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Sufficient Conditions of Univalence for
an Integral Operator

Virgil PESCAR

Abstract. In this work we study an integral operator and determine con-
ditions for the univalence of this integral operator,
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1 Introduction

Let A be the class of the functions f which are analytic in the unit dise U={ze C : |z| <1}
and f(0) = (D) —1=0.

We denote by S the class of the functions f € 4 which are univalent in [J.

Petru T. Mocanu [1] defines the class of o convex functions M. For this class of
functions we have the integral operator: M, : §* — M., f = Malg), where 5* is the class
of starlike functions and

f(z) = Ef:g'&(ﬂ-s}u‘ldur, zel a>0. (1)

If y £ 5*, then the function [ is univalent in IV,

2 Preliminary results

We need the following theorems.
Theorem 2.1. [3] Let o be a complez number, Rea >0 and f € 4. If

1— 2R 1 27"(2)
Rea | fi(9) | =* (2)
for all z € U, then the function ,.f
] 1/
Fu(z) = [af u““lfi[u}du] (3)

is in the closs 5.

Theorem 2.2, [2] If the function g is reqular in U, then for all £ € U and z € U the
following inequalities hold:
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9(6) = a(2) | | €~z "
- o(e(e) |~ I1-%|"
and g
! 1 -
l9'(2)] < —llelgl}z—F (5)
the equalities hold only in the case g(z) = ef_:_i_:; where |e| =1 and |u| < 1.
Remark 2.3. (2] For z =0, from inequality (4)
g9(6) —9(0) | ;
1-sae)| = L
and, hence
' €] + 1a(0)]
o(6)] < L m
Considering g(0) = o and € = =,
+
o) < {2, (8)
forall z e U,

SCHWARZ Lemma. (2] If the function g is regular in U, g(0) = 0 and |g(2)| < 1 for all
z e U, then the following inequalities hold

la(z)] < |2, (9)
for all z € U, and |g'(0})] < 1, the equalities (in inequality {9)) for z # 0 hold only in the
case g(z) = ez, where |e| = 1.

3 Main results
Theorem 3.1. Let o be o compler number with Re o=1 and g€ 5, g(z)=z4+asz+--. [f

29'(z) ‘
e (10)

Jor all z € U, then the function .
Talz) = [f; fn g* tu}u'idu] (11)

is in the class §. 1
Proof. Let us note o= . We observe that
/8

Ty (2) = {ﬁj:uﬁ“ (L(:“l)ﬁdu] | (12)

Let us consider the function - Y-
&= [ (%) a (13)
The [unction P{z} _ szlr(zj {14}
18] f'(z)

is regular in I7 and because Re o« = 1 it results that
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18] < 1. (15)
From (13) and (14) it follows that
8 {zg (2) J
= =1]. 16
P2 =151 | o) (16)
Using (16} and (10) we have
lp(z)] =1 (17)
for all z € U, For (16) we obtain p{0)) = 0 and applying Schwarz-Lemma we have
l |zf"
for all z £ I/, and hence, we obtain
(- A < g} (1= 12P) el (19)
P
— 2 e — L._- 5
Because m?i (1= Jzl*} |2 Wl from {Igj{and {15) we obtain
1-— =2 z-iIr Z} { 1 20
(- 1) 5 (20)

for all z € U. From (20), (13), (12) and Theorem 2.1 for Rea = 1 it follows that T, is in
the class 5.

Theorem 3.2. Let o be a comples number with Rea > 0 and the function g € S,g(z) =
z4agz .- If

z9'(z) —9lz)| _ (21)
zg{z -
forell z € U7 and
|Q| S iy - izlﬂﬂaf; |Z| + |ﬂ'2| (22)
e Rsé L+ |ag||2|

then the function T.(z) defines by (11) is in the cless S.
Proof. Let us note > g. We have

. " } 8 /8

Ty (z) = lﬁf wh~1 (—%i) du} . (23)

Let's consider the function . a
f(z) :—f (@) du. (24)

The function f is regular in 7. Let the fu;t,tiun

f.r.rl: } .
2' i
'ﬁ'{ j |.|5] I } {25)

where the constant |3 satisfies the inequality

1
|'Ei 5 J—|z|?Ras @ |4 |
TIAK) 211 [-—%_ﬂ_‘lzl-'_l[l-# ayl# ]

The function h is regular in U, From (25) and (24) we obtain
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2g'(z) — (Z)]
hiz —_— 27
0= [ ()
and using the inequality (21) we have
h(z)| <1, (28)
for all z € IV and |h(0D}| = |agz|. Applying Remark 2.3 we have
17"2)| o 2l + lagf
= = 20
B 1z) | = 1+ Taall] .
for all z € U7, From (29) it results that
(1 - IZJBH*'?) 2f"(2)| 181 |2|2“‘°"3in 2] + Jaz] (30)
Re flz) |~ Ref 1+ |agllz]|
forallze U. i
Let us consider the function @ : [0,1] = R, Q(z) = -(]_—Rm&ﬁ—)-:nﬁi'ljfﬂ—g, x = |z|. Because
@ (1} > 0 it results that
‘r%gxl] Qx) = 0. (31)
Using this result, from (30) we conclude
1 — |22Bf | 2f"(2 1—|z|*Ref 2]+ |a
Ref f'(z) <1 | Rep 1 + |az]|2]
From ({32) and (26) we obtain
{ { L 2R 2@ | _ 33
Ref | 1) | = (33)
forall z € U,
From (33) and Theorem 2.1, we obtain that the function
= /4
Gyl2) = [,[i‘f uﬂ_l_f'(u}diu} (34)

belongs to the class 5.
From (34) and (24) we have Ty is in the class 5, and hence, we conclude that the

funection T, belongs to the class 5.

Observation. In the Theorem 3.2 we obtain the conditions of univalence which use the
coeficient as too.
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