LIBERTAS MATHEMATICA, vol XXIV [2004)

Univalence Conditions for Integral Operators
on S(a)-Class

Daniel BREAZ, Nicoleta BREAZ

Abstract. We consider the class of univalent functions defined by the
conditions f(z)/z # 0 and |(z/f(2)})"] £ o, |2| < 1, where f(z) =2+ ... =
analytic in |z < 1 and 0 < e < 2. In this paper we prove two univalence
conditions for the integral operators Hg ., and respectively G.,.
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Introduction

=]
Let A denote the class of functions of the form f(z) = z + E 0, 2" which are
analytic in the unit disc U = {z : |z| < 1}.
For 0 < a < 2, let S{a) denote the class of functions f € A which Bat.mf}r the

conditions
Flz)#£0 for 0< |2/ <1

(75) <

I & = 2 then the functions f which satisfy the property (1) are univalent and the
bound 2 is the best.
For 0 < a < 2 the functions f € 5 (a) are univalent.

If f € 5 (a) then it satisfy the property

21 (2)
T 1’ < ale]? (2)

and
ze L (1)

for z e 7,
The property (2) can be found in [1] and is used in the next proofs.

Theorem A. [3] Let a € C, Rea>0and fe A. If
1— |2[*"==|zf" (2)
Rea | f'(2)

then ¥4 € ', Re§ = Rew, the function

<1, YzelU
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Fp(2) = [ﬁ [ |:r-:a]iF

ig univalent.

Theorem A has been proved by N. N, Paseu and can be found in [3]. It is used for
proving the results below,

The Schwarz Lemma. [4] Let the analytic functions f(z) be regular in the unil circle
|z| <1 and let f{0)=0. If, in |2| <1, |f(2)| < 1, then

IF (2 =lzl, |zl <1
where equality can hold only if f(z) =Kz and |K|=1.

Main results
Theorem 1. Let feS(a),0<a<2 f=z+0a2"+az+.. andveC i e
a4+ 2
Boy & Saas,
|7l

If |f(2)] €1, ¥ zeU, then ¥ € C, Re > Revy the function
1 3%
H,g,.,r:zj:.{,ﬁ'f pﬁ'-l(ﬂtﬂ)}:} €S
]

Proof. Let the function "
W EAUAS
[
We calculate the derivatives of order one and two of the function A.

veo=(12), TR\ B

We have
1= 2Rk (2)] _ 1227 1 12f1(2) ], evU
Rey | W (2) | Rey 1| f(2) '
|4 |2Rey " _ | =|2Bey 4 — |z|2Be
L— o7 T)zh" (&) _ 1—Jal 7 \2f (e} 12l T oy
Rey | W (z2)| hlRey | f(2) [7|Rey
Because 2Re
1-|2*R*7 |20 (2) B et ( 21'(2)| 11 ()| +1) Vze
Rey | b (2) 7| Rey Pzl e ’
Using the hypothesis of the theorem from Sewartz's Lemma we obtain
@Il veeo. @

Using eguation (4} we obtain
1—|z|*"7 |zh" (2)
Rey | h'(z)

- 1_ |Z|BRH"T (

21 (2) ‘ )
- ~-1|+2), vzeUl
Iyl Rey :

3(2)
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ot 2f'(z)
fe S[:Cr]l = W -

Going back to the proof of the theorem from the last relation we obtain

1|£&Izi2'1 Yze U

1—|2*R27 |20 (2)| 1 - |o2B7 2 o4 2 B o+ 2
= alz|”+2 i:_ 1- ! = 1 b oy
Ror W05 | = Tier 1+ < ey (- ™) < s vee
Since according to the hypothesis
a4+ 2

Ry =

we have
1 |z|2-Ra':-' |Z=’1” {z} - W——

Revy J R (z)
Thus, from Theorem A we obtain Hg ., € §
Theorem 2. Let f€ S(a),0<a <2, f=z4+az®+agzi+ . and yeC i e
Rey

—1] = —
v ”‘cr+2

If |f(z)| =1, ¥ ze U, then the function

Gy (2) = {’r[f’“{ﬂtﬁ}# es

Proof. The function Gl,r can be written as

bl

* L\
We consider the function g(z) = f (T dt
o
The first and second order derivative of the function g are

g2 = (%t-})l g"(2)=(v=1) (‘fi“'})‘r_zzf o Lo

=
We have
Lo i ().
< ly—1f Tll‘j:rﬂﬂ ( z‘:{}g) o] +2) ., VzeU

) 2 g
Since fe S{a)= 5}-{—6%1—-1|£a|z]2,‘ﬁ'zEU.
Using the above relation we obtain
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1— Izlzﬁe}'lzg:r{z}
Rey | g'(2)

< Bt (1= 1) (aef +2) <

|y — 1] 2 Re oo 2
R -— ¥ +: — ]| —
£ Rey (1 |2 ){a 2)<ly—-1f ey Yze U

Using the hypothesis
Rey
a+2

ly=1] <

we obtain
1— tzr_ﬂﬂe'}’

Rey
and from Theorem A we have G € 5.

Zy“ {z}

9'(z) A

Yzel

Particular cases

An interesting particular case of Theorem 1 is obtain if we take v to be equal to 2.
If this is the case we obtain the following result

Corollary 1. Let f € S(a), 0 <a <2, f=z+a2®+a2*+.... If |f(2)] £ 1,
Wz e UM, then W3 € C, Re§ = 2 the function

Hg(2) = {ﬁ_[;zﬁ*(@)édz}* es

Remark 2. We note that the condition Revy = FT:‘;TZ may be eliminated although it i=
essential for Theorem 1.

If we take # to be equal to 2, such that Re§ = 2 then we obtain the following result

Corollary 3. Let f € S(n), 0 < <2, f=z+az® +agz+.... If [f(2)| <1,
Yz e U, then the function

H(z) = {2[@&}% €8
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