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Abstract:

A universal algebra (brifly algebra) is a cuple
(Q,Z) where Q is a set and X is a collection of
finitary operations on (). Collection X is called the
signature of universal algebra (Q,XZ). Each finitary
operation f €X is a single valued function which
assigns to every n-tuple a,,da,,...,a, of elements of
O a unique element (value) of (0 denoted by
f(a,,a,,...,a,) . Natural number n is called the arity

of operation 7 .
A polynomial (word) in a signature X and
variables X, y,z,u,V,... is defined inductively:

1. the variables X, y, z,u,V,... are polynomials;

2.if p,,Py,---» P, are polynomials and f € is an

operation  symbol of arity n then

f(py, Pys-.-» P,) is apolynomial;
3. polynomials are obtained only by steps 1 and 2.

The length of polynomial f(p,, Pys...a D))
is denoted by I(f(p,, P3s--.» P, )) and is defined by

I(f(PisPrse->P)) =P +U(p) +...+1(p,),
where the length of a variable is taken as 1. Strictly
speaking the length of a polynomial p(x,y,z,...) is
the number of occurrences of variables in it. The
collection of all polynomials in a signature X and
variables from the countable set X we shall denote by
PEX,2Z) -

Each polynomial f(x,,x,,...,x,) in the
variables Xx,,X,,...,X, can be regarded as a n—ary
function (# —ary operation) defined on the set of
elements of a given algebra, denoted also by f and

termed as polynomial function (polynomial operation).
The result (value) of the polynomial function

(polynomial operation, polynomial) f applied to the
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Some properties of medial quasigroups are studied. It is proved that all parastrophes of the medial
quasigroups are medial and any two polynomial are commuting,

of an algebra (Q,XZ) is the
element which is obtained by substituting the elements
a,,d,,...,a

1N

elements a,,a,,...,a

b,

instead of corresponding variables

X;,X5,..., X, in the polynomial f(x,,X,,...,X,) and

performing within the given algebra the operations
specified in the record of the polynomial.

Let be (OQ,X) an algebra and G < Q. The
subalgebra < G > of (Q,X) generated by G is the
intersection of all subalgebra of (Q,X) containing the
subset G < Q. It is well known that the subalgebra
<G> of (Q,Z) generated by G is the collection of
all values of polynomials from P(X,X), when the

polynomial variables receive values in ( , that is

<G>= {W(gl,..-,gn)IW(.'»C],...,JC")EP(X,E),

,gfeG,iel,—n,nzl}

A groupoid is a pair ((, -), where Q is a set
and "-" a binary operation on (Qa function from
OxQ to Q. We usually write the image of the
operation on the pair (a,b) as a-b or ab and shall it

called the product ab. A groupoid (Q, ) is called a
quasigroup if and only if the equations
a-x=b, y-a=b (1

are unique solutions in Q for any a,b € Q[2], that is

the mappings L :0—>Q, L(x)=ax,
R,:0— 0, R(x)=xa are permutations of O for
any ae€ Q.

The equations (1) define two new binary

operations, left division \ and right division /,



respectively, such that a\b = x,
every X, J,zZ EQ.

bla=y. So, for

x-y=s&x\zg=ypzly=%x. (@)

In a quasigroup (Q,-) left and right division
operations are often called as inverse operations of " -".

Both of the inverse operations of ((Q,-) are also
quasigroups and they have division operations.

The right division operation of \ we shall
denoted by V, so

Ny=zz\y=x2:x=y.

The left division operation of / we shall
denoted by A, so

XAy=z&xlz=y y-z=x.
By "#*" isdenoted the dual of "-",i.e.
x*y=z& y-x=z

forall x,y,ze Q.

These operations \,/,*, V, A
quasigroup operations, and are said to be parastrophes (or
conjugates) of "-".

Analoguously with (2) we obtain

five are

x-y=z&Wz=xSzAx=y (3)

forevery x,y,z€ Q.

Also it is easy to check that the following
equalities

x-x\y)=y, x\(x-y)=y,
-x/x=y, (y/Ix)x=y,
yi(x\y)=x, (y/x)\y=x.

(4)

hold for every elements x,y € Q.

Conversely, if an algebra (Q, -, \, /) with three
binary operations (-), (\) and (/), satisfies the
identities

y-(\x)=1x, (x-y)y=x,

£

y\(y-x)=x,
(x/y)-y=x
then (Q, -) is a quasigroup.
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The algebra (Q, -, \, /) with binary operations
(), (\) and (/), satisfying the identities (4) is called
a primitiv quasigroup or equational quasigroup
(equasigroup). The systems of quasigroups and
equational quasigroups are equivalent, but the system of
equational quasigroups is a variety while the system of
quasigroups is not one. An other advantage of the
equational quasigroups is connected with the property of
generating subquasigroups.

So, if (Q,-) is a quasigroup and G c Q,
then

<G>={w(g,....8,) | W(x,...,%,) €

EP(X’{':\)‘{})! gEEG,fEH,ﬂZI}

where < G > is a suquasigroup generated by G .
If a quasigroup (Q,-) is finite, then the
following statement is true.

Theorem 1. Let be (Q, -) a finite quasigroup
and G < Q. Then

<G >=((g)renr8,) | WHysenrX, ) €

eP(X,{-}), g €G,ie Ln,n21)
i. e. <G > consists of all possible products with a finite

number of factors of G and the various ways of
combining the factors.

Proof. We denote

H ={w(g,...,g,) | w(x,...,x,) €
e P(X,{}), g, €G,iel,n,n21}

Itiseasytoseethat H - H < H and G < H . So,
(H, ) is a finite subgroupoid of quasigroup (Q, -) and
then (H, -) is a subquasigroup of (O, *). On the other
hand it is clear that H << G >. Therefore
<G>=H.

The theorem is not valid if (Q, -) is an infinite
quaSIgroup.

A quasigroup (Q,-) is said to be a medial
quasigroup if for every a,b,c € O the equality

(@a-b)-(c-d)=(a-c)-(b-d)

holds [3.4].



Lemma 2. In a quasigroup (O, -) the following
identities are equivalent:

(1)
@)
)
)
)
(6)
(7

XY UV =XU-Yv;
x/y)liulv)y=(x/u)/(y/v);
CAN@\V)=C\u)\(y\v);
(x* y)*(u*v)=(x*u)*(y*v);
xy\uv=(x\u)-(y\v);
xyluv=(x/u)-(y/v);
x/\@/v)=x\u)/(y\v),

where (0, \), (Q,/) and (Q, *) are the parastrofs
of a quasigroup (0, -).

Proof. (2) = (6) . Assume
(x/y)(u/v)=(x/u)/(y/v) forallx,y,u,ve Q.
With x replaced by xy and u replaced by uv, this
becomes (xy/y)/(uv/v)=(xy/uv)/(y/v). From
this, identity yx/x=y, we obtain
x/u=(xy/uv)/(y/v) and, using the identity
(y/x)x=y, we obtain (x/u)-(y/v)=xy/uv
which is the identity (6).

©6)=(1). Suppose, that  the
xyluv=(x/u)-(y/v) is fulfilled in the algebra
(O, \,/). Then, using the identity (y/x)x =y,
we obtain xy =((x/u)-(y/v))-uv. With xu in
place of x and yv in place of y this becomes
xu-yv=_((xul/u)-(yv/v))-uv
identity yx/x =y, we obtain
which is the identity (1).

H=05).
x,y,u,ve Q. With u replaced by x\u and v

using the

now, identity

and, using the
XU YV =Xy -uy

Assume xy-uv=xu-yv for all

replaced by y \ v, this becomes
xp-((\u)- (¥ \v)) = (x-(x\u)-(y-(» \v)).
From this, using the identity x-(x\ y) = y, we obtain
xp-((x\u) - (y\v))=uv and, using the identity
x\(x-y)=y,we obtain (x\u)-(y\v)=xy\uy
which is the identity (5).
3)=03). that
xy\uv=(x\u)-(y\v) holds
(O, \,/). Then, using the identity x\(x-y)=y,
we obtain (x\u)\ (xy\uv)=(y\v). With x\ y in

the
in the algebra

Suppose, identity
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place of y and u\v in place of v this becomes
CeNe) N (- (x N D\ -@\v))=(x\y)\(u\v)
and, using the identity x-(x\y) =y, we obtain
xN)\(\v)=(x\p)\(u\v)  which is the
idenity (3).

(B)= (7). Letbe(x\ )\ (m\v)=(x\u)\ (¥ \v)
for all x,y,u,ve Q. With x replaced by u/x and
b2 replaced by  w/y, this  becomes
@/ )\N@/ YN\ \v)=(u/x)\u)\((v/y)\v)
From this, using the identity (y/x)\y=x, we
obtain ((u/x)\(v/y)\(u\v)=x\y and, using
the identity x-(x \ y) = p, we obtain
u\v=(u/x)\(v/y))-(x\y).
From this, using the identity yx/x =y, we

obtain (u\v)/(x\y)=(u/x)\(v/y) whichis(7).

M =(2). Suppose, that  the
(x/ )\ (u/v)=(x\u)/(y\v) holds in the algebra
(O, \,/). With x replaced by u/x and y replaced
by viy, this becomes
((/x) v/ yN\@\v)=(u/x)\u)/((v/y)\v).
From this, using the identity (y/x)\ y = x, we obtain
((u/x)/(v/ y))\(u\v)=x/y and, by the

identity

identity x-(x\y)=y, we obtain
ulv=_u/x)/(v/y))-(x/y). From this, by the
identity wix=1y, we obtain

W/v)(x!y)=@/x)/(v/y) whichis (2).

(1) < (3). Let x, y,u,v € Q bearbitrary elements.
Then

(x*xp)*x(u*v)=@*v)-(x*y)=(-u)-(y-x)
(x*u)*(y*v)=(y*v)-(x*u)=(v-y)-(u-x)

So, (1) & (3), and the lemma is prooved.
Colorary 3. If (O, ") is a medial quasigroup,
then all its parastrofes, are medial quasigroups.

The following statement generalizes some
rezults from [4], formulated for the finite medial

quasigroup in the signature ( -).



Theorem 4. Let (O, -) be a medial quasigroup,
P(x,y,....,z) and R(u,v,...,w) be polynomial in
the signature L = {,\, / }. Then

PCR(AyD, i B) B 8y iy T Vi BUP Gy FY) =
=R(P(a,d,....p). Pb;e,....q) . P&, [5.2157))

fO?’ﬂH a,bs---:C,d=3:---af=---,Paq,---,-” € Q
To prove this we applied mathematical induction on the
length of the polynomials.

Let (Q,:) is a medial
quasigroup, P(x) and R(u,v,...,W) be polynomials

Colorary 5.

in the signature ¥ = {-,\, / }. Then
P(R(a,b,...,c)) = R(P(a), P(D),...,P(c))

for all a,b,...,ceQ, that is
P:0— Q,a— P(a),Va € Q is an endomorphism

Of(Qn {'7 \" ’!})

Example 6. For polynomials
P(x,y,z)=(x/y)\z and R(u,v,w)=u-(v/w)

we have

the function
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P(R(a,b,c),R(d,e, f),R(p,q,r)) =

=((a-(b/cNNd-(e/ IN\(p-(q/7))=

=[((a/d)-((b/c)/(e/ ININ(p-(q/7)) =

=((a/d)\ p)-[((b/c) e/ )\ (g/r)]=

=((a/d)\p)-[((b/e)/(c! f)\(g/7)]=

=((a/d)\p)-[(b/)\ @) (e/ /)\r)]=

= R(P(a,d, p), P(b,e,q), P(c, f,r))
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