%, (g(un), g(wa), g(ws)) = (W1, W2, W3 ), where

vy —1y
g =0 o (a0
L —ajap (1 —aga }(1—6,8z)°
i ':l“ﬂﬁ}fl—ﬂﬁz}-i-ﬂﬁ.{l—ﬂs}ﬁ’l{l"32]'I
|:l — a:rgﬂa}l:l — 9192}
Notice now that Equations (2.9} and (2.10) are a convenient implementation of
Proposition 2.1 for the triangle (i, @z, Wa). : O

(2.11)

3
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3 Applications

In this section we will present applications to Theorem 2.8,

Morley’s theorem. Let (K,|-|) be a valued field such that every element of {a €
K | |aj = 1} admits three distinet cube roots in K. Let (vy,vg,vs) be o triangle in
K with a choice of angles (0,,02,03). Let t; be a cube root of #;, i = 1,2,3, with
the property that titgts # 1. Consider the trisectors g; = g, 1 = 1,2,3, given by
gi(z) = gi(z) = tiz +vi(l — t;). Then the intersections w; of the adjacent trisectors g!
and gieq, 1 = 1,2, 3, form the vertices of an equilateral triangle.

Proof. By hypothesis, a; = a/ =1; and 6; =3, i = 1,2,3. It is obvious that a;,a! # 1,
ajtiy1 7 1, Joi| = |af| =1, i = 1,2,3, The proof consists in showing that this assignment
of trisector angles satisfies Equations (2.9) and (2.10) of Theorem 2.8, if the element

€ A is taken to be § = O

titals .
The above theorem brings up a very natural problem.

Morley's problem. Given a valued field (K, |- |) find functions a;{T"), a{(T), ¢ = 1,2, 3,
defined on the set of all triangles T = (v, (T), ve(T), v3(T)) of K, with values in {a € K|
|a| = 1,a # 1}, which satisfy the following two conditions:

a) For each 1 = 1,2,3, al{T)ai+1(T) # 1, and the adjacent trisector intersection
points wy (T), we(T), ws(T), given by Equation 2.2, form the vertices of an equilateral
triangle.

b) For each i = 1,2,3, a;(T), a}(T) depend only on the “i*" angle of the triangle T",
in the sense that if 77 and T% are two triangles in £ and 8, = (6‘% ,Ha,ﬁ'é_}, respectively
B2 = {H?, g2 62), are choices of angles for Ty, respectively Th, such that 8! = 62, then
a;(T1) = a;(T2) and a;{Th) = a;(T3).

MNotice that Morley’s problem males sense regardless whether triangles have several
choices of angles or none.

Theorem 3.1. Morley’s problem has no solution in a non-Archimedean field (K,|-|)
with non-trivial absolute value.

Proof. In non-Archimedean valued fields every three distinct points form a triangle and
every triangle admits infinitely many choices of angles. As a result, any solution of the
Maorley’s problem mmst necessarily consist in constant functions a;(T) = a4, al(T) = af,
i= 1,2, 3. However, this contradicts (2.9) and (2.10). ]

Theorem 3.2, If Morley’s problem has a solution in a valued field (K,|-|) then (K,|-|)
must be isomorphic to a subfield of the field of compler numbers, equipped with an abso-
lute value equivalent to the standard one. In faet, &t suffices to investigaie the standard
absolute value | - |o.

Proof. By Theorem 3.1, (K, |-|) must be an Archimedean field. By Ostrovski's theorem
i3], an Archimedean field is isomorphic (as valued field) with a subfield of (C,| - |3),
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0 < g = 1. The triangles admitting angles are the same for both absolute values, | - |3,
0<g=1, and ||y, and therefore so is Morley's problem. O

We are left with analyzing the existence of solutions to Morley's problem for subfields
K of (C,]-|o). We will assume that K contains the complex cube roots of unity since
otherwise there are no equilateral triangles,

Proposition 3.3. If (K,|- o) is a valued field as above, then any element of
{e € K| |alo = 1, a # 1}, is an angle in some triangle. In other words, the set of
angles is as large as possible, Moveover, this set of angles is dense in the unitl circle 8!
of C.
Proof. The proof of the first part of this proposition is a simple consequence of Propo-
sition 2.6. The density claim follows from the fact that for any nontrivial cube root of
unity j, Q(5) ;= {a +bj | a,b € Q} is a subset of K dense in C. Then the angles &,
v € Q(7), are dense in 8% l
The above proposition and Theorem 2.8 show that a solution to Morley’s problem
in (K| - |p) amounts to the existence of functions a;(#), al(#), i = 1,2,3, with domain
and codomain {a € K | |alo = 1,a # 1} such that if (#;,0g, ) are angles in a triangle
T then a;(8;)ai4+1(f:i51) # 1 and Equations (2.9) and (2.10) hold, if a;, af, 4 =1,2,3 are
replaced by a;(8;), al(f;).

Definition 3.4. Call a triangle T in (K, |- |o) with angles
(81,83,0a) = (exp (v—Targ(f)) ,exp (v=1arg(fa)) , exp (V=L arg(ds))),
0 < arg{f;) < 27, ©i=1,2,3, positively criented if 2oarg(f;) = 2w, Otherwise, T' will
be negatively oriented, and EETE{HJ = 4, '
We are now going to make two very reasonable assumptions, which guarantes that
we are searching for solutions to Morley’s problem which are most natural, in the sense

that the tri-sectioning a) occurs always “inside the angles of triangles”, and b) varies
continuously with the angles of the triangle.

Assumption 1. We assume that the funections a;(6), ai(#), ¢ = 1,2, 3, in a solution to
Morley's problem, which are necessarily of type
I [sxp I,E*u‘—ls}l:] = exp Ilf*.,-"—ltr{:ﬂl} , 0 < s,0(s8) < 2m,

all satisfy the condition o{s) <s for every s.

Aszsumption 2. We also assume that a solution of Morley's problem in (K, |- |o) has the
property that the functions a;(8),e{(#),i = 1,2,3 are continuous on {a € K | |a| = 1,
a # 1} and that for positively, respectively negatively, oriented triangles § is the same in
Equation 2.9,

We are now in a position to state the main result of this Note.
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Theorem 3.5. Let (K, |- |o) be a subfield of the field of complex numbers equipped with
the induced standard absolute value, Then Morley's problem admits o solution satisfying
the above Assumptions 1 and 2 if and only ¥f the complex cube roots of all the clements
of {a € K | |alp = 1} belong to K. Moreover, the solution is unique, namnely Morley’s

trisector solution.

Proof. The “if" part is essentially contained in Morley's Theorem, discussed at the
beginning of this section. Indeed, if one defines the trisector functions a;, a}, i = 1,2, 3,
by the same formula

exp(v/—15) — exp (—JT—T%) , D<s<2m exp(v—ls) € K,

then these are clearly functions which satisfy the Assumptions 1 and 2 and all the hy-
potheses of Morley's Theorem.

The proof of the far more complicated “only if* part is a result of a very delicate,
and lengthy, infinitesimal analysis of the situation at ¢ = 1, and makes judicious use of
the two assumptions, We sum up this infinitesimal analysis in the following two lemmas:

Lemma 3.6, aja; 1 = 1,23, admit one-sided limits ond derivatives as § — 1.
Moreover, all one-sided limits equal 1 and all one-sided derivatives equal 1,3, as § —
1, () = 0.

Lemma 3.7. a}{8) = (a}(6))* =8, i=1,2,3, for # near 1, 30 > 0.

End of proof of Theorem 3.5, aq,a}, i = 1,2, 3, obey the conclusion of Lemma 3.7, Since
by Assumption 1, arg a; (7)) < arg(f), argal (#)) < arg(#), there exists p > 0, such that

8

a; (exp(v/'=1s)) = a] (exp(v/~1s)) = exp (v"-—_lg) ,i=1,2,3, se€(0,p). (38)

In particular, (3.8) implies that the cube roots of all the angles # € K, arg(f) € (0,p),
belong to K. Since every angle & is the product of finitely many angles with small
arguments, we conclude that the cube roots of all the elements in {a € K| |alg = 1}
belong to K. In order to finish the proof of the theorem we must show that the equations
in (3.8) hold for & € (0, 2r). This can be proved by making use of Equation 2.9, a

4 An Example of a Near Solution

We end the Note with a (near) solution to Morley's problem in (T,] - |o) which is
different from any of the 18 variants of Morley's cube root solution. The tri-sectioning
functions a;, o) will be continuous but the required restrictions aja;.; # 1 will fail on a
small set of triangles.

Theorem 4.1. For § € 8' = {a € C | |a|o = 1} define tri-sectioning functions a;, aj,
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i=1,23, by the formulas,
— al(f) = 43020
al{aj_aa{ﬂ}'3+j+ﬂ+jﬂ’
ag(0) = a3(6) = 4, (4.2)
oty BT 4556+ 36)
ag(6) = a3(6) = 1—j+50+70

where § = exp g\f—lg—; is one of the two non-triviel cube rools of wnity in C. Then the

assignment (4.2) represents a solution to Morley's problem which works for all triangles
{v,va,vs) in C, except those similar to triangles (0,1,v), v on the circle whose equation
in polar coordinates, z = rexp (v/—la), is r = v3/3sina. One can argue that for such
triangles the corresponding equileteral triangles have vertices atl infinily.

Proof. No lesser miracle that Morley's cube root solution itself, a;,al given by (4.2)

satisfy Equation 2.9. In other words, for every set of angles (ﬂi,ﬁg,—-l—- of some

8,8,

. 1 1 :
tiongle, 01,02, a1(40). &4(61), aa(8a) 04(8a), as (- ) 04 (55 ) s 1/, satisty
(2.9). However, the constraints ala;.; # 1, i = 1,2,3, and (2.10) break down exactly
for the triangles described in the theorem. O
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