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Abstract: The 3-valued extension of provability-intuitionistic logic is studied. It represents the logic L of 3-valued

A-pseudo-boolean algebra Z; =< {0,7,1};&,v,D,—, A >

(0<z<]l, A0=7,Az=Al=]). A

model of a Boolean function f( P p") in the logic L* we call any formula , which express a A-pseudo-

boolean function F'(p,,..., p,) such that for every set < ,,...,&, > of zeros and units the equality

f(ay,....a,) = Fla,,...,a, ] take place. The system £ of formulas of the closed in L* class K of formulas is

called model complete in K, if for every Boolean function, which has a model in K, can be expressed via T at least

one model of it in L*. The criteria of model completeness in three classes of formulas [3,4], which model the

Boolean function permutable with 0 and with 1 in the logic L* are established.

The provability-intuitionistic calculus 7*[1] is
based on formulas that are built, traditionally, from
propositional variables, using logical operator symbols

&,v,D,—, A (unary). This calculus is defined by the
axioms and inference rules of intuitionistic calculus and
the following three A-axioms: (p D Ap),

((Ap>p)>p), (29> p)>(Ag> p)).
By the logic of a calculus we mean the set of formulas
deductible in this calculus. This paper analyzes the logic

of the calculus which is obtained from [* by adding the
new axiom: (pVv—gV(p>Dgq)). The logic of this

calculus (we denote by L‘ﬁ) is an extension of the
provability-intuitionistic logic and coincides with the

logic of the A -pseudo-Boolean algebra:
Z9 =<{0,7,1};&,v,D,—,A >,
(0<7r<], AO=1,A7=Al=]).

We say that a formula F(p,,..., p,) preserves
on the algebra A the predicate R(X,,...,X,, ), if for any
elements @, € A (i=1,..,m;j=1,.,n) from the
truth of  R(&) 5, @y )y Rty 5.5 ) result

R(F[&)yses @y 1sees FlG s @y 1) . Tt is well
known the meaning of this notion, when instead of the
formula F and algebra A, consider the function
f(pyss p,) and aset when f is defined.

The set of functions of algebra Z; coincides

with the class U of 3-valued functions that preserve
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predicate —x = —y .

Let O be the class of all formulas preserving on
the algebra Z, the predicate x € {0,1}.We divide the
class Q in a countable set of subclasses by a relation
R(x,y), such that two formulas F(p,,..., p,)and
G(p,,..., P,) are in the relation R if and only if the
equality Fla,,...,a,]=Gla,,....,a,] holds for any
set < @y,..., 0, > of zeros and units. The class O with

the relation R gives a one-to-one application of the
factor O/ R on the set of all Boolean functions.

Thus, every formula of () in some sense is a
model of a Boolean function. In this context, we call
model of Boolean function f(p,,..., p,) inlogic L* a

such formula F(p,,...,p,) of this logic, that for any
of 0 and 1 the
f(ay,...a,) = Fla,,....a,] istue.

A formula F is expressible in the logic L
through a system X2 of formulas , if F can be obtained
from variables and formulas of X, using weak rule of
substitution and replacement by equivalent rule in L.
Let K be a class of formulas closed with respect to

o S T SO equality

expressibility in logic L*. The system X of formulas of
the class K is called model complete in K, if for any
Boolean function with a model in K, through Z is
expressible in L at least one model of this function. The
system X of formulas of class K is called model pre-



complete in K , if £ is not model complete in K , but
for every formula F that is not expressible in L*
through X, the system X U {F} is model complete in

K.
In [2] we showed that

Theorem 1. The system I of formulas of the

logic L* is model complete, if and only if for any
predicate

x=0, x#1, x#0, —x#-p,
ﬁ—txi—w—uy, (X=Z’)V(I£—!—1y),
—X ~—p =—Z ~—l,

there exists a formula in £ which does not preserve this
predicate.

We denote by U,, U,,, U,, U,, U,, U,,,

U, the classes of formulas of the logic L" that preserve

(€Y

on the algebra Z; the predicates (1), respectively, and
by Ty, T;, S, M, L the classes of Boolean functions,
preserving on the {0,1} the predicates x =0, x =1,
X#y, X<y, x~y=2z~I, respectively. The last
classes are all pre-complete classes of Boolean functions.
Any Boolean function of the class7;, has at least one

model in the class U, and in classU,,, any Boolean
function of the class 7, has at least one model in the

class U, and so on for Boolean function of § -in U,,
of M -inU, andin U,,,of L -in U,.

The following three theorems are the basis of
algorithms, which allow for any finite system of formulas

to determine if in the logic L* are expressible models
for any Boolean function which preserves the constant 0
and for any Boolean function which preserves the
constant 1.

Theorem 2. The system L of formulas of
class U, is model complete in U, if and only if for any
predicate

x#0, =—x <=y, (x = z’)v (x£—y),
X~y =—z~—f, x&y=0, )
x&y#L, (x&y=0)v(xvy=1)
there exists a formula in X, which does not preserve this
predicate.

The necessity arises from the fact that classes of
formulas that preserve on the algebra Z f the predicates
(2), respectively, are closed with respect to expressibility
in logic L*, are incomparable with respect to inclusion
and are not model complete in U,
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The sufficiency. Let the formulas of

{ﬁa_fzaf;:fx;sfs’fssf?} (3)

belong to the system X and not preserve predicates (2)
respectively. We prove that the system (3) is model

complete in Uj. Let all the formulas of the system (3)
preserve on the algebra Z; the predicate x € {0,1}.
Then even the subsystem {f|,f,,f,,fs} is model
complete in the class U, .

Let us now assume that at least one formula
G(p,,..., p,) of the system (3) does not preserve on

the algebra Z; the predicate x € {0,1}. Through the

formulas 0 and G is expressible a formula G (p),

satisfying the conditions G [0]=0,G [1]=7. Then
the sufficiency follows from the next three lemmas.

Lemma 2.1. The constant () is expressible in the
logic L* through the formula f.

Lemma 2.2. A model of the Boolean function
—p & q is expressible in the logic L through the

Sformulas 0,,G",_)(‘z,f},f4 and fg.

Lemma 2.3. A model of the Boolean function
pV q is expressible in the logic L through the

formulas O,G.,fs,fﬁ,f., and any model of Boolean
function —p & q .

Theorem 3. The system X of formulas of class
U,, is model complete in U, if and only if for any

predicate

x#0, x#-—y, =—x<—y, (4)
(x = r)v (xL—=p), X~—y=—z~—t,
x&y=0, x&y#1l, (x&y=0v(xvy=r1)
there exists a formula in Z, which does not preserve this
predicate.

The necessity arises from the fact that classes of
formulas that preserve on the algebra Z ;‘ the predicates
(4), respectively, are closed with respect to expressibility
in the logic L, are incomparable with respect to
inclusion and are not model complete in U, .

The sufficiency. Let the formulas of

{fl’f2'—'f‘3’f:hfs’f61f?a.fs} (5)

belong to the system I and not preserve predicates (4)
respectively. We prove that this system is model complete



in U,,, i.e. that through it are expressible in logic L*
the models of the Boolean functions p & gand p+gq,

which constitute a complete in T, o System. Let all the

formulas of the system (5) preserve on the algebra Zf
the predicate x € {0,1}. Then even the subsystem

{f1, /5, fs, f>} is model complete in the class U, .
Let us now assume that at least one formula
G(p,s., p,) of the system (5) does not preserve on

the algebra Z, the predicate x € {0,1}. Then the
sufficiency follows from the next six lemmas.

Lemma 3.1. The constant 0 is expressible in the
logic L® through the formulas f, and f, .

Lemma 3.2. Through the formulas 0 and G
is expressible a formula G (), satisfying the condition
G'[zr]=G'[l]=~.

Lemma  3.3. Through the formulas
0,G’, fs, f, and f, is expressible in the logic L" the

formula p®(qvT)
Boolean functions —p & q or p+q.

or a model of one of the two

Lemma 3.4. Let X be any model of one of two
Boolean function —p & q or p+q, or the formula

pD(qgVvT). Then through 0,G° and X is
expressible in logic L* a formula A(p), satisfying the

conditions
A[0]=0,A[1]=7. ©)
Lemma 3.5. Through the formulas

0, fos /75 13, any formula A, satisfying the conditions
(6) and any model of the Boolean function —p & q is

expressible in the logic L* a model of the Boolean

Junction p+q.

Lemma 3.6. Let Y is one of the formulas

p®(gvr) or pDq. Then through 0, f5,Y and
any formula A, satisfying the conditions (6), is
expressible in logic L* a model of the Boolean function

p&q.

Theorem 4. The system T of formulas of class
U | is model complete in U y if and only if for any
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predicate

x=0, x#1, =—x<—y,
(x=7)v(x<—=p), xvy=0,
x=0&(y=Dv(x=0)&(y=1),
(x&y#1)&(y+#0),
(x&y#1)&(y#0),
(x20)v(y#0)v(z#1)&(z#0),
(—x~—y =—z~—u) & (u #0),
(xx~—y=—z~—u)&
z0)v((x&y&z=0)&u=r1)),
x=0&u=0)vu=1)v
(x&y&z&u #0),
(x=0)&u#0)v(x&u=r1)v
(x&y&z&u+0)

there exists a formula in Z, which does not preserve this
predicate.

@)

The necessity arises from the fact that classes of
formulas that preserve on the algebra Z ; the predicates
(7), respectively, are closed with respect to expressibility
in logic LA, are incomparable with respect to inclusion
and are not model complete in U, .

The sufficiency. Let the formulas of

{fis FosersiTra} (8)

belong to the system X and not preserve predicates (7)
respectively. We prove that the system (8) is model

complete in U .- Let all the formulas of the system (8)
preserve on the algebra Z, the predicate x € {0,1}.
Then even the subsystem {f}, f5, fs, flo} is model

complete in the class U, .
Let us now assume that at least one formula
G(p,,..., p,) of the system (8) does not preserve on

the algebra Z, the predicate x & {0,1}. Then the
sufficiency follows from the next four lemmas.

Lemma 4.1. Through the formulas f,, [, f;

and f3 is expressible in the logic L® at least one of the
four systems of formulas

. Lo {po2}, v, Hp, 9} O
where H satisfies the conditions

H[0,0]= H[r,]]=1.

Lemma 4.2. Through the formulas f5, f¢, [y

and any of the systems (9) is expressible in the logic L*



the formula D(p,q), satisfying the conditions

D[0,1]= D[1,0]=0,D[L,1] =1. (10)

Lemma 4.3. A model of the Boolean function
p&q is expressible in the logic fia through the

Jios i D(p,q).
satisfying the conditions (10),

formulas and any  formula

Lemma 4.4. A model of the Boolean function
PV —q is expressible in the logic L* through the

Jormulas G, f5, f4, f¢r f12s 13, any model of the
Boolean function p & q and any of the systems (9).
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