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Capacities and Markov Processes

Manuela L. BUJORIANU

Abstract. We present the capacity associated to a product of Markov
processes. We, also, give an estimation, based on Martin capacity, of the
probability of the reach sets for a Markov process with some "nice” properties.

1 Introduction

The concept of capacity was initially introduced to respond to a practical necessity
and it proved to be a far more useful tool for certain non-linear phenomena than measures
were. However, its implications are more far-reaching than it would first appear and it is
the purpose of this paper to explore some of these aspects.

The first part of this analysis considers the capacities associated to the product of
two standard Markov processes with some nice properties. The working definition for ca-
pacity associated to a standard Markov process is that provided by [19]. It has already
been established the correlation between a standard Markov process and a (non)symmetric
quasi-regular Dirichlet form (see [24]) so our contribution is to construct in fact a capacity
associated to the product of two Dirichlet forms. This approach is somewhat different than
that of the initial mainstream (see [2]) as it expresses the capacities of product of two Borel
sets as a formula of the factor capacities.

Furthermore, a different type of capacity associated to a Markov process, namely the
Martin capacity, is met in a particular situation entailed by the stochastic hybrid systems
{see [B]} and this makes the subject of the second part of this paper. For certain stochastic
hybrid systems we can develop some models of different types of Markov processes. In a
probabilistic framework, the reachability problem consists of determining the probability
that the system trajectories enter some prespecified set starting from a certain set of ini-
tial conditions with a given probability distribution. The methodology for the reachability
analysis of stochastic hybrid systems is in itself a difficult problem involving a theoretical
aspect of the measurability of the reachability sets (see [8]) as well as a computational issue
regarding the estimation of the reach set probability. It is this second aspect that is further
explained in this paper while the basis for the estimation of the reach set probability is the
Martin capacity,

The study of capacities inserted in the framework of Markov processes have proved to
be very useful for their practical implications. For instance, the results we reached in the
first part of this work form the initial steps for future works regarding the product of two
phenomena modelled by Markov processes,
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2 Capacity of a Transient Markov Process

Throughout the paper X = ({1,F, F, 8, X;, F,;) and X = {ﬁ, f,fhﬁ‘, X ﬁ”:l will be
standard Markov processes in weal duality with respect to a o-finite measure m on a locally
compact second countable state space (5, B). This means that
e X and X are strong Markov processes with path that are right-continuous with left limits

up to their respective lifetimes ¢ and ¢,

e X and X are quasi-left-continuous on [0,¢) and [0, ) respectively,
e the transition operator semigroups (P )izo and fﬁt}tgu of X and X map b8 into itself;

e for all positive B-measurable functions f and g

fmgdm=fﬁjgdm, t=0. (1)

It follows that the resolvent operators e := fnm e~ P, dt, U = fum e~ P dt, & > 0, pre-
serve Borel measurability and are dual in a sense analogous to (1). We write 7 for I'? and
{7 for 0. Basic references for standard processes in duality are Blumenthal and Getoor [5].

The measure P (resp. ﬁ,;l iz the law of (X)=0 (resp. (fg]gzﬂ.} under the initial con-
dition Xp = x (resp. Xo= x). A cemetery state A is adjointed to 8, as an isolated point if
8 is compact and as the point at infinity otherwise. The lifetime { := inf{t > 0: X, = A}
accounts the possibility Fil(z) < 1, in that Fu(t < {) = 1 — F;1{z). We adhere to the con-
vention that a function (resp. measure) defined on 8 (resp. B*} is extended to 85 :=8U{A}
{resp. B* v {A}) by declaring its value at A (resp. {A}) to be 0. We will use the prefix
“eo-" to signal objects or notions defined with respect to X (e.g. a co-excessive function is

an excessive function of X |

We assume that X and X are transient. This means that there are strictly Borel
functions g and § such that g and U are bounded functions {i.e. the potential kernels are
assumed to be proper kernels).

Before introducing our problem, we need to recall the definition of the capacity Cap™®.
An B*—function f : § — [0, 00| is excessive provided t — F,f(x) is decreasing and right-
continuous on [0, c0) for each & € 8. Let denote by £ the cone of excessive functions.

For a Borel set B C 8 let T ;= inf{t > 0|X; € B} denote the hitting time of B by X,
and let Py denote the associated hitting operator, i.e. Py = Fo(f(X:) : Ts < o0}, [ € B,
f = 0. Recall that Ty is an optimal (stopping) time and Fp maps £ into £ (see [5]). In

particular
wg = Ppl(z) = Fu(Tp < ) = P(Ts < () (2)
is an excessive function for any B € B.

Let Exc and Ere denote the cones of excessive and coexcessive measures. Recall that
£ € Exe, for example, means that £ is a o-finite measure on 5 with £F, < £ forall£ > 0. An
excessive measure of the form »U (¥ & measure on 5) is called potentiol To introduce the
capacity one has to define as in [19] the energy functional L. For h excessive and £ € Exc,

one defines
L{£, k) = sup{r(h) : vU € Exzec, vU < £}.
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We record from [19] the following properties of L:

(F1) LU, h) = v(), L(&,US) = £(F);

(F2) Ay 1 h= L(€, h) T L(€, h);

(F3) £, T b= L(Eq, h) T L(E, ).
Since X is transient, Hunt's balayage operation on Exc can be defined as follows. Given
£ € Exc there exists a sequence (u,, ) of finite measures on 5 such that g, 7 T £. The limit

Rg€ =1 p, PalU

is an excessive measure dominated by £ and is independent of the particular approximating
sequence (u, U7} (see [15]]). From [19] we know that

L(Rg§, h) = L{£, Pgh).
The capacity Cap”® is now defined by
Cap™ (X) = L{m, Pgl) = L{Rgm, 1).
It is proved in [19] that Cap¥ is increasing, strongly subadditive, and ascending. In partic-
ular, Cap® is countably subadditive. Reversing the roles of X and X one obtains a dual
capacity Gupf . but by Hunt's switching identity and standardness imply that it coincides
with Cap® (see [16]). Furthermore, in the symmetric case Cap” coincides with the (fine)

O-order capacity defined in terms of the associated Dirichlet forms (see [15]).
Using the properties (F1}-(F3) of the energy functional £ one can prove that

Cap™ (B) =1 limp,pp, BB

where (j,[7) is an increasing sequence of potentials with setwise limit m (see [16]). Motice
that for any excessive function & the integral u (h) increases with n to a limit whose value
iz independent of the specific cheice of (1, I7) approximating m.

Remark 1. [15] If B is open and C'ap® (B) < oo then iy is exactly the O-order eqguilibrium
potential of B.

3 Capacity of Product Process

Let X1 = (X P,) and X® = (X'? P,) be standard Markov processes with the
state space 801 respectively 5%, 81, 8 are supposed locally compact second countable
state spaces, Let my, Mg two o-finite measures defined on the Borel o—algebra of 5,
respectively (2, Let X1 (resp. X)) the dual process of X1 (resp. X(®) with respect
™y (resp. mg). We shall denote: 8§ = 811 x 812 B = BV} @ B,

For any functions f; : 81 = R, fo ;82 ]R, we denote by fi @z the function defined
on B by: (f1® fol{z1,22) = filz) falze). This notation extends to functions with values in
[0, o0} with convention: 0-co = 0. If u;, and u, are measures on (S{1), B, (8(2), B(2)) then
# @i will denote the product measure on (8, B). Hence: (i, ®pp)(f1@2) = pay (f1)py(f2).

To each kernel U; on (81, B(1)) we associate a kernel T, on (S, B) defined by: Uy f(z;,x,) =
Ulf{ zg)(z1). In a similar way, to each kernel Uy on (82! B(*)} we can associate a kernel
Uy on (8, B) defined by: Usf(z;,22) = Unf(z1,-}(zz). One can prove that [ o I = 00
(see [26]). The tensor product of kernels U7 and [V; is defined as bllows:
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Uy, @Uy=0, 00y = Uy o7,

We shall use the following notation: Uy @ Uy = Ul -+ ﬁz.
Let (P!}, (P?) be the semigroups associated to X1 X3, The associated resolvent

will be denoted by: (U#)aso and (U )aso. Let us define P} and P2 by

Pif(w,y) = PHf(u))=)  PRf(z,3) = BA(f(z,))(y)
where f € B.

Proposition 1. [26] The semigroup associated Lo the product process X of X () with X2
is P,= P} P2 FEF‘
Proposition 2. [26] The resolvent (J®)yno associated with the product semigroup 4= reloted
to the factor resolvent by the following formula:

(Ur @ U)o U = o+F o (UF @UL) =Uf @ U, Ya>0, B>0 (3)
Mareover, if UY is proper (resp. bounded), then /9 is proper (resp. bounded).

Remark 2. A similar formula of (3) can be written for the dual process X, X® X,

Corollary 3. Formula (3) gives the relation between the kernel operators Uy, U, U7 of the
processes considered:
I::U1$U2:|GU=Uﬂ{Ulﬂ:le}=U1®Uz. (4)

Moreover, if at least one process X'V or X'2) is fransient then the product process is tran-
slent.,

We suppose now that the two standard processes X! and X2 are transient. Then
there are two sequences {;_;5:)}, i = 1,2 of measures defined on (89 BW), i = 1,2 such
that Uly.f»:j i = 1,2 is an increasing sequence of potentials with setwise limit my, ¢ = 1,2,
Therefore, formula (4) applied for pi @ #512) gives that (m; @ ,LLEE} + ;4':1:' @ mg)l' is an
increasing sequence of potentials with setwise limit iy, @ mg = m.

Let B € B and T (resp. Pg) the hitting time (resp. the hitting operator) with respect
to the product process X, Then the capacity Cap® of B can be defined as

Cap® (B) =1 lim{my ® pi) + ) @ ma)(p5)

where g s given by (2).
Let us denote by || - ||;, ¢ = 1,2 the norm of L' (8", my), i = 1,2,

Proposition 4. Let By, € B\ and By € B3, The capacity Cap™ (B x By) with the
product process X is related to the factor capacities by the following formula:

Cap™ (By x Bg) = Capx*(Bngjp[1}||i + Clap™ (B, :IH(,t:'(Z}H "

Proof. Let denote By x By by B, For fy e BY, fa € B'®) two positive measurable function
from the tensor product kernel definition we obtain

Pa(fi ® f2)(z1,22) = (Ps, ® Pg,)(f1 ® fo)(®1,32) = Fg, fi(x1) P, fa{xz).
Therefore gz, 72) = [ngl:ml;lf,ﬂrg}{mz}. Then
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Cap™ (B) =1 lim(my @ p® + u) @ ) (pg) =
=1 lim {fﬂpsixl,xﬂm. ® P (dy , dazy) +f§93|:1’1|32-}ﬁ531} Eml{dwardmzll} =
=t ﬁ&:ﬂ{f o (o) [ o aali? o)+

+ [ o @) [ 62 (aaraldan) | =

= Cap™* (Ba) |l ll1 + Cap™* (Bl 2| l2.

4 Computation of Reach Set Probability

Let M be a Markov process with CADLAG property. Let © be a given state in 5§ and
E a Borel set in 3. We are interested to estimate

P:{TE < T} and PE{TE = DO] {HP}

where T' > 0 is fixed. One might observe that it is enough to treat only the estimation
problem of Po(Tw < o0), because the estimation problem of Pp(Tg < T') can be reduced to
the first problem if we consider the "killed process” after time T (see e.g. [5]).

4.1 Some History

In the Markov process literature we can find very mnice formulas for F,(Tg < oco). For
example, if the underlying process is the Brownian motion {X;,7 = 0} in E*; P,(-) denotes
the probability (Wiener measure) when all paths issue from the point x; E is & compact set
(the conductor body); Tg = Te(w) is the hitting time of F by the path w then

P:(Tg < c0) = fBE glz,y)pp(dy) ()
where 8F is the boundary of E; g (z,y) is the associated polential density
glz,y) = P Pt

and g is called equilibrium measure.

On the other hand, the probability that a Brownian motion will ever visit a given set
E which appears in the left hand side of (5} can be classically estimated using the capacity
of E with respect to the Green kernel g({z,y). In [1] it is shown that replacing the Green
kernel by the Martin kernel g(z,y)/g(0,v) yields improved estimates, which are exact up a
factor of 2,

Proposition 5. Let {B;(t)} denote standard d-dimensional Brownian motion with By(0) =
0 and d > 3. Let E be any closed set in R?. Then

%GGPKEE} < P[3t > 0: By(t) € E] < Capr(E)

where
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d—2
Ke) = ey

for z#y in B? and K(z,z) = co. Here ||z — y|| is the Buclidean distance and

Capr(E [ (E]-lf f Kz, y)du z:jd;_e.{y}

Kai Lai Chung in [9] extended the formula (5) for temporally homogeneous transient
Markov processes { X;,t = 0}, taking values in a topological space 8 which is locally compact
and has a countable base with its Borel o-algebra B(8). The processes have also the CADLAG
property. It is natural to put the problem of generalization of above Brownian motion result
to more general Markov processes, using the Kai Lai Chung's result,

4.2 Hypotheses

For an estimation of (HFP) for a general class of Markov processes, in an analogous way as
in Prop. 5, we start with a generalization of (5) proved in [9]. We have to consider the
hypotheses from [9]: the underlying process is a temporally homogeneous Markov process
{X:,t = 0}, taking values in a locally compact space § with a countable base endowed with
its Borel o-algebra B(8). For the aim of this paper, it is enough to suppose that (8, 5(S))
is a Borel space. The transition semigroup is assumed to be Borelian. To get (5) it is not
necessary to suppose the process is a standard or Hunt process; it is sufficient to assume
that all paths are right continuons and have left limits in the interval [0, 00), i.e. the process

has the CADLAG property (see [9]).
Let p(t,z,B), t = 0,z € § B € B(8) the transition function associated to the given

Markov process,

Assumption 1. All the measures p(t,z, ) are absolutely continuous with respect to a
a-finite measure m on (5, B(8}).

We denote the Radon-Nycodim derivative of p(t,z, ) by g,(z,-), i.e,

p(z,y) = p(t, =, dy) /m(dy).
This can be chosen (see [11]) to be measurable in z, and to satisfy the relation.

j;pg {m,y]m{dy]pt{y,u} = Jﬂz+s{zsp)'

A o-finite measure m on (5, B(8)) is called reference measure if m(B) = 0 if and only
if p(t, z, B) = 0 for all ¢ and z. Throughout this paper we suppose that m, in the absolutely
continuity assumption, is a reference measure.

Remark 3. [5] If all p—excessive functions (p > 0} associated to the underlying semigroup
are lower semicontinuous then there exists & reference measure

o= —t W
I
n=1
where {yn} is a countable dense subset of 5 and gl¥=} are Dirac measures.

We define the Green mensure gz, © € 5 as g.(B) = fump{t,z, B)dt, which is also the
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expectation E™(1g) of the occupancy time of B € B(8), defined g5 := fum i x,eppdt. In
the same manner we define the Green kernel

glz,¥) = fﬂ prlT,y)dt.

It is clear that, if (F,) is the semigroup of operators associated to the given Markov process,
then we get
Puple) = B*0(X0) = [ ple.s)ely)m{ay)

and the kernel operafor .
Goolz) = E*{ f (X, dt) = f o, V) (w)midy)

where ¢ is any positive Borel measurable function.
A Borel set E of 8 is called transient iff for almost every path w, there is a finite time
t*(w} such that X(w) ¢ E for t > t*(w). Define
Reachoo (E)={w e Q3 > 0: X(w) € E}
() = sup{t > 0}X;(w) € E} ifw€& Reache(E)
TEVI=T 0 if w € 0\ Reache (E)
Then E is transient if and only if 75 < co as, (almost surely). 7y is a random vari-
able, called the last exit time from F. The last exit time does not belong to the standard
equipment, because it is not a stopping time (see [10] for more comments). It then follows
that .
Ty- € F a5,
The proof of analogous formula to (5) for Markov processes, in [9], is dealing with two
important notions:
s the distriltution of the last exil position T,
LF¥(z,A) = Polvg > 034, € A),z € 8,4 € B(S)
o the kernel operator G,

In [9] the following assumptions on the Green kernel g are necessary to prove the desired
formula:

Assumption 2. i) y — g(z,y)~! is finite continuous, for z € §;

i) g (z,y) = +oo if and only if x = y.
Under these assumptions, there exists an equilibrium measure pig, which is o—finite, con-
centrated in ¥ such that

vz €8 : pg(dy) = L¥(z,dy)g(z,y) "
For a transient set £ we have
{0 T <o} ={0 < yg < o0}
The final result is, for each Barel set A € E, and each z £ 5:

Pi(@y - € A) = L¥(z, A) = _/;gfiﬂ,yllﬁf;(dy}

in particular,
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Py(T < 00) = LB(z, F) = Ly{m,mpgtcﬁm. (8
4.3 DMain Results

Let A be a set and B a o-algebra of subsets of A, Given a measurable function F: Ax A —
[0, o] and a finite measure p on (A, B), the F-energy of p is

F) = Fu) = | [ Fla)dute)duty)
The capacity with respect to I is
Capr(A) = [inf Fp)] ™
where the infimum is over probability measures p on (A, B) and by the convention, ca™! = 0.

Theorem 6. Let {X;,t = 0} be a Markov process (as above) on S and p € 5. For any
closed lransient subset B of 5 we have

Fy(Te < oo} < Capk (E} (7)
where K is the Martin kernel (@5
K(z,y) = £
glp,v)

defined using the initial state p.
Proof. To bound from above the probability of ever hitting F, consider the hitting time
Tg and the last exit time yg of E, and the distribution

ve(A) = LF(p,A) = Pyt < vgle,,- € A); A€ B(S)
The Kai Lai Chung's result says that
L0, 8) = [ alevup(dv); A € BS)
where iy is the equilibrium measure of E, which is given by
Ve € 8 : pg(dy) = L¥(w, dy)g(z,y) ™" = va(dy)g(z,v)~"
in particular, for the initisl state p € B
peldy) = L (p,dy)glp,u) ™" = valdy)o(py) ™"

It follows that .
j K (z,y)vp(dy) = f K (z,)9(p, ¥)un(dy)
B E

== L‘g{m,yjpﬁ:{dy} = P(Tp < o0) £ L. (8)

Therefore K (v, vp) < vp(E) and thus
Capr(E) 2 [K(vp/ve(E)] ™ = vl E)
which by (8) yields the upper bound on the probability of hitting £. H

Let F a closed set of & and let
Pz, E) = Po{Reach.(E)).
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For any x € 5 we define the harmonic measure of E as follows:
HE(z,A) = Po(Xr, € A), A€ B(8).

Clearly, the support of H®(z,-) is E and P(z, E) = HE(z, E).
An weaker result for the hitting probability estimation then the theorem 6 can be
obtained starting with the following proposition:

Proposition 7. (23] If the given process {X;,t = 0} has the strong Markov property then,
for any transient closed set E € B(S) and for y € E and x ¢ E the following equality holds
ﬂ{w,y]=L9{u.y}HE{m.dH}-

The hitting probability estimation follows as:
Corollary 8. Under the above hypotheses,
g{z,y)
P(r,E) € ————=
(= E) = infuem glu,y)

Proof. g(z,y) = [go(u,y)H®(z,du) < infucp g(u,y)HE(x, B) = P(z, E)infuer o(u,v).

Ty e E

Thus sinp
P E)<—2Y g
- (e, E) infyerg(uy)’ ¥

5 Conclusions

The first part of this analysis considers the capacities associated to the product of two
standard Markov processes with some nice properties while the second part focusses on
a particular type of capacity, the Martin capacity, which forms a threshold for reach set
probabilities.
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