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Abstract:Weconsider a parametricnonlinearDirichlet problem driven by the p-Laplacian, with a singular term and a p-superlinear
perturbation, which needs not satisfy the usual in such cases Ambrosetti-Rabinowitz condition. Using variational methods together with
truncation techniques, we prove a bifurcation-type theorem describing the behavior of the set of positive solutions as the parameter varies.

1.Introduction
Let Q be a boundeddomainwith a C:—boundary 2Q.
We consider the followingnonlinear Dirichlet problem

—-A,ulz) = @D ulz) " + f(z. ulz)inQ

(P‘l){ ulz) = 0onan,

whered > 0 is a parameter, n€ (0,1), 4, denotes the p-
Laplace differential operator defined by
Apu = div(IDullP~2Du, for u e W, * (0).1 < p < o0,
andf(z.x) is a Carathéodory perturbation such that
x = f(z,x) is (p — 1) — superlinearnear+oo.
So, in (B) we have a combined effect of a singular term
and of a superlinear perturbation. Ourgoalis to study the
dependence of the set of positive solutions on the
parameterd = 0.
In the past, parametricproblemsexhibiting  the
competingeffects of differentkinds of
nonlinearitieswerefirststudiedby Ambrosetti-Brezis-
Cerami[5], who proved bifurcation type results for
semilinear problems (i.e., p = 2) with a reaction of the form
flz,x) =AxTt 4+ x™1, x>0, 1<q<2<r<2",
wherewe have the combined effect of a concave termAx9~*
and of the convex term x"*.

Their work was extended to nonlinear equations by
Garcia Azorero-Manfredi-PeralAlonso[8], Guo-Zhang [12]
and Hu-Papageorgiou[15].

Other papers studying the combined effect of singular

and superlinear terms are those ofCoclite-Palmieri [8],
Ghergu-Radulescu [9], Haitao [13], Hirano-Saccon-Shioji
[14], Sun-Zhang [17], Sun-Wu-Lang [18]and of
Giacomoni-Schindler-Takac [10] and Perera-Zhang [16].
However, in the aforementioned papers, either the
perturbation has a special form or the multiplicity
theoremproved does not give the precise dependence of the
set of positive solutions on theparameterd = 0.
Finally, we mention that the problem(B) with Neumann
boundary condition has been studied in the recent paper
[4], where by using differentmethods, we obtained a
multiplicity result, but not a bifurcation type theorem.

The approach in this paper is variational, based on the
critical point theory and also usestruncations and
comparison techniques.
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2. Mathematical background.Let(X, |l. Il) be a Banach
space, X beits dual and let (.,.)be the duality brackets for
the pair (X*,X). Let @ € C* (X).

We saythat @ satisfies the Cerami condition if for every
sequence (Xp)pzg in X such that (@(x,))ns4is bounded
inRand (1 + llx, D¢’ (x,) —» 0 inX*asn — co,admits a
strongly convergent subsequence.

This compactness-type condition suffices to prove a
deformation theorem and from it derive the minimax theory
of certain critical values of @.in particular the well-known

mountain pass theorem:

Theorem 1. If (X, Il.II) is a Banach space, ¢ e C*(X).
satisfies the Cerami condition, xp,x; € X and p > 0 are
such that llx, — x,ll > p,
max{p(xy), o(x; )} < infloG):llx — xpll = p} =in,
and

Ci=infy, erMaXcefp,y] 'P(y{t)) where

I ={y e C([0,1], X):¥(0) = x5,y(1) = x,}

Then ¢ = 1, and c is a criticalvalue of .

We know (see, for example [13]) that the negative Dirichlet
p-Laplacian has a smallest eigenvalue 1,>0 which is

simple and isolated. Let i, be theLP-normalized
eigenfunction corresponding to 1,. Then i, has constant
sign and in fact 4, € intC ,where intC, denotes the
interior of the positive cone €, of the ordered Banach space

€i(Q):= {u e C* M:ulx) = 0onan}

3. Positive solutions
The hypotheses on the data of our problem (B ) are the
following:

H@):te L= (), essinfy > 0and 0 < < min{l,%}.

H(f): f: xR — Ris a Carathéodory function such that for
almost all ze 0, f(z,0) =0,f(z,x) =0 for all x>0
and:



(1)
fzx) <al2) +cx"! for almost allz € N,all x =
OwithaeL=(@),c>0.p<r<p’

F(zx) _

(ii) ifF (z,2) = Jy f(z.5)ds, then lim,,, . "5 =

uniformlyfor almostallz € (l;

(iii) there exists u € ((r — p) max {L-E},p‘) and B;>0

such thatfy < liminf, ﬂu)x#
uniformly for almostallz € ;

(iv) thereexists 8 € L=(0),8(z) <1, a.e.inf),

8(2) # 1,andlimsup,_,, % < 8(z) uniformly

foralmostallz € f);

(v) for every p > O there exists §, > 0 such that for

almost all z € £, the mapx — f(z,x) + §,xP~*is

nondecreasing on [0, pl.

+00

= 400

Remark: Assumption H(f)(ii) implies that for almost all
z € 0 the primitivex — F(z,x) is p-supelinear near +0o.
However, note that we do not employ the usual in such
cases AR-condition.

Example: The function
= xP-1 x =
fz,x) =xP"1(n(1 +x) + g forx = 0
satisfies hypotheses H(f) but not the AR-condition.

Our main result is the following bifurcation theorem:

Theorem 2If hypotheses H(E) and H(f) hold, then there
exists A"€(0,+o0) such that:
(a) for every AE(0,L%), problem (B) has at least two
positive solutions

Ug, ficint Gy ups ﬂ, Ug# ﬂ,
(b) forA=A", problem (B ) has at least one positive solution
i1*eint C,;
(c) for’>1", problem (P, )has no positive solution.

The proof of Theorem 2 relies on a series of propositions
of independent interest. First we consider the auxiliary
problem

{—a,,u(z) = 4@ ulz) "in0
@ u(z) = 0 onan,

Proposition 3 If hypotheses H(E) and H(f) hold andd > 0
then problem (@, ) has a unique solutionu € intC,.

The proof of Proposition 3 is based on the method of
“upper-lower” solutions.

Hypotheses H(f) imply that, given £ =0 we can find
C=C(s) >0 such
that

0< flz,x) (@) +)xPt + Cx"'fora.a. z€
,allx = 0.
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So we are led to consider the following auxiliary Dirichlet
problem

gE {“’ﬁp“ = 2u(2) "+ (0 + DuP~t + Cu™*in
el u(@) =0 onan,

Using variational methods we show that for suitably small
&A>0 problem  (Sfhas a  solution. To

thisendweintroduce the Carathéodoryfunction
5 _(AuE) M+ @ + )P+ Cxifx >0
B (z"‘)‘{o if x < 0.

Set Bf(zx) = f: Bf(z.s)ds and consider the energy
functional of problem (55 ) defined by

W = %llDu"; . jn B (z.u@)dz for u € WP ().

Proposition 4 If hypotheses H(E) and H(f) hold andA > 0

then we can find Z>0 such that for all
¢ € (0,%), thefunctional pi satisfies the Cerami
condition.

The next proposition verfies the mountain pass geometry
for the functional 5.

Proposition 5 If hypotheses H(E) and H(f) hold
andz € (0,7), then we can find >0 and p>0 small such
that

Wi () = ¥,>0 for all ue WP ().

Since r > p we have:

Proposition 6 If hypotheses H(§) and H(f) hold
andz, 4 > 0 then yf (¢d) - —o0 ast — +o.

Propositions 4, 5, 6 and Theorem 1 (the Mountain Pass
Theorem) lead to:

Proposition 7 If hypotheses H(§) and H(f) hold,
-

£ € (0,%) and 4 € (0,7) then problem (5§ has a positive

solutionu € intC, with u < u.

Let
£ ={A > 0: (P)) has anontrivial positive solution}.

Using truncation techniques and the method of upper-
lower solutions we have:

Proposition 8If hypotheses H(E) and H(f) hold then
£#0.



Let
A'=supk.

Proposition 9 If hypotheses H(E) and H(f) hold then
A* < oo,

The next proposition can be viewed as a "singular" version
of analogous results obtained earlier by Guedda-Veron
[11] and Arcoya-Ruiz [6]. Also, it extends Theorem 2.3 of
Giacomoni-Schindler-Takac [10]. To state the result we
need to introduce the following notation.

For hy, by € LYQ), g>1, we write hy<h, if, for any
compact set KcQ, we can find e=g(K)>0 such that

hi(z) + £ £ ha(z) fora.aze K

Obviously, if hy, h,€C(Q) and hy(z)<h,(z) for all zeQ,
then hy<h,.

Proposition 10If T = 0, hy, hy € LY(Q), (g>1) with hy<h,,
ueC, with u(z)>0 for all zeQ, veint C, and

—Apulz) - @u) " + Pt =h@E) in0,
—A,v(z) - @) "+ 1v(Z)P =k, (2)in O,
Then v-ue intC,.

Proposition 11If If hypotheses H(E) and H(f) hold and
LE(O,A"), then problem (B) has at least two positive
solutions

ug, fi€int C,, up< @, up# 4.

(One solution is obtained via the direct method and the
other via the mountain pass theorem).

Proposition 12If If hypotheses H(E) and H(f) hold and
A=A", then problem (P) has at least one positive solution
i'eint C,.

Proof of Theorem 2.
The conclusions of Theorem 2 are direct consequences of
Propositions 9, 11, 12 and the definition of A%,
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