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1 Introduction

The study of homogeneous quadratic differential system S (HQDS) on a BANACH space A
can be achieved algebraically because a commutative algebra A(-) is naturally associated
with any such a system. For convenience, we say that a derivation/automorphism of A(-) is
just a derivation/automorphism of S.

One of the most important problem in the theory of HQDSs on a real finite dimensional
vector space (e.g., R™) is their classification up to a center-affine equivalence. This problem
is equivalent with the problem of classification up to an isomorphism of the real finite
dimensional commutative algebras. Such classifications were already obtained for HQDSs on
R? (see [6], [4], [9], etc.) in accordance with different classifying criteria. Further, particular
classes of HQDSs on R? were classified by KINYON&SAGLE [5]. Other classifying results, up
to an affine equivalence, were obtained for the real systems on R? whose associated algebras
have no nilpotent of order two elements but have at least a derivation ([2]) as well as for the
real systems which have at least a derivation with a complex eigenvalue ([3]). In this paper,
the HQDSs which have a nilpotent of order three derivation are classified. More exactly, it
was proved that there exist nine classes of affinelly nonequivalent such HQDSs. Our results
are founded on the use of invariant objects such as the annulators, nilpotents, idempotents,
derivation algebras and automorphism groups.
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2 Preliminaries

Recall that a homogeneous quadratic differential system (briefly, HQDS) on R™ is any au-
tonomous system of the form
da’

T a?k:ﬂjxk (2.1)

where a’; € R, a%; = aj; (here it was used EINSTEIN’S summing convention).

Let T : R™ — R” be an invertible linear transformation, B = (e, ez,...,¢e,) - a fixed
basis in R™ and [Tz = [t;] be the matrix of T in basis B. If y* = t;-acj are the equations of
T, then (2.1) becomes

dy’
dt

= apy'yt, @y, = tap, e, (2.2)
where m] denotes the inverse matrix for [t;] Second part of (2.2) assures us that az-k
are, alike the structure constants of any finite dimensional algebra, the components of an
(1,2)-tensor in a given basis.

Definition 2.1 Two HQDSs are called (center-)affinely equivalent if there exists an
invertible linear transformation of R™ which transforms one HQDS in the other.

Consequently, an (1,2)-tensor is naturally defined by the class of all HQDSs which are affinely
equivalent with a given HQDS. L. MARKUS remarked that such a tensor is also uniquely
defined by the class of all commutative algebras isomorphic with a given algebra. From
here arisen the idea to associate with any HQDS a commutative algebra. More exactly, the
binary commutative algebra on R™ which has in the chosen basis the structure constants
aé-k is associated with the HQDS (2.1)(see [6], [1]). It was proved [1] that the problem of
classification up to an affine equivalence of HQDSs on R™ is equivalent with the problem of
classification up to an isomorphism of all n-dimensional real commutative algebras.

3 The classification of algebras which have
a nilpotent of order 3 derivation

Let A(-) be the real 3-dimensional commutative algebra associated with a HQDS in R?;
obviously, A can be naturally identified with R3.

A derivation D # 0 of A(-) is said to be nilpotent of order 3 if D3 = 0 and D> # 0. Therefore,
its JORDAN form consists in a single JORDAN cell, i.e. dim ker D = codim Im D =1 and
kerD C Im D. Accordingly, there exists a basis B = (e1, ea,e3) for A in which the matrix
of D has the form:

[D]p =

o O O
OO =
o = O



CLASSIFICATION OF QUADRATIC DIFFERENTIAL SYSTEMS ON R3 49

i.e., the following equalities hold
1561 = O, 562 =e€1, 1563 = €9.

Recall that the structure constants of the algebra in basis B are defined by: e; - ex = aékei.

Applying successively D to e; - e one obtains the relations:
2 ;D 2 1
e] =aj,e; = €] = aj€e1,

) D o 2 3 1 1 1
€1 €3 = ajq9e; = € = afy€e1 + aja€2 = G161 = €1 - €2 = aj9€1 + aj €2,

i B 2 3 1 1 1
€1 -e3 =ajze; = €1 - ey = ajze1 + ajzea = €1 - e3 = ajze1 + ajye2 + aj;es,
2 i D 2 3 2 1 1 1
€5 = A59€; = 2€1 - €3 = A39€1 + Ape€2 = €5 = apge1 + 2ai9e2 + 2a7, €3,

; D
€y - €3 = a43e; = €1 - e3 + e% = a§361 + a§’362:> ah =0, = e% =0,
— 4l 1 1 1 1 _ 1 1
g - e3 = agse1 + (a73 + azq)ea + 3ajses, €1 - €3 = ajqze1, €1 - €3 = ajzeq + ajqea,
€3 = alye1 + 2alyeq

: D
€3 = a%s6; = 2ep - €3 = a§3el + a§3eg = a%Q =0=e1-e=0, e% = a%Qel,
1
€1 €3 = Cl1361,
_ 1 1 1
ez - e3 = agzer + (ajz + agy)ea.

Consequently, in basis B, algebra A(-) has the following multiplication table

Table T e% =0, 6% = 0%261»
_ o1 1 1
erex = 0, eze3 = azzer + (ajz + azy)ea,
1 2 1 1 1 1
e1€3 = ajs€1, €5 = a3se1 + 2a35€2 + 2(ajs + asq)es.

The structure of algebra A. We point out that ker D =Reyand Im D = Spang {e1, ez}
are nilpotent ideals of algebra A(-). Moreover, Im D is just the maximal nilpotent /solvable
ideal.

If aly + aly # 0 then A% = A and there exists the sequence of ideals

{0} Cker DC Im D C A, (3.1)

while, when al; + a3, = 0 then A% = Spang {e1,e2} and A(-) is a solvable algebra having
the derived series _ _
{0} Cker DC Im D= A*C A. (3.2)

Consequently, the vanishing/nonvanishing of ai; + a3, has an invariant character (i.e., it do
not depend on the adapted basis which is used). Further, I'm D is or not a trivial algebra,
in accordance with aid, is zero or is different of zero. Therefore, the vanishing/nonvanishing
of a}, has an invariant character, too.

The existence of the sequences (3.1) and (3.2) creates the opportunity to consider some
special basis builded in the following way: take a basis in ker D and complete it up to a basis
in Im D, which - in its turn - be complete up to a basis in A. Any such a basis is named
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an adapted basis to the sequence (3.1) or (3.2) or, briefly, an adapted basis. Obviously, any
adapted basis B’ = (f1, f2, f3) for A has necessarily the form

f1=aey, fo=Per+yea, f3=0de; +eey+ Oes,

with ayf # 0. Actually, the family of all adapted bases is very large. It is suffice to remark
that for any vector of the adapted basis there exist infinitely many possibilities for its choice.

Remark 3.1 As it was already remarked, the vanishing/nonvanishing of ats + ad, is re-
flected in the structure of algebra, so that it has an invariant character. This invariance
results also from the remark that L., has the eigenvalues A\; = als, A2 = al; + ady and
A3 = 2(ai;+ady) = 2\a. Moreover, the third component of any adapted basis have the eigen-
values of its left associated multiplications proportional with A1, Ao, A3 = 2)Xa. Since aly is
also an eigenvalue for L., it results, by the same argument, that its vanishing/nonvanishing
has an tnvariant character, too.

Remark 3.2 The adapted basis permits us to identify the multiplication algebra M(A) (see
[8], p.14) with a subalgebra of the algebra of upper triangle 3 x 3-matrices for which the
eigenvalues are proportional with A1, A2, A3 = 2Xo. Indeed, it is enough to notice that for
v = xey + yes + zeg its left multiplication L, has (in an adapted basis) the matriz

A1z agpy+azz  ajst+agsy +agsz
[Lo] = 0 A2z (a3 + asy)y + 2aby2
0 0 )\32’

The annulators of algebra A. Let determine the ideal Ann A of all annulators of algebra
A. Recall that a nonzero element v € A is called its annulator if vw = 0, for all w € A,
i.e. left multiplication L, is just the null endomorphism of the vector space A. Therefore,
in any basis B, [L,]g = 0. It results that v = ze; + yes + ze3 is an annulator if and only if

a%3z =0,

aboy + ajzz =0,

(ai3 + ady)z =0,

a132 + agzy + azz = 0,
(a13 + a3y)y + 2a332 = 0.

This system allows to prove the following result.

Proposition 3.1 Algebra A(-) has at least an annulator element if and only if al; = 0.
Moreover, it results

1° Ann A = {0} iff al; # 0,

2° Ann A = Rey iff al; = 0 and (ady)? + (ad3)? # 0,

3° Ann A = Spang{ei,es} iff aly = a3y = aly = 0 and aiy # 0,

4° Ann A = A iff al; = aly = ad; = aly = 0.
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The nilpotents of algebra A. Recall that a nonzero element v € A is named a nilpotent
of A if v2 = 0. It is suitable to accept that 0 € A is always a nilpotent. The set of all
nilpotents of algebra A is denoted by N (A).
For any v = we; + yes + zes3 € A, the condition v? = 0 is equivalent with the quadratic

algebraic system

adoy? + als2? + 2als72 + 2ad3y2 =0

2a352% + 2(ais + ady)yz =0

2(als + agy)2? =0,

Analyzing this system the following result was proved.

Proposition 3.2 Algebra A(-) has the nilpotents:
a) N(A)=Re; if it is fulfilled one of the conditions:
1) ais +ag, # 0 and az, # 0,
2) ajs + a3, =0 and ayy # 0, az, # 0
b) N(A)=Spang{ei,ea} if is fulfilled one of the conditions:
1) ajs + a3y # 0 and aj, =0,
2) ajs = azy =0 and az; # 0,
3) ajy = a3, = a3y =0 and ajy # 0,

-1 .
c) N(4) = {W(aézgf + alsz?)er + yea + ze3|Vy €R, 2 € R*} if aly + ady = 0 and

als = 0 and aly # 0
d) N(A)=A if aj3 = a3y = a33 = a3z = 0.

The idempotents of algebra A. In what follows we denote by Z(A) the set of all idem-
potents of algebra A(-).
The condition v? = v is equivalent with:

aloy? + ad32? + 2aly22 + 2akyz =
2a332° + 2(aj3 + any)yz =y
2(als + a3)2® =2,

It can be proved the following result.

Proposition 3.3 Algebra A(-) has the properties:
1) if ais + ady # 0, ady = 0 and aly # 0 then

I(A) _ {14(61’}3 + a%2)2a%2y2 + aé3

(39 4(ays + agy)

el +yes + €3|Vy€R}a

2(ajs + agy)

2) if aly +asy #0, ad3 =0, aly =0, ad; =0, then

1
Z(A) = {xel +yes + —e3lVo,y € Ry,
2a;3

2) in the other cases do not exist idempotents, i.e., T(A) = (.
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Canonical bases for A. We look for a basis B’ = (f1, fa, f3) C A such that the correspond-
ing structure constants of the algebra be as simple as possible (i.e., a maximal number of
them become 0 or an integer). Obviously, we shall use adapted bases to the before exhibited
composition sequences, what solve a part of the problem. Therefore, taking into account of
the existence of sequence (3.1), we look for a basis B’ of the form:

f1=ae;
fa = Ber + e
f3 = de1 +eeq + bes,

with ay@ # 0. Then
fi=f-f2=0, ,
fi-fs=0alsfi, f3=Tabf,

1
Jaf3= 5[7(551%2 + Oads) — BOay,] f1 + 0(ais + ago) f2,
2
2= i {5211%2 + 60%als + 2e0al; — 2%(153 — 250@%2} fi+
92
+27a§3f2 +20(aty + ago) f

The parameters «, 3,7, 6, €, 0 will be determined such that a maximal number of coeffi-
cients vanish or take integer values. The corresponding basis will be called a canonical basis.
Even if it exists, a canonical basis is not necessarily a unique one. Actually, the family of
all canonical basis is closely connected with the group of automorphisms of the algebra.

One distingues the following 9 situations:

Ti: aly #0, aly #0, aly #0,
To: ajz #0, ay #0, ay; =0,
Ts: aj3 #0, a3 =0, ay; #0,
Ty: al3 #0, aly =0, aly =0, ad3 #0,
Ts: al3 #0, aly =0, aly =0, al3 =0,
Tg : a%g =0, 0%2 # 0, ‘153 #0,
Tr: aly =0, aly #0, aly =0,
Tg: al3 =0, aly =0, aly #0,
To: al3=0, aly =0, aly =0, ai; #0.

Case Ti: al; #0, ady #0, aly #0

Choosing
1
0= al y V= 292&%37 o = 720’%% 6 = 9;/1 (8@%2 + 9@%3),
13 22
el
= 20l <52a§2 + 60%al; + 2e0aly — 2 5 als |,

1

(e can take any allowed value, eventually ¢ = 0) and putting a = 1 + G—%Q the multiplication
a3

table of the algebra becomes:
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Table1l f2=0 fifa=0 hfs=h
B=f fofs=afs fi=fo+2afs

with a € R\ {1}.
Therefore it was obtained a uniparametric family of such algebras.

Case Th: af3 #0, ady #0, aly =0

Choosing
6= 1. a=rPaly, =0 (ealy +6aky), 5= I (Fa, + 0%al).,
a3 Oassy 20a59

1
(v and € can take any allowed value, eventually, v = 1 and € = 0) and putting a = 1 + %
13
the multiplication table of the algebra becomes:

Table 2 f2=0 fifa=0 fifs="nh
fi=5H fofs=afs f3=2afs

with a € R\ {1}.
It was again obtained a uniparametric family of algebras.
Case Ts: al; #0, aly =0, al3 #0

Choosing

1 0
0=—, a= V0ays, €= 71(2ﬁa§3 —yais), v =20%al,,
ais 2vags

(B and 0 can take any allowed value, eventually, 3 = 6 = 0) the multiplication table of the
algebra becomes:

Table 3 f2=0 fifo=0 fifs=h
f2=0 fafs=fi+tfo fi=fao+2f3

.4l 1 _ 1 _ 1
Case Ty: aj3#0, a3, =0, az3 =0, azz #0
Choosing
— _p2.1
0= > a=10 ass,
Q13

(8,7, 9, can take any allowed value, eventually, 3 = § = ¢ = 0, = 1) the multiplication
table of the algebra becomes:

Table 4 f2=0 fifo=0 fifs=hf
f3=0 fofs=f2 [f3=f1+2f3

1 1 1 _ 1
Case T5: a5 #0, a3, =0, a33=0, az3 =0
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Choosing 0 = %, (a, B,7,0, e can take any allowed value, eventually, 5 =5 = =0, a =
a

13
~ = 1) the multiplication table of the algebra becomes:

Table 5 f2=0 fifa=0 fifs=nhH
f3=0 fofs=fo f§=2f

Case Tg: aly =0, aly #0, als #0

Choosing
1
= '720’%27 0= aTv 6 = ’7(8@%2 + 90‘%3)7 Y= 202@%&
22
1
§ = ﬂ[fy( 2ady + 02aks + 2e6als) — 230%ai,),

(e can take any allowed value, eventually, ¢ = 0) the multiplication table of the algebra
becomes:

Table 6 f2=0 fifo=0 fifs=0
fB=hH fofs=fo f3=/fa+2f3
Case Tr: aj3 =0, a3y, #0, a3 =0
Choosing

1 1
a= 72(1%2, 0 = T 8= fyaaé% 0= 3 (82(1%2 + 92a§3)
22

(v and € can take any allowed value, eventually, v = 1 and £ = 0) the multiplication table
of the algebra becomes:

Table 7 ff=0 fifo=0 fifs=0
f3=5H fofs=1Ff [3=2fs

Case Tg: aj3 =0, a3, #0, a3 =0
Choosing
1
a=nbaz;, 7 =20z, 0= 5(920;,3 + 2e0ays)

(e,6 and @ can take any allowed value, eventually, § = 1 and £ = § = 0) the multiplication
table of the algebra becomes:

Table 8 f2=0 fifo=0 fifs=0
f3=0 fafs=fH [i=1F
Case Typ: a3 =0, al, =0, a3 =0, ajs #0.

Choosing
a = 0%a3,
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(8,7,0,e and 6 can take any allowed value, eventually, y =6 =1 and 8 = § = ¢ = 0) the
multiplication table of the algebra becomes:

Table 9 f21=0 fifo=0 fifs=0
f3=0 fofs=0 fi=fi

Using the Propositions 3.1, 3.2 and 3.3 as well as some straightforward computations it
can be established the main properties of algebras T1-T9.

Properties of algebras Ti (i=1,...,9)

In what follows we shall denote by A(T%) or A(T%,a) any algebra having the multiplica-
tion table T1i corresponding to the parameter a if it is the case; for brevity, we put A instead
of A(T'%) or A(T%,a) when no confusion is possible.

Algebra T1

o Ann(A) = {0}, N(A)=Rf1, Z(A4) =10,

e algebras A(T1,a1) and A(T'1,az) with a1 # 1, ag # 1 are isomorphic if and only if
ay = az,

e A2=Aifa#0and A2=1Im D if a # 0,

e Der A= Rﬁ,

o Aut A ={T(a) | Yo € R} where

1 b?a? — «
@ 2b
T(a) = 0 1 ba
0 0 1

witha € Rand b=a—1#0.
Algebra T2

o Ann(A) ={0}, N(A)=Rf; if a # 0 and
N(A):Rﬁu{—giﬁ +yf2+2f3|Vy€R,z€R*} ifa=0,

a—1
e algebras A(72,a1) and A(T2,as) with a1 # 1, as # 1 are isomorphic if and only if
a1 = az,
e A2=Aifa#0and A2 = Ker D if a # 0,

2
I(A)Z{ o f1+yf2+21af3Vy€R},ifa#OandI(A)z@ifazO,

0 1 0 2 0 0
e Der A=RD; ®RDs where [D1]gr=| 0 0 b |,[Do]Jpr=1]0 1 0 |,
0 0O 0 0 O

L [Dl,DQ} = —D1 and 5 = %Dl,
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o Aut A={T(«a, ) | Vo € R} where

a? laﬁ iBQ
b 20
T(avﬁ) = 0 1% ba
0 0 1
with o, € Rand b=a —1#0.
Algebra T3
o Ann(A) = {0}, N(A) = Spang{fi,f2}, Z(A) =0,
o A2 = A,
0 2 0 0 0 1
e Der A=RD; @ RDs, where [D1]pr=| 0 0 1 |, [Do]Jpr=]0 0 0
0 0 O 0 0 O
. ~_ 0,  p
(] [Dl,DQ] =0and D= aDl @DQ,

o Aut A={T(a, ) | Vo € R} where

1 2a
Ta,f)=]10 1 «
0 0 1
with «, 0 € R.
Algebra T4
e Ann(A) = {0}, N(A) = Spang{fi, f2}, Z(A) =0,
o A2 = A,
e Der A=RD; ®RDy ® RD3 @ RD,4, where
[0 1 0] [0 0 17
[DI]B/ = 0 0 0 ) [DQ]B’ = 0 00 )
0 0 0| 00 0]
[0 0 0] [0 0 0]
[Ds]pr=10 1 0 |, [DaJpr=1]0 0 1|,
| 0 0 0 | | 0 0 0 |

o [DlaDQ] - Oa [DlaD3] - Dla [DlaD4] - DQ; [DQaD3] = 03
[DQ,D4] = 0, [Dg,D4] = D4 and 5 = %Dl + 21)47

o Aut A={T(a,[,7,9) | Yo € R} where

— o @
| S

O O =
o= Q2

T(a3ﬁ7775) = {

with «, 8,7, € R.



CLASSIFICATION OF QUADRATIC DIFFERENTIAL SYSTEMS ON R3 57

Algebra T5
e Ann(A) = {0}, N(A) = Spang{fi, f2},

e A2 = A,
[ ] Der A = RDl l&>] RDQ &b RDg b ]RD4 (&) RD5 D RD(;, Where

1 0 0 01 0 0 0 1
Dis =100 0|, [Dofp=|000]|,Dsp=]00 0],
00 0 (00 0 00 0
[0 0 0] [0 0 0] [0 0 0]
[Da]Jpr=11 0 0|, [Ds]pp=|0 1 0], [Delpr=1]0 0 1]/,
00 0 (00 0 00 0

e [Dy, D3] = Dy, [D1, D3] = D3, [D1,D4] = =Dy, [D1,Ds] =0,
[Dl,DG} =0, [D27D3} =0, [D27D4] = Dy — Ds, [DQ,D5] = Do,
[Dg,DG} = Ds, [D37D4] = —Dsg, [D3,D5] =0, [D3,D6] =0,
[Dy, Ds) = —Dy, [Dy4,Dg] =0, [Ds, Dg] = Dg,
andD=2p,—p.  bp,

a ay v

o Aut A= {T(a,f3,7,6,¢,0) | Yo € R} where

a B
T(a’ﬂ77767€76) = 5 E 0
0 0 1
with o, 3,7,0 € R, ae — 3§ # 0.
Algebra T6
e Ann(A) =Rf1, N(A)=Rf, I(A) =0,
e A2=A,
e Der A=RD,
o Aut A= {T(a) | Yo € R} where
1 « %(oﬁ—a)
T(a) = 0 1 @
0 0 1

Algebra T7

o Ann(A) =Rf1, N(A) =Rfi,Z(A) = {y2f1 +yfo+ %f?) | Yy € R},
o A2 = A,
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2 0 0 010
e Der A=RD; ®RDy where [D1]pr=| 0 1 0 |,[D2]Jpr=]0 0 1
0 0 O 0 0 O
(] [Dl,DQ] = DQ and 5 = %DQ,
o Aut A= {T(a,p) | Va € R} where
o af Lp?
T(a, ) = 0 a &
0 0 1
with o, 6 € R, a # 0.
Algebra T8
o Ann(A) =Rf;, N(A) = Spang{fi, f2}, Z(A) =0,
e A2 = A,
e Der A=RD; & RDy & RD3 where
300 0 2 0 0 0 1
[Dl}B' = 020 ’ [D2]B’ — 0 0 1 and [DB]B’ = 0O 0 O
0 0 1 0 0 O 0 0 O

[ ] [Dl,Dg] = Dg, [Dl,Dg,] = 21)37 [DQ,D3] =0 and 5 = %DQ,
o Aut A= {T(a,p) | Va € R} where

a® 2afp v
T(e,B,y)=| 0 o 8
0 0 «o

with o, 3,7 € R, a # 0.
Algebra T9

o Ann(A) = Spang{f1, f2}, N(A) = Spang{f1, f2}, Z(4) =0,
e A2 =R ker D,
e Der A=RD; ®RDy ® RD3 & RD4 ® RD5 where

2 0 0
[Dip=]0 0 0
00 1

0 0 O
s [DZ]B/ = 0 1 0
0 00

0 1
,[Dslgr=10 0
0 0

0
01,
0

000 001
[Dylp=|0 0 1|, [Ds]z=]|0 0 0],
000 00 0

o [D,D5] =0, [D1,D3] =2Ds, [Di,D4] = —Dy, [D1,Ds] = Ds,
[D2, D3] = —Ds, [Da,D4] = Dy, [Da,Ds5] =0, [Ds,D4] = Ds,
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[Ds, Ds] =0, [Dy4,D5] =0 and D = %(21)3 + Dy)
o Aut A ={T(a,f) | Va € R} where

o v €
T(avﬂv’yadv 5) = 0 ﬁ o
0 0 «

with «a, 8,7,0,¢ € R, af # 0.

The Isomorphism Problem. Before dealing with the algebras T7 — Ty it must to assure
that do not exist among them pairs of isomorphic algebras. A first evaluation can be made
taking in account the fact that an isomorphism carries any special element of the algebra
(annulator, nilpotent, idempotent) on a special element of the same kind from the image.
Recall also that two isomorphic algebras have isomorphic automorphism groups as well as
isomorphic LIE derivation algebras.

Using now these remarks and the before listed properties of algebras it can be proved
the following result.

Proposition 3.4 Any algebra Ti is not isomorphic with any algebra Tj, where i,j €
{1,2,...,9} and i # j.

4 Classification of quadratic differential systems
on R? having a nilpotent of order 3 derivative

By the usual procedure we associate with the algebra A(T%) the HQDS S;, i = 1,2,...,09.
We list below these systems together with their main properties.

il = 22123 + (22)?
System S; 2 = 2az223 + (23)?2
3 = 2a(x?)?

e The vector field associated with it is

Y = (2z'2% + (2)?) 0

0 0
9l + (2az%x® + (333)2)@ + 2a(2%)* —;.

Ox
e The infinitesimal generator of its automorphism group is

Ly 9 9

X =—(2? — a8 .

g P g2

e [X,Y] =0, ie. X is an element of the centralizer of Y in the LIE algebra of all
polynomial vector fields in 3-dimensional space.

.'I'Il — 21,11‘3 + (.%'2)2

System S % = 2ax%2®
3 = 2a(x?)?
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e The vector field associated with it is

0 0 0
Y = (2z'2® + (m2)2)@ + 2aw2x3@ + 2a(x3)2%.

e The infinitesimal generators of its automorphism group are

1,0 40

Xi= g0 g1 ~ g
1o} 0

Xy = 2012 — 2%
2 dx! x8x2

e [X;,X5] = — X, i.e. the LIE algebra generated by X1, Xs is isomorphic with the LIE
algebra Der(A(T2)).

e [X1,Y] =0, [X3,Y]=0,ie X;, Xy are elements of the centralizer of Y in the LIE
algebra of all polynomial vector fields in 3-dimensional space.

it = 2zt + 22223
System Sg 2 = 20223 + (23)?
.1.'3 — 2(.’173)2

e Its associated vector field is

0 0
Y =2 4ot o 4 (207 4 (00)) 5 +2e

e The infinitesimal generators of its automorphism group are

0 0

_ 2 _ 3

Xi= 2y 1 m g
0

Yo =25

e [X;,X3] =0, i.e. the LIE algebra spanned by X;, X5 is ABELIAN.
e [X1,Y] =0, [Xo,Y] =0, ie., X; and X5 belong to the centralizer of Y in the LIE
algebra of all polynomial vector fields in space.

T 2
System Sy 2?2 =22
=2
e Its associated vector field is

Y = (22'2® + (xg)Q)% + 23:2333% +2(2%)? —.

e The infinitesimal generators of its automorphism group are

0

Xi=—atp Xe=—atan
0 0
Xa=—atpz Xa=—"5
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e The LIE algebra generated by Xi,..., X, has the multiplication table:

(X1, X5] =0, [X1,X3]=X1, [X1,X4]=Xo,
(X2, X3] =0, [X2,X4]=0, [X3,Xy]=Xy.

It is isomorphic with the LIE algebra Der(A(T4)).
e [X1,Y] =0, [X2,Y] =0, [X;5,Y]=0, [X4,Y] =0, ie X, X5, X3, X4 belong to the

centralizer of Y in the LIE algebra of all polynomial vector fields in space.

System S

e Its associated vector field is

0 0 0
Y = 2.1'1.’133% + 23}2.133@ + 2(@'3)2@

e The associated infinitesimal generators of its automorphism group are

0 0 0
X1 = —.’El 781'1’ XQ = —‘T278x1, Xd = —{I?378x1,

0 0 0
X4:—.’L'1w, X5:—$2W7 XGZ—I?’W.

e The LIE algebra generated by X, ..., X¢ has the following multiplication table:

(X1, Xo] = Xo (X1, X3] = X3 [X1,X4] = —-X4
(X1, X5] =0 [X1,X6] =0  [X2,X3]=0
[(Xo, Xu] = X1 — X5 [Xo, X5] =Xy [X3,Xe] = X3
[Xg,X4] =—-X3 [X3,X5] =0 [Xg,Xg] =0
[X4,X5] =-X4 [X4,X6] =0 [X5,X6] = Xs.

It is isomorphic with the LIE algebra Der(A(T5)).

o [X1,Y] =0, [Xo,V] = 0,[X3,Y] =0, [Xy,Y] =0, [X5,Y] =0, [X,Y] =0, ie,
X1,Xs,...,Xg belong to the centralizer of Y in the LIE algebra of all polynomial vector
fields in space.

System Sg
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e The associated infinitesimal generator of its uniparametric automorphism group is

v [(;2_13y 90 _ 39
2 Azt 8z’

e [X,Y] =0,i.e., X; belongs to the centralizer of Y in the LIE algebra of all polynomial
vector fields in space.

System S
il = (22)?
12 = 22223
3 = 2(23)?

0 0
=2l - riy
Y
X2 = o' x@xQ

e [X1, X5] = Xs, i.e. the LIE algebra generated by X, Xo is isomorphic with the LIE
algebra Der(A(TT)).

e [X1,Y]=0, [X2,Y] =0, ie., X1, X5 belong to the centralizer of Y in the LIE algebra
of all polynomial vector fields in space.

System Sg
! = 22223
2 = (2%)2
=0

e Its associated vector field is
Y =2 2.3 0 3\2

e The associated infinitesimal generators of its automorphism group are

1o} 0 0
X, = — 17_2 2. v .3 _Y
! S¢ ozt o T o
0 0
X9 = —2x2—1 — x?’—Q,
ox ox
0
Xg = _w?’@.
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e The LiE algebra generated by X7, Xo, X3 has the following multiplication table:
(X1, Xo] = Xo,  [X3,X3] =2X;5, [Xo, X5]=0.
It is isomorphic with the LIE algebra Der(A(T?R)).

e [X1,Y] =0, [X5,Y] =0, [X5,Y] =0, ie., X1, Xs, X3 belong to the centralizer of YV
in the LIE algebra of all polynomial vector fields in space.

System Sg
a1 — (x3)2
=0
=0
e Its associated vector field is 5
Y = (%) —.
(@) dx!

e The associated infinitesimal generators of its automorphism group are

0 0
R R

0 0
X2:_I2W7 ng—l'QQ, .

0 0
X4:_$3ﬁ7 X5:—Jfgw.

e The LIE algebra generated by X;, Xo, X3, X4, X5 has the following multiplication table:

(X1, Xo] =0, [X1,X3] =2X3, [X,Xy] =Xy,
(X1, X5] = X5, [Xo, X3] =—X35, [Xo, X4] =Xy,

[X27X5} = 07 [X37X4} = X53 [X33X5] = 07
[ ]=0.

It is isomorphic with the LIE algebra Der(A(T?R)).
L4 [X17Y] = 07 [X27Y] = 07 [_Xj,Y} = 07 [X47Y] = 07 [X5>Y] = 07 i'e'7 X17X27X37X47X5
belong to the centralizer of Y in the LIE algebra of all polynomial vector fields in space.

5 Concluding Remarks

1. There exist nine classes of affinely nonequivalent HQDSs having a nilpotent of order 3
derivation.

2. In accordance with the general theory (see [5]), the derivation algebras and the auto-
morphism groups of these systems are coincident with the similar objects of the associated
commutative algebras. Moreover, it was pointed out that these derivation algebras are just
the LIE algebras of the connex component of the identity of the corresponding automor-
phisms groups, what agrees with the general theory (see [7]).
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3. The general solution of each such a system can be easily obtained. Indeed, the general
solution x3(t) of the third equation can be easily obtained. Putting z(¢) instead of z* in
the second equation, a linear equation and its general solution z2(t) are obtained. Finally,
the first equation becomes also a linear equation after changing x? and 2 in 22(t) and z3(t),
respectively.

4. All derivatives of algebras T1-T9 have only real eigenvalues.
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